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ARITHMETIC 



or 



IMPOSSIBLE QUANTITIES. 



1. The paradoxes which have been^introduced into 
algebra, and remain unknown in geometry, point 
out a very remarkable difference in the nature of 
those sciences. The propositions of geometry have 
never given rise to controversy, nor needed the sup- 
port of metaphysical discussion. In algebra, on the 
other hand, the doctrine of negative quantities and 
its consequences have often perplexed the analyst, 
and involved him in the most intricate disputations. 
The cause of this diversity, in sciences which have 
the same object, must no doubt be sought for in the 
different modes which they employ to express our 
ideas. In geometry every magnitude is represent- 
ed by one of the same kind ; lines are represented 
by a line, and angles by an angle. The genus is 
always signified by the individual, and a general 



* FFqm the Transactions of the Royal Society of London, 
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* ON THE ARITHMETIC 

idea by one of the particulars which fall under it. 1 
By this means all contradiction is avoided, and the 
geometer is never permitted to reason about the re- 
lations of things which do not exist, or cannot be 
exhibited. In algebra again every magnitude being 
denoted by an artificial symbol, to wliich it has no 
resemblance, is liable, on some occasions, to be ne- 
glected, while the symbol may become the sole ob- 
ject of attention. It is not perhaps observed where 
the connection be'^weeu them ceases to exist, and 
the analyst continues to reason about the characters 
after nothing is left which they can possibly ex- 
press: if then, in the end, the conclusions which' 
hold only of the characters be transferred to the 
quantities themselves, obscurity and paradox must 
of necessity ensue. The truth of these observa- 
tions will be rendered evident by considering the 
nature of imaginary expressions, and the difierent 
uses to which they have been applied. 

2. Those expressions, as is well known, owe 
their origin to a contradiction taking place in that . 
combination of ideas which they were intended to i 
denote. Thus, if it be required to divide the given 
line AB (fig. 1 .)= « in C, so that AC x CB may be 
equal to a given space /»% and if AC=:^, then x^x 

■b" ; which value of x is imaginary when 

6* is greater than -a* ; now to suppose that 6- is 




OF IJiPOSSIBLE QUANTITIES. 5 

greater than - a% is to suppose that the rectangle 

ACx CB is greater than the square of half the line 
AB, which is impossible. The same holds wher- 
ever expressions of this kind occur. Thus, when 
it is asserted that unity has the three cube roots 

^> zi_±vz^, T , no more is meant than that 



when the general equation s^ — as^+bx — r=o is, by 
a change in the data, reduced to the particular state 
jfi — ^1=0, «r is then equal to unity only, and admits 
not of any other value, as it does in more general 
forms of the equation. The natural office of ima- 
ginary expressions is, therefore, to point out when 
the conditions, from which a general formula is de- 
rived, become inconsistent with each other; and 
they correspond in the algebraic calculus to that 
part of the geometrical analysis, which is usually 
styled the determination of problems. 

S. This, however, is not the only use to which 
imaginary expressions have been applied. When 
combined according to certain rules, they have 
been put to denote real quantities, and though they 
are in fact no more than marks of impossibility, they 
have been made the subjects of arithmetical opera- 
tions ; their ratios, their products, and their sums, 
have been computed, and, what may seem strange, 
just conclusions have in that way been deduced. 
Nevertheless, the name of reasoning cannot be 
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given to a process into which no idea is introduced. 
Accordingly geometry, which has its modes of rea' 
soning that correspond to cveiy other part of the 
algebraic calculus, has nothing similar to the me- 
thod we are now considering ; for the arithmetic of 
mere characters can have no place in a science 
which is immediately conversant with ideas. 

But though geometry rejects this method of in- 
vestigation, it admits, on many occasions, the con- 
clusions derived from it, and has confirmed them by 
the most rigorous demonstration. Here then is a 
paradox which remains to he explained. If the 
operations of this imaginary arithmetic are unintel- 
ligible, why are they not also useless ? Is investiga- 
tion an art so mechanical, that it may be conduct- 
ed by certain manual operations ? Or is truth so 
easily discovered, that intelligence is not necessary 
to give success to our researches ? These are diffi- 
culties which it is of some importance to resolve, 
and on which much attention has not hitherto been i 
bestowed. Two celebrated mathematicians^ Ber- 
noulli and Maclaurin, have Indeed touched on this 
subject ; but being more intent on applying their 
calculus, than on explaining the grounds" of it, they 
have only suggested a solution of the difl5culty, and 
one too by no means satisfactory. They allege,* 



 Op. J. Bernoulli, Torn. I. No, 
Art. 6y<)-763. 



70. M.iclaunn, Flm 



OF IMPOSSIBLE QUANTITIES. 7 

that when imaginary expressions are put to denote 
real quantities, the imaginary characters involved in 
the different terms of such expressions do then com- 
pensate or destroy each other. But, beside that, 
the manner in which this compensation is made, in 
expressions ever so little complicated, is extremely 
obscure, if it be considered that an imaginary cha- 
racter is no more than a mark of impossibility, such 
a compensation becomes altogether unintelligible : 
for how can we conceive one impossibility removing 
or destroying another ? Is not this to bring impos- 
sibility under the predicament of quantity, and 
to make it a subject of arithmetical computation ? 
And are we not thus brought back to the very dif- 
ficulty to be removed ? Their explanation cannot of 
consequence be admitted ; but, on attempting an- 
other, it behoves us to observe, that a more exten- 
sive application of this method, than had been made 
in their time, has now greatly facilitated the in- 
quiry. We begin then with considering the man- 
ner in which the imaginary expressions, supposed 
to denote real quantities, are derived ; and the cases 
in which they prove useful for the purposes of in- 
vestigation. 

4. Let a be an arch of a circle, of which the radius 
is unity, and let c be the number which has unity 
for its hyperbolic logarithm, then the sine of the 
arch Uy or 
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8in.a= = ; and cos.ii= • 

2^—1 2 

These exponential and Imaginary values of the 
sine and cosine are already well known to geome- 
ters ; and the investigation of them, according to 
the received arithmetic of impossible quantities, 
may be as follows : 

Let sin. 0=2', then n— — ?- — . To bring this 

fluxion under such a fonn that its fluent may be 
found by logarithms, both numerator and denomi- 
nator are to be multiplied by -/^ ; then 

d=V-^x-p4=-, and (by form. 6. Harm. Men.) 
a=>J^xloe. ^'^ —. f:~K Hence -1=, orix-F^= 

V—l V— 1 V— ^ 

log. ^^ .. '_s~^ ; and because 1 is the log. of c, 

^V-i-l±^^i. wherefore, if both parts of the 
fractional index of c be multiplied by V^, 
^— a V_i _ a-j- y a^-^1 ^ Again, if the arch a be con- 
sidered as negative, its sine becomes also negative, 
and therefore — a= j— i x log. ~^j^^ ~ ■> °^' —a^~\ 



_)og. — ^^^ , anda^_i=iog. — -p_ 

whence also, c'"^-^- -^-^f_^~^ . If from thia 




OF IMPOSSIBLE QUANTITIES. \i 

equation the former be taken away, there remains 
— ;7== c* — c"^ "" , whence dividing by 2^Ia 



we have z= sin.fl=f ^ • By adding to- 

gether the equations, a value of the cosine may be 
found in the same imaginary terms which were as- 
signed above. Now, by means of these expres- 
sions many theorems may be demonstrated ; it 
may, for example be shown, that if a and b are 
any two arches of a circle, of which the radius is 

unity, then 8in.aXcos.6=8in.-(a-|-ft)+sin.-(a,— ^). For 

8in^=^^ -L= • and cos.fe=v^ i^ $ 

therefore, sin.a x cos.6=: 

c — c -H^ — c ,__ 

sin-^a +b)+ 8in.^a— 6). 

5. Now it may be observed, that the imaginary 
value which has been found for sin.a was obtain- 
ed by bringing a fluxion properly belonging to the 
circle, under the form of one belonging to the hy- 
perbola. It may, therefore, be worth while to in- 
quire, whether a similar expression may not be de- 
rived from the hyperbola itself. 

Let BAD be a rectangular hyperbola, (fig. S,) of 
which the centre is C, and the semi-transverse axis 
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AC= 1 ; let B be any point in the hyperbola, join 
BC, and let BE be an ordinate to the transverse 

axis. Then, if the sector ACJi=^a, and BE=«, 
it is known that a=~=; whence a=iog(i+vr+?), 

and (-"^r+Vl-}-!*- But if the sector be taken on 
the other side of the transverse axis, a and z be- 
come negative, and c~''= — i+Vi-f-^^- Hence a= 
" '' .; in like manner the abscissa belonging to 

ACB, that is CE=^-i^ — . These values of the or- 

2 

dinates and abscissre differ in nothing from those 
of the sines and cosines already found, except in 
being free from impossible quantities ; for it is evi- 
dent, that the quantity a is related in the same man- 
ner both to the circular and hyperbolic sectors. If 
now ord.a and abs.6 denote the ordinate and ab- 
scissa belonging to the sectors -u, -i, respectively, 

6°+^— c-°-''+t:°-*— c^~° _ ord.(fl+i) nr6.{a—h) 
4 ~ 2 "•■ 2 ' 

6. The conclusions in both the foregoing cases 
are perfectly coincident, and the methods by which 
they have been obtained are similar ; though with 
this difference between them, that in the first all 
the steps are unintelligible, but in the last signifi- 
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cant. If then, notwithstanding a dil^nce which 
might be expected so materially to aflfect their con- 
clusions, they have been equally successful in the 
discovery of truth, it can be ascribed only to the 
analogy which takes place between the subjects of 
ihyestigation ; an analogy so close, that every pro- 
perty belonging to the one may, with certain re- 
strictions, be transferred to the other. According- 
ly, every imaginary expression which has been 
found to belong to tiie circle in the preceding cal- 
culation, is by the substitution of real for impos- 
sible quantities, or of Vi for V— U converted into 
a proposition which holds of the hyperbola. The 
operations, therefore, performed with the imaginary 
characters, though destitute of meaning themselves, 
are yet notes of reference to others which are sig- 
nificant. They point out, indirectly, a method of 
demonstrating a certain property of the hyperbola, 
and then leave us to conclude from analogy, that 
the same property belongs also to the circle. All 
that we are assured of by the imaginary investiga- 
tion is, that its conclusion may, with all the strict- 
ness of mathematical reasoning, be proved of the 
hyperbola ; but if from thence we would transfer 
that conclusion to the circle, it must be in conse- 
quence of the principle which has been just now 
mentioned. The investigation, therefore, resolves 
itself ultimately into an argument from analogy ; 
and, after the strictest examination, will be found 
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^ 



without any other claim to the evidence of demon- 
stration. Had the foregoing proposition been 
proved of the hyperbola only, and afterwards con- 
cluded to hold of the circle, merely from the affi- 
nity of the curves, its certainty wouJd have been 
precisely the same as when a proof is made out by 
the intervention of imaginary symbols. 

7. Let AB, AC, AD, AE, (fig. 3.) be any 
arches of a circle in arithmetical progression, and 
let m be their number j it is required to find the 
sum of the sines BG, CH, &c. of those arches. 
Let the radius AF=1, AB^a, and the common 
difference of the arches, or BC=j'; the sura of 

the series sin.a+sin(fl+j'_)+sin(a + tix) + m) 

is to be found. Now, because 



,.v- 



2V-1 



/.+«v'- 



■>(«+2-') »)= 



ind. in. («+!)= 

the series sii 






Q(«+^) 



/ 'JV— A ^ 

But these series are both geometrical progressions. 



and of the second, (l ) — ^ 
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sum of the proposed series therefore = 

0( 






1_C^ V-1 _c-* V-1 ^ 1 

in which expression, if the sines be substituted for 
their imaginary values, we have 

sin.a^sinra+m^)'*— 8in(a — a?)4.8in(a+f»j:— a?) . , 
^ — i- — 7 i {—^ 2i«— 2 <^=8in.a + 

2(1— cos.a:) 
sin (a+x) -f-sin (fl+2ar) m). » Q.E.I. 

When AB=BC, or a^Xy the proposed series 
becomes sin.a?+sin.2a:'+sin.S«r...,^, and its va- 

1 sin,jr — tin(ffl+0^+siP»ywj? 

2(1— cos^) 

In like manner it will be found, that the sum of 
the cosines of the same arches, or 

co8^+co8 (cr+x)-|- C08j(a4-2^) i^= 

co8.fl — C08(a4-»wjg) — cos(g — j?)+ cos(a-f^J? — ^ . j u 

2(1 C08.d?) * 

^ , ^ co8.mj? — cos(m+l)j; 

a=a:, co8.j;+ co8.2J4-cos.S4r w=: -7 ^ — I — ^ 

^ 2(1 — cosur) 

1 

2 

8. To solve the same problem, in the case of 
the hyperbola, we must follow the steps which 
have been traced out by these imaginary opera- 
tions. Let ABE be an equilateral hyperbola, (fig. 



1 4 ON THE ARITHMETIC 

4,) of •which the centre is F, and the semitrans- 
vei-se axis AF=1 ; let ABF, ACF, ADF, &c. be 
any sectors in arithmetical progression, and let m 
be their number, it is required to find the sum of 
all the ordinates BG, CH, DK, &c. belonging to 

those sectors. Let the sector AFB=-a, and the 

sector BFC, which is the common difference of 

the sectors, =-ir: then BG, or orcl.a=— 



and CH, or ord.(a+a?)= 2 y by Art. 5. 

Therefore the series of ordinates, that is, BG+CH 

+ DK+ ,;, = ^(i+c^+c*'+ m)— 






c 



1— c*— c +1 

__ ord.fl — ord.(fl--f-mjr) — ord.(q — x)'^'Ord,(a ^mx — or) , 
"" 2(1— abs^) ^ ^^ 

When tt=S, ord.jp+ord.2d:+ord.3jr+ mz= 

ord.x — ord.(m+l)ar+ord.»2x 
2(1 — abs.jc) * 

In like manner it is proved, that the sum of the 
abscissae, that is FG + FH+FK+ w = 

abs.a — abs. (/i-fwjr) — abs.(/g — x) -j- abs.(a-f mx — x) , 

2(l~ab8.ar) i ^^^ 
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when a=JPi this expression becomes 

abajitjf — ab8.(m+l )x 1 
2(1— ab.<.jr) % 

9* The coinddenoe of the theorems deduced in 
the two last articles is obvious at first sight, and if 
the methods by which they haye been obtained be 
compared, it will appear, that the imaginary ope» 
rations in the one case were of no use but as they 
adumbrated the real demonstration, which took 
place in the other. This will be rendered more 
evident by considering that the resolution of the 
series of hyperbolic ordinates, into two others of 
continual proportionals, can be exhibi|ted geome- 
trically. For, from the points A, B, C, and D, 
let AM, BN, CO, DP, be drawn at right angles 
to the asymptote FP ; let GB produced meet FP 
in Q, and let BR be perpendicular to the conju- 
gate axis FR. Then, because the triangles FRS, 
FMA, are equiangular, AF:FM::FS:FR j 

hence FR z~ x FS = J^ (FN— NB). For the same 
reason CH=^(FO— OC), and DR=^(FP— PD). 

FIVT 

Therefore BG+CH+DK=|i^(FN+FO+FP).— 

^(BN+CO+DP); now, FN, FO, FP, are con- 
tinual proportionals, and so also are BN, FO, FP, 
because the sectors FBC, FCD, are equal. But in 
the circle no such resolution of the proposed series of 
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s can take place, that series being subject to ak» 
tanate increase and diminution ; on which account 
it is, that imaginary characters enter into the ex- 
ponential Yalue of the sine. Those characters arei 
therefore, so far from compensating each other in 
the present case, as they ought to do, on the sn^ 
position of Bernoulli and Maclaurin, that they 
manifestly serve as marks of impossibility. There 
remains, of consequence, the affinity between dr- 
enlar arches and hyperbolic areas, or between the 
measures of angles and of ratios, as the only pin- 
ciple on which the imaginary investigation can pro- 
ceed« It need scarcely be observed, that the ex- 
ponential value of the hyperbolic ordinate may be 
deduced from what has been proved in this ar- 
ticle. 

10. But as the arithmetic of impossible quanti- 
ties is no where of greater use than in the investi- 
gation of fluents, it is of consequence to inquiry 
whether the preceding theory extends also, to that 
application of it. 

Let it then be required to find the fluent of the 

equation 4^=p«V=Q' where Q denotes any func- 
tion whatever of x. For this purpose, the follow- 
ing lemma is premised : let x be any arch, and p 

any flowing quantity ; then, if the sign /, be taken 

to denote the fluent of the quantity to which it is 

11 



^prefiled. 
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/•• /•• . J"/^l ft - 1—. 



2^: 



— ^ J l^^ ^^ ; or if -jr be a hypeibolic sec- 

tor, ordjr/pab8.« — ab6^/^ord.dr= — /JhT^-^^ — /p^'* 



Because m^pco^zs^— — iiL= /px 



^parating 



c'^-^+c-*^-^ 






reason, — cosjt/panje=i^S—=^/^*'^'~^+ 

/^"^'^—^ Wherefore, by coUectiDg the sum of 
all the terms, we have sln^p cos^ — cob^/ psin.x=: 

llj^JP' — i7=ry^" • The demon. 

stration in the case of the hyperbola is free frotti 
imaginary expressions ;. but, in other respects, is 
exactly similar to that which has now been given 
in the case of the circle. 

VOL. III. B 
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11. Let the coefficient of ^ in the proposed 
equation, be first supposed negative, that is, let 

4^— /x^j^=Q, and if we multiply by c^x, n being a 
constant but indeterminate quantity, it becomes 

\x 

T^-'-a^c^ yx^zc^Qx. Let c^^( '-^—^y J be assumed 

for the fluent, A and B being indeterminate, and 
let its fluxion be taken, then, 

— ^^ -{-nhc^ y — nBc^ yxz=ic^'^Q,x, 

X 

—Be y» 

Hence, by comparing the terms, we get A=l, 
wA — B=o, wB=a^ ; therefore, n=±a^ and B= 
zha : for n and B let the value +a be substituted, 
and for A, its value, unity ; and the assumed equa- 
tion becomes Y^—«3^y^'"^==/^*^Q'^> or, ^— ay=< 

c^^Qx, Let this equation be multiplied by c^x^ m 
being indeterminate as before, and c^y—ac^yx-= 
c^'^^K P'^Qx, The fluent of the first member of 

this equation is evidently of the form Dc^y, the 

fluxion of which, viz. Dc^y+Dmc^^yx being com- 
pared with the former, gives D=l, BX\dm=—a; 

wherefore, c"-^^3^=/^-"^"^i^^^Q^, or y:= 
c^^P^i^^irc^^Qix. Let c«'"Qi=i, and c-^^'^i-v; 



:C 



fi 
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then fc^^^'^'i p'^Qi=f^=vo-^f^ f butv=:J 

9 supposing that v and x vanish at the same 



—Sax 
c 



time} therefore, vz—fvz—^-Jc'^Qx— 

if^^'^f'"'^- Hence, = 2/-'«'- 
C^pTQx. This value of y is sufficient. for the 
construction of the fluent, because the quantities 
Jc'^Qjc, and fc^Qx depend on the quadrature of 

the hyperbola ; but if we would introduce into it 
the ordinates and abscissas of that curve, we need 
only have recourse to the foregoing lemma, from 

which it appears, that y=-ord.flar/Qar abs. ax — 
- abB.ax/Qx order jr. 

12. Let the coefficient o£y be now supposed af- 
firmative, or let ii+a<^=:Q. In this case imaginary 



«« 



expressions are introduced into the fluent, and the 
construction by the hyperbola becomes impossible* 
For we have then, w=±:flrv^-Zi, from which, by pro- 



ceeding as above, we get 2/=^- ^^fc"'^ 



^-'q._ 
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^ —^/^^^^^Qi; hence also, by the lemnla, y=^ 

niD.axi QxtOB.aX'^^OBMa!/ Qxsinuix. Here the quanti- 
ties /Qxcos.tfar> and/ Q^rain.aar, are assignable by the 
quadrature of the circles in the same manner as 
foiabsMXt and /Qiord.ajr, by the quadrature of the 

hyperbola ; but the method of investigating them, 
though an illustration of the principles which we 
have laid down, is too well known to need to be in- 
serted here. In like manner might the fluents of 
innumerable fluxionary equations, comprehended 

under the general form Q=y+^+3 +-^ + &c. be 

deduced, and all of them would tend to prove that 
the arithmetic of impossible quantities is no move 
than a method of tracing the analogy between the 
measures of ratios and angles. Euler * and D' Alem- 
bert t were the first to integrate such equations as 
the preceding, and the method employed here dif- 
fers from theirs only by being better adapted to il- 
lustrate the principle which is common to them 
all. 

13. The forms in the Harmonia Mensurarum 
might also be brought to confirm this theory ; but 

* Nov. OMum. Petrop. Tom. III. 
t Thtorie de U Lune. 



OP iMFotsiBLs auAKTmcs. 91 

without armmnlaliBg initince^ any Artber, it may 
be saSdaxt to lemaik two ooosequeiioes that ibl* 
loir from it : 1. Tliat the only cases in friiich ima* 
ginary e xpreakm may be put to denote real quan- 
tittesy are those in whidi the measures of ratios or 
of an^es are concerned. 2. That the property ot 
either of those measures, so investtgated, might 
have be^i inferred from analogy alone. Now both 
these conclusions are agreeable to experience. It 
does not appear, that any instance has yet occurred 
where imaginary characters serve to express real 
quantities^ if circular arches or hyperbolic areas are 
not the subjects of investigation ; and if the condu- 
sion obtained may not be transferred from the one 
to the other, by a mere substitution of correspond- 
ing magnitudes ; that is, of sines for ordinates, co- 
sines for abscissa^ and circular arehes for the doubles 
of hyperbolic sectors. The affinity between the 
circle and hyperbola is not however so close, but 
that it is subject to certain limitations, from con- 
sidering which, the truth of what is here asserted 
will be rendered more evident. 

1. Any proposition demonstrated of hyperbolic 
sectors may be transferred to circular arches by 
substitution alone, without any change in the signs, 
when only abscissas and their products enter into 
the enunciation, and conversely. Thus abs.ax 

-k-A ab3(a+A) , abs(a — b) , , C0B{a+b) 
ab8.6=: — \ ^ ^ ^ ; and cosa X cosbzz s-^— ^ 
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+ 5?5^ — ), The same holds when the simple power 

of the ordinate is combined with any power what- 
ever of the abscissa ; so in the theorems of articles 

5 and 4 orda x abs&=g^^$±^ + ord(j-&) , ^^dsiaaX 



8 ' *Z 

, 8in(a+6) 8in(rt— &) 

2. When an expression containing any property 
of hyperbolic sectors, involves in it the rectangle of 
two ordinates, the value of that rectangle must have 
a contrary sign, when a transition is made to the 

circle. Thus ord«xord6=^«+*)-?^«=^>; but 

sma X siD&=- ^^^^;+^) + gg!L^-=J:), The difference 

which, according to this rule, is found between the 

powers of ordinates and of sines may be seen in 

1 
the following examples* If ^^ denote any hyperbo- 

lie sector, then by involving -T"^ — , and again sub- 
stituting for the exponential quantities, as in Art. 
5, we have, 

* absSj; — 1 
(ord;r)'= ' . ^ ; 

„ , ,, ord3« — 3ord« 
!{ordj;)»= ; 

. , ^. ab84« — 4abs2x+3 
(ord«)«= g ^ ; 
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n be any number ; A the coefficient of the second 
term of a binomial raised to the power n, B the co- 
efficient of the third, &c. and p the greatest coef- 
ficient : when n is an even number, 

s ^ v»i abswJT — Aahs(w — 2)j:4-Babs(;i — 4') J? ^-^ P i 

"- 2"— 1 



^; but when n is an odd number, 

2* V 

n ox^nx — Aord(w — 2)j:+B(>rd(w — \)x z^zinordj: 

(ordx) = -jz:! 

If now X denote an arch of a circle, by substi- 
tuting and changing the signs as oft as (ord xf oc- 
curs in any of the preceding expressions, we get 

1 — cos2ar 
(sin-*)- 2 ' 

Ssinx — sindx 
(sm xY=L -^ ; 

(sin xfz^ :^ ; 

lOsiox — 5 sin 3x4- si n5 J? j • ii •/• 

(sina:)*= jg — \ and universally, if 

n be any number, p the greatest coefficient of a 
binomial raised to the power //, A the coefficient 
next less than jp, B the coefficient next less than 
A, and so on : when n is an even number, 

J^ In — A C0S2j+ B COS 43; — &c. 

(sinar) = ^iJZn > 

but when n is an odd number, 

]i psinx — A cos 3 J? + B cos 5x — &c. 
(*»" «) -^i • 
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These series difier from the former only in the 
signs, and the arrangement of the terms ; and 
when either n, or n—\, is divisible by 4i, the signs 
remain the same in both. 

14. The reason of the foregoing rule for chang- 
ing the signs is, that the rectangle under two or-( 
dinates to the hyperbola is always expressed by the 
difference of two abscissa; j and that if from the 
abscissa belonging to a greater sector, be subtract* 
ed the abscissa belonging to a less, the remainder^ 
will be affirmative ; whereas, if from the cosine of 
a greater ai'ch be subtracted the cosine of a less^ 
the remainder will be negative. Therefore, that 
the rectangles, expressed by these remainders, may 
have the same sign, in both cases, the signs of the 
remainders must be diiFereut. 

It appears then, that the second rule, as well as 
the first, is founded on the principle of analogy 
when taken with the necessary limitations, and it 
is likewise evident from the instances which have 
been produced, that those rules lead to the very 
same conclusions which are obtained from the ima- 
ginary values of the sine and cosine. 

There are, however, instances in which the ana- 
logy between the circular and hyperbolic areas be- 
ing wholly interrupted, neither the foregomg rules, 
nor any of the same kind, can be applied ; but this 
occasions no ambiguity, for the construction re- 
quired in such cases is by its nature restricted to 
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one of the cones only. Qfthiskind is the Cote» 
sian theorem, which requirei the whole circle to be 
divided into a given number of equal parts, and 
therefwe cannot be extended to the hyperboU 
wh»e a amflar dhriaon is imposable. Others of 
a like nature may be derived from the general 
theorems already investigated ; for the circle, by 
returning into itself, often reduces them to a sim* 
plicit|f to which there is nothing analogous in the 
hyperbola. Many examples of this might be ad- 
duced, but the two following may suffice. 

1. Let ABODE (fig. 5.) be a regular polygon 
mscribed in a circle, and let m be the number of 
its sides ; it is required to find the sum of the lines 

FA, FB, FC, &c. drawn from any point F in the 
circumference, to all the angles of the polygon. 
By the method which in article 7f was employed 
to obtain the sum of -the sines of a series of arches 
in arithmetical progression, it will be found, that 
the sum of the chords of the arches a, (a+«r), 

(a+SiT), (tti), that is, (making FA=a, and 

AB33jr) the sum of the chords of the arches FA^ 

FB, FC,&c. = 

cho^-'— cho. (a + fWJ?).^cho.(a — j?) + cho.(g -j-mx-^x) , 

2(l—co8.Ja:) ' i "^*» 

in the present case* mv is equal to the circumfe- 
rence, and therefore —cho.(a+»w)=+cho.fl (the 
chord of an arch greater than the circumference 
being negative) ; and, for the same reason, cho.(a+ 
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m^— .1)= — cho.(a— j)=+cho.(x — a). Hence tlie ' 
general expression becomes j 

!^l^^g^^fc^FA+FB+FC+ m. If there- ; 

fore GK be drawn from the centre, bisecting the . 
chord AB in H, and meeting the circumference in A 
K, the sum of the chords, that is, 1 

FA+FB+FC+FD+FE=,!^M5.xGK. | 

2. Let n be an even number, the rest remain- j 
ing as above, and let it be required to find the sum " 
of the n powers of the chords, that is, the sum of 

(FA)''+(FB)"+(FC)'' m. By reasoning, 

as in the case of the sines, it will appear, that if p \ 
be the greatest coefficient of a binomial raised to ' 
the power ii; A the coefficient next less than p;  , 
B the coefficient next less than A, and so on, then, . 
/clio-aV— ;>— 2Acos.a-l-2Bco3.2^+2Dco3,3o+&c. 

^cho.Ca+«))"=i>— 2Acos.(fl+.r) + 2Bco3.2(a + j:)+ | 

2Dcos.3(a+x)+&c. ' 

^cho.(a+2s)y=p— 2Acog(a+2t)+2BciM.2(a+2r)+ j 

2DcosS{a + 2x)+&c. I 

Each of these vertical columns is to be conti- ' 
nued downward, till the number of terms be equal 

to m, and therefore the sum of the second is mp. , 

K The sum of the third, or of I 

B — ilA ( cos.o+cos.(a+j;)+cos.(a+2j:) m Y -i 



OF 1MF0881BLE QUANTITIES. 9^ 

by article 7> is 

cos.a.--c<H<^g -h mx ) — cos(fl — x ) 4- ^^ (tf + wx— ^ ) 

""^^ ^ 2(1— cojux) - 

(because mjr= the circumference), 

-AX- 1-C08.X ^ ^- ^^^ 

manner do the sums of all the subsequent columns 
vanish; and therefore, (cho.aj + f cho.(a+j:)V 

+ /cho.(fl+2ar) J m-=zmp. But when n is an even 

numoer, p=i\ — rx tt: — « Xt- = — , ^^, . ; — f — ' 

X 2**. If therefore the radius be put =r, and the 
expressioi\ made homogeneous, we have 

(FA)"+(FB)%(FC)'^ ,=,,X^ig:^^ 

This last coincides with the forty-first of the cu- 
rious and difficult propositions published by Dr 
Stewart, under the title of General Theorems. It 
is given there without a demonstration, but appears 
plainly to have been investigated, in a manner al- 
together rigorous, by that profound geometer. It 
may therefore be regarded as one of the instances, 
in which the conclusions of the imaginary a.rithme- 
tic are verified by the geometrical analysis. 

15. The two foregoing propositions being con- 
fined to the circle, and yet having been investi- 
gated by the help of imaginary expressions, may, at 
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first sight, seem exceptions to the rule which we 
have been endeavouring to establisli. But it needs 
only to be remarked, that they are particular cases 
of certain theorems belonging both to the circle 
and hyperbola, and that it was into the investiga- 
tion of those theorems, that the imaginary exprest 
sions were introduced. 

The conclusions therefore from the whole are 
these : that imi^inary expressions are never of use 
in investigation but when the subject is a proper- 
ty common to the measures both of ratios and 
of angles ; that they never lead to any conse- 
quence which might not be drawn from the affinity 
between those measures j and that they are indeed 
no more than a pai'ticular method of tracing that 
aflBnity. The deductions into which they enter 
are thus reduced to an argument from analogy, 
but the force of them is not diminished on that ac- 
count. The laws to which this analogy is subject j 
the cases in which it is perfect, in which it suffers 
certiun alterations, and in which it is wholly inter- 
rupted, are capable, as may he concluded from the 
specimens above, of being precisely ascertained. 
Supported on so sure a foundation, the arithmetic 
of impossible quantities will always remain an use- 
ful instrument in the discovery of truth, and may 
be of service when a more ri gid analysis can hardly 
be applied. For this reason, many researches con- 
cerning it, which in themselves might be deemed 
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absurd, are nevertheless not destitute of utility. 
Bernoulli has foundt for example, that if r be the 

radius of a cirde, the circumference = ^'^""^ r ; 

and the same may be deduced from article 4. 
Considered as a quadrature of the circle, this ima* 
ginary theorem is whoUy insignificant, and would 
deservedly pass for an abuse of calculation ; at the 
same time we learn from it, that if in any equa- 
tion the quantity *^^' _""^ should occur, it may be 

made to disappear, by the substitution of a circular 
arch, and a property, common to both the circle and 
hyperbola, may be obtained. The same is to be 
observed of the rules which have been invented 
for the transformation and reduction of impossible 
quantities : * they facilitate the operations of this 
imaginary arithmetic, and thereby lead to the 
knowledge of the most beautiful and extensive 
analogy which the doctrine of quantity has yet 
exhibited. 



• The rules chiefly referred to are those for reducing the 
impossible roots of an equation to the form A-^B^ — i. 
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Though the labours of M. Deluc, and of the ex> 
cellent observers who followed him, have brought 
the barometrical , measurement of heights to very 
great exactness, they have not yet given to it the 
utmost perfection it can attain. Some causes of 
inaccuracy are still involved in it ; of which we 
ought, at least, to estimate the effects, if we cannot 
correct them altogether. The allowance made on 
account of the temperature of the air, implies in it 
a hypothesis that has not been examined, nor even 
expressed ; and many other circumstances that af- 
fect the density of the atmosphere, have either 
been wholly omitted, or improperly introduced. 



* From the Transactions of the Royal Society of Edin- 
burgh, Vol. I. (1788.)— Ed. 

VOL. III. C 
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The object of the present paper is to correct the 
errors that arise from these causes, or, where that 
cannot be done, to assign the limits within which 
those errors are contained. 

1. The most important correction introduced by 
M. Deluc, is that which depends on the tempera- 
ture of the air. His observations led him to con* 
elude, that, at a certain temperature, marked near- 
ly by 69i** of Fahrenheit, the difference of the lo- 
garithms of the heights of the mercury in the ba- 
rometer, at the upper and the lower stations, gave 
the height of the former of those stations above the 
latter in lOOOths of a French toise ; but that 4it 
every other tepiperature above or below 69|**.; a 
correction of .00223 of the whole was to be added 
^r subtracted for every degree of the thermom^- 
tfHP. By observations still more accurate, it has 
been found, that the temperature at which the dif- 
ference of the logarithms gives the height in Eng- 
lish fathoms, is 3'Z^ j and that the correction at 
other temperatures is .00243 of that difference, 
for every degree of the thermometer.* The man- 



* General Roy makes the fixed temperature 32^^ and ^e 
expansion for l^, =.00245^ at a medium. Sir G. Shuck- 
burgh makes the fixed temperature 31^^^ and the expansion^ 
as here assigned^ viz. .00243. PhiL Trans, 1777- It is su^ 
ficient for us at present to know these numbers nearly. 
According to the formula laid down hereafter^ they will all 
require to be corrected. 



^ 
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ner of estimatiiig the temperature of the air, adopt- 
ed in all these observations, was the same ; an arith- 
jnetical mean was taken between the heights of the 
thermometers, at the upper and lower stations, and 
was supposed to be uniformly diffused through the 
column of air intercepted between them. M. De- 
lucy however, was sensible that this supposition 
was inaccurate; and General Roy, too, has ob- 
served, that '* one of the chief causes of error in 
barometrical computations proceeds from the mode 
of estimating the temperature of the column of air 
from that of its extremities, which must be faulty 
in proportion as the height and difference of tem- 
perature are great.*** It will appear, however, 
that this estimation, though adopted merely on ac- 
count of its simplicity, and probably on no other 
principle than the general one of taking a mean 
between two observations, which, taken singly, are 
inaccurate, comes nearer to the truth than there 
was any reason to expect. 

@. It is certain, that the atmosphere does not 
derive its heat from the immediate action of the 
solar rays. These rays, in traversing that subtle 
and transparent medium, are but slightly refract- 
ed, and, meeting with little obstruction, neither 
lose nor communicate much of their influence. 

 Phil. Trans. 177?. 
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We are assured of this by many experiments ; and 
we know, that air, in the focus of a burning glass, 
is never heated till some solid body be introduced. 
The atmosphere, therefore^ is warmed by the earth, 
from the surface of which a quantity of heat is con- 
tinually flowing off, and ascending through the dif- 
ferent strata of the air into the regions of vacuity, 
or of ffither. But this ascent, on the whole, is uni- 
form } because there is a certain temperature which, 
though varied by periodical vicissitudes, remaiiis 
under every parallel the same, as to its mean quan- 
tity. Every stratum, therefore, of the atmosphere, 
whatever be its height, gives out, at a medium, the 
same quantity of heat that it receives ; in other 
words, its mean temperature is constant, and nei* 
ther increases nor decreases^ on the whole. 

3. Let there be three strata, then, of the at- 
mosphere of the same thickness x, and contiguous 
to one another; so that, if a: be the distance of the 
first from the surface of the earth, that of the se- 

cond may be :v+x, and of the third x+2jC. Let 
A, h\ h'\ be the heats of the strata, and a, a', a", 
their densities respectively. Then, since the quan- 
tity of heat, communicated in an instant from one 
stratum of a fluid to a contiguous stratum, must be, 
as the difference of their temperatures, multiplied 
into the density of the colder, and divided by the 
density of the warmer, the heat communicated, in 
an instant, from the first stratum to the second, = 
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(h—h')-ri and that communicated by the second 

to the third, ^(k'—k')^. But» since the diffisr- 
ence of a and a' is indefinitely small, as also that 
of A' and A% we have -r=lf and t7=1 J *> *^** 

the heat gained by the middle stratum is =hr—kf9 
and that lost by it r^k'—h". Now, these two quan- 
tities must be equal, in order that the tempei*a- 
ture of the stratum may remain uniform, that is^ 
A— A'=A'— A" J or, in other words, the heat of the 
first stratum exceeds the heat of the second, as 
much as the heat of the second exceeds the heat of 
the third. Therefore, the heat of the successive 
strata must decrease, by equal differences, as we 
ascend through equal spaces, into the atmosphere ; 
and, in general, the differences of temperature must 
be proportional to the differences of elevation. 

It is to be understood, however, that this law is 
subject to certain anomalies, both annual and diur- 
nal, and those intermixed with other accidental ir- 
regularities, which it would be difficult, perhaps 
impossible, to ascertain. All that can be said of it 
is, that it is the law which nature tends to obseiTe, 
and that the sum of the deviations from it, on the 
one side, is probably equal to the sum of those on 
the other. In an effect that is perpetually subject 
to the action of accidental and unknown causes, the 
discovery of a mean, from which the departures on 
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« 

the opposite sides are equal, is all that we can rea- 
sonably expect ; and it is sufficient for us to know, 
that, though any particular conclusion may involve 
^n error, yet, if a multitude of instances be taken, 
the errors will certainly correct one another. 

4. If, therefore, H be the heat at the surface of 
the earth, and h the heat at any given height 0, 
tibave the surface, the heat, at any other height, as 

i», will be H— ^ "^ ^" . At a medium, it is found, 

that Fahrenheit's thermometer falls a degree for 
every 300 feet that we ascend into the atmosphere; 
so that, if X is expressed in fathoms, the heat, at 

that height, is =^"~^ • 

5. But though we are thus led to conclude, that 
the decrease of heat in the superior strata of the 
atmosphere is proportional to their elevation, there 
is no reason to suppose, that the condensation pro- 
duced by that decrease is also uniform. Indeed, 
the experiments of General Roy have placed it be- 
yond all doubt, that the variations in bulk of a 
given quantity of air are, by no means, proportional 
to its variations of temperature. Those experi- 
ments, though very numerous, are too few to as- 
certain exactly the law which connects these varia- 
tions, and we must have recourse to reasoning, in 
order to supply this defect. Let us suppose that 
air of a given temperature, for instance, of 32^, by 
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the loss of one degree of heat^ is contracted —z» or 

the pait m of its whole bulk } its bulk, therefore^ 
when of the temperature 31^ ^ will be l-^-m. By 
the loi» of another degree Of heat, its temperature 
will be reduced to 30^, and its contraction will 
not be m, as before, but m(l— -m), which, subtract* 
ed from 3-~^> i^ hulkf when of the temperature 
$1^, will give its bulk when of the temperature 

SO^, =1— gfli+»i'=(l— f»)*. In like manner, af- 
ter the loss o£ 3^ of heat, the bulk of the same 

given quantity of air is shown to be (I — rnfi and, 
in general, its bulk is as that power of 1 — m, which 
is denoted by the difference between 32^ and the 
given temperature. If, therefore, h be the heat of 

a given quantity of air, (1— tw)^ will be the space 
occupied by that air, supposing always that the 
compressing force is given. 

6. This formula assigns a finite magnitude to 
the air as long as the diminution of its heat is less 
than infinite ; for as 1 — m is less than unity, when 

h becomes negative and infinite, (1— tw)^^"^ be- 
comes then, and not till then, =0. When h is af- 
firmative, and greater than 32, (1— w)*^^^"^ be- 
comes greater than 1, and increases continually, 
being infinite when h is infinite. When 32— A is not 

very great, then (1— w)' =1+(A— 39)m nearly, 
which agrees with the hypothesis of uniform con- 
traction and dilatation in moderate temperatures. 
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merfonnala for expansion, (§ 5,) we have the space 
which air occupies, as far as it depends on tempera- 



neral Roy's experiments, * /^ appears to be between 
~ and ~ ; and it must be confessed, that it is very 
difficult to assign its value within nearer limits. 
The form of the correction, however, if not its ab- 
solute quantity, may be found from what is here de. 
termined. The last of these must be ascertained bj: 
future experiments. 

9- These inequalities bulong to the temperature 
of the air ; there is another that depends wholly on i 
the compression. In deducing the rule for the I 
measurement of heights by the barometer, it haS 
hitherto been supposed, agreeably to the experi- t 
ments of Mr Boyle and M. Mariotte, that the 
density of the air, while its temperature remains ' 
the same, is exactly as the force that compresses it. i 
But the experiments referred to were not accurate 
enough to establish this- law with absolute preci- 
sion ; and they left room to suspect a deviation from i 
it, either when tlie compressing force is very gt-ea£ I 
or very small. Accordingly, from experlmenttf 'J 
described in the ninth volume of the Mem. of ; 
Berlin, it appears that the elasticity of air of ther \ 
temperature 55", or the compressing force, inJ i 
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creases more slowly than the density ; so that, if 
the compressing force be dooUed, the density will 
exceed the double by about a tenth part, &c. The 
law of this yariaticm is expressed with tolerable 
exactness, by supposing, that if D be the density 
of the air, and F the force compressing it, then 

D=F^'''^ n being a very small fraction, nearly 
.0015. 

10. It must be acknowledged, that new experi- 
ments are necessary to ascertain the ISw of this 
inequality with precision. But as the formula 

D=F^"^'* is very general, and might be rendered 
still more so, without affecting the method of inte- 
gration that is to be employed, the result of that 
integration may be useful when our physical know>- 
ledge becomes more accurate. In the meantime, 
it may not be improper to remark, that the precise 
knowledge of the law which connects the compres- 
sing force with the density of elastic fluids, is an 
object well deserving the attention of natural phi- 
losophers. The determination of that law may go 
far to decide the question, whether the particles of 
such fluids are in contact or not ; that is, whether 
the elasticity of each particle be a force that extends 
beyond the nearest particles, like the forces of mag- 
netism and gravitation ; or one which, like that of a 
spring, extends only to the bodies which are next 
it. It is an inquiry, therefore, of no less import- 
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NoiTy if the giTen quantity of air, of wliieh'tlM 
bulk has been a uppo aeJ =h snd Ae tempentore 
s=9fP, be eomprenedbyaedomnof air of theaame 
density and temperatore with itadf, but of the 
he^t Pf and if its density, in this caa^ be also 
ealled 1 ; then, in the case of its having any other 
temperature, as H — ^xx, and being compiesaed by 

any other foree, as — ::/^:r, or the weight of the su- 
perincumbent air at the he^ht x, we have 

i:y: :p: ^f^' , and likewise y= — =^i_. 

No account is here taken of the diminution of 
gravity, any more than of the departure of the law 
of the elasticity of air from direct proportionality to 
the density, (§ 8,) because it is convenient to ccm- 
sider the problem at first under the more simple 
view, where only the two first inequalities are in- 
troduced. 

• 

13. Since y= „ 1+^ we have 
j»){\—wy^'''z=—fy'x» and 



Or, l!l^pX\oU\-my=—- ^— jj. 

y (1 — nif^'''' 

Hence making log.(l — w)=g', £3^=— ^xgx— 
-j-j^ andplog.j(+plog.C=— p?^«+ 



1 



*7 



If D dcMte the dmi^ «r tW dr «t tlir 
iMie oT tlie cMtfc. D vil he tke vafae tijf» 

>, and m f(}^Ji-tUfXr)= 1 



»h:«-«V 



p\mg.C=— ^-phfj>i tmAmhf 

for p kg-c, ^Oog^— ksJ>>+ , ' ,, = — 7'V»+ 



I I 



This eqpution rrhiaKj in gcmtai^ At 
betfre^n the density of jny fltnlHB of lir, and iht 
height of that jtnbm alnw Ike flE&a 
earth, on the suppootians that the hefllof tie 
mosjp^re decream vnfionaiy ai vc aaoeady 
that the confurtian pudt e d m air fay cald, 
serves the law deaoAed n § 5. bfln^he 
sUered as an eqpution to a caiTe» of irfdck tke 
scisss leprasenled the he^fat of the dBfttcnt 
ta of tlie atmoqphae, and the ordinates, the 
sities of those strata : this coire would eTidentty he 
different from the logarithmic, but would be found 
to have certain rdations to it not unintereatini^ and 
not difficult to trace, if we had leisure for such m 
digression. 

14. Let OS now suppose that x is the whole 
he^ht to be measured, and that ^ is the density aft 
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that height, the temperature there being bIso found 
=h, by observation. If then <r become =;?, and 
y=A9 we will also have x;2:=H — A, and r+}js= 
32— H+ H— A=S2— A=r— A, making r=32. Al- 

so x= . Therefore, by substituting these va- 
lues of ^, Xf X, and r+xz^ in the preceding equa- 
tion, we have, j5(log.D— iog.A) = 

pg{ll—h) 5 -. Hence, by transpo- 

5(H-A)(i-m/-* 

sition, &c. gp(H— A)(log.D— log.A— (H— A)g)= 
2^(i_w,)tt-*'_(i_,„)*--*-^ • and 

^^ gp{ H~ A) (log.D-.log. A— (H—^)ff)_ 

Thus the height of any column of air is express- 
ed in terms of the density, and of the temperature 
at the top and bottom of it j the equation for the 
height, though an exponential one in its general 
form, admitting of ah easy resolution, from the cir- 
cumstance of xz being given by the observations of 
the thermometer. 

15. That this formula may be applied to the 
measurement of heights, it is necessary to introduce 
into it the lengths of the columns of mercury in the 
barometer, instead of the densities of the air, at the 
lower and upper stations. Let b be the height at 
which the mercury stands in the lower barometer^ 

8 
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« 

ttd fi that at which it stands in the higher baro- 
meter ; then, since b is the compressing force at 
the surftoe of the earth, we have 

D=r r-ij ; and, for a like reason, a= 

(l_m/""" ' 

Therefore, log. D = log.i — (r — H)^, 



{i-my 

md — ^log.2^;=^— 4og.^+(r — K)g. Hence log. D — 
log.A=:log.6 — log..8+(H — h)gt and substituting 
for log.D — ^log. A in the formula of the last section, 

,_ £p(li-h) (log.^log.g) . 
(l_m)H-^_(l_^)*-r 

16. This is the exact value of z^ or of the whole 
height to be measured, on the supposition that the 
heat of the atmosphere decreases uniformly as the 
height increases; and that the contraction for a 
given difference of heat decreases according to the 
law described in § 5. But, in order that it may 
be more convenient for computation, and may be 
more easily compared with the formula now in use, 

the quantity (^_^)H-rl^^_^)iu-r must be reduced 
into a series. Now 



H— r / 1 _ v/i — r' 



(l_m)"-^_(l_m) 

^3 — '• r. But from the nature of loffa- 



rithms, (g being, as before, the logarithm of 1 ~ m) 
(l-«)"=H-H|r+-^+^+&c. And 

VOL. III. D 
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-(i-«»)*=-i-*ff-^-*-|^ - &c. Therefore 

(l__w)»_(l—m)* ,H tw , H'— ^' . . H»— &' /r;" » 
, g(H-^)(l-m)- _ ^+*g+iV-t^+ &C. 

Hence «=p(log.^— log.3)' 



17. These series will not converge fast, unless 
rgy Hgf and hg^ be all of them quantities much 
less than unity. Now, as 972, or the expansion of 
air of the temperature r, for 1^ of heat, is, in fact, 
very small, being nearly =.00245, and as gj or the 
logarithm of 1— 9W, must, of consequence, be nearly 
= — m= — .00245, it is plain, that, in all moderate 
temperatures, these series will converge with great 
rapidity; though, in extreme cases, where z is 
supposed vastly great, and where h may be nega- 
tive, and also great, the series in the denominator 
may converge so slowly that recourse must be had 
to the formula in § 15, from which no quantities 
are rejected. 

When 7W, and, of consequence, g^ are very small, 
and when H and h do not differ much from r, the 
preceding formula, agreeably to a remark in § 6, 

11 
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will comprehend the case of uniform expansion, 
and will give the same expression for the height, 
that would be derived from considering only the 
equable decrease of heat as we ascend in the at- 
mosphere. Now, as in the case supposed, we may 
reject all the powers of g but the first, and may al- 
so suppose g=—m, we have 

a=y(log.A-4og.3.)/' — gq^— \ or 

z=p( 1 + ( 2 — r^»»)(Iog.ft— log.g). 

18. This last is precisely the formula of M. De« 
luc, if we give to /?, r, and wi, the proper values. * 
It was discovered by that ingenious and indefati^ 
gable observer, without any inquiry into the pro- 
pagation of heat through the atmosphere, the prin- 
ciple on which it depends ; and, that so near an ap- 
proximation to the truth should have been thus ob- 
tained, is to be considered as a singular instance of 
sagacity or of good fortune. For if the heat of the 

• If we take M. Deluc's rule, as improved by the later 
observations of General Roy and Sir George Shuekburgh, 
jc?=:4S42.94f48=: the modulus of the tabular logarithms mul- 
t^lied by 10000: r=rS2**'and m= .00245 nearly. It is im- 
neoessary to remaric, that the logarilimis understood in all 
these formulas are hyperbolic logarithms, and that the mul- 
tiplication of them by p is saved, by using the tabular loga- 
rithms, and making the first four places of them, excluding 
the index, integers. 
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air diminished, not in the simple ratio of the in- 
crease of the height, but in that of any power of it* 
so as to be expressed by H— x3'", then, by comput- 
ing as has been done above, we should find z= 
p(i+tn{^^-~ — rj)\og.-. Here the temperature 
from which r, or the fixed temperature, is to he 
subtracted, is not — ~, but ^-Tr"i and this is a 
formula which conjecture or experiment alone 
would scarcely have discovered. 

It is farther to be remarked of the foimula z= 



+tiif -^ — rjllog.g, that it is rigorously just, if 



Pti 



diffiised through the column of air, of which the 
height is to be measured, as is done by Dr Horsley 
in his theory of M. Deluc's rules ; * but that, on 
a supposition, more confonnable to nature, of the 
heat diminishing in the same proportion as the 
height increases, it is only an approximation to the 
truth, or the first term of a series, whereof the 
other terms are rejected as inconsiderable. 

ig. The amount of the terms, which are thus 
rejected, comes now to be considered ; and it will 
be ascertained with sufficient accuracy, if we com- 
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pate the second term of the series^ or that which 
niYolyes m it m\ Now, 



,^.H±A „ »HHA-MV -H^. 



1+1 r 



(^r^M±i^g+(±=rm^^m±*mLy^ 



andg^log.(l — m')=—m+-g — &c 
so tliat ^= m*— &c. 

i+'?+-Ss* 

Thereforcbysubstitution, ^ ^^^ H*+m+h* '^ 



12 ) 



This is the coefficient oip log.r* which gives z^ 

corrected both for the temperature of the air and 
the first inequality of expansion, (§ 5.) The term 

(—^ ^jff^i is M. Deluc's correction, as has 

been already observed, the third term, viz. 

(^2 i-+ i + ii ;^» • contams 

noTonly a part which depends on the equable de- 
crease of heat as we ascend in the atmosphere, but 
also one which arises from the above mentioned in- 
equality of expansion. 



54 CAUSES WHICH AFFECT 

20. The term invohing tb', that has now been 
computed, will rarely amount to any thing con- 
siderable. The coefficient of it vanishes when both 
H and }i are equal to r, but increases as these two 
quantities recede from r on either side. In no in- 
stance where the barometer is to be applied to ac- 
tual measurement, wdl the correction probably be 
found greater than in determining the height of 
Cora(;:on above the level of the South Sea, where 
H, or the height of the thermometer at that level, 
was 84^% and A, or the height of the thermometer 
at the top of the mountain, 43-^*^ ; the coefficient 
of 7«^ comes out, in this case +4-26, and m- being 
= .000006- (.00245)^ the correction -.00259, or 
nearly — - of the height of the mountain, as found 
before any correction was applied, or =40 feet 
nearly. It is to be remarked, too, that, for every 
value of H, or of the temperature at the lower sta- 
tion, there are two values of h, or the temperature 
at the upper station, that make the coefficient^ 

^ + ~ ^+ — ^._^ ' and, oi eon- 
sequence, the correction depending on it equal to < 
nothing. This is evident from the nature of the 1 
coefficient j but, as the law by which this last in- 
creases and decreases is by no means simple, it were 
convenient to have it reduced into a table, for the 
different values that might be assigned to H and h. 
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from wUch it would be immediately obvious in what 
cases it was to be taken into account, and when it 
might safely be omitted. 

But though this correction may sometimes be of 
consequence enough to be included in the measure- 
ment of heights, it is certain that it may be safely 
neglected in the computation of the other correc- 
tions. For the error thereby committed in the esti- 
mation of a new correction, will be nearly the same 
part of the former correction, that the new one is 
of the whole height. If, for instance, the new cor- 
rection be zTjTz of the whole height, the error com- 
mitted in estimating it will be but j^ of the for- 
mer correction ; and, if that did not exceed ^» 

the error in question will not exceed Jqqoq ^^ *^^ 

whole height. 

21 . In computing the effect of the second ine- 
quality of expansion, described § 8, we may, 
therefore, abstract from the last inequality, and may 
even suppose, with M. Deluc, that the tempera- 
ture, which is a mean between those of the extre- 
mities of a column of air, is uniformly diffused 
through that column. Let the excess of that mean, 

IT I L 

above the temperature r, or -~ — ^=/} and let ,8, 
the height of the mercury in the uppermost baro* 
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meter, be considered as variable. Then taking the 
formula of § 8, and supposing m to be the expan- 
sion for V of heat, when the mercury in the baro- 
meter is of a given lieight, which we shall here 
call y,* (to avoid the confusion that would arise 
from naming it, as in the art. above referred to,) 
and retaining all the other denominations as be- 
fore, we have s=- y f" Hence 

PJ/^l..^/!^^~--f^x, so that, taking the fluxions, 
„^-+E^!fe+P^J^"Zli^_ji and, dividing by^. 

^=^Il^fj:!pfAj^Ei^!llL. To exterminate from 
this equation r/ and y, it is to be remarked, that 



• According to the experiments of General Hoy, above 
quoted, the expansion of air for l" of heat, at the tempera- 
ture 32", is .00245 nearly, that air being compressed at the 
same time by the weight of a column of mercury 29-5 inches 
high. As we have supposed m^ in the preceding computa«- 
tiong, to be .00943, we must suppose 7:1=29,5. The formula 
Bupposed here to give the space occupied by the air, ao &r 



ponential expression of § 8, in consequence of what has beeO 
just observed about the effect of neglecting one inequality in 
the computation of another. 
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5=— 7 — -r- — ^» and that therefore 
i-L-f^fZi. Hence, by sabBtHution, i= 






Bat 



/•tJ'+yte/s^) /• T^+yi*** 



tberefoie *=pf- ^ - -^^^ \ ihe other tenns 

destroying <me another. By int^ration, then, 
«=:^_]og./3— ^^+C). If C be taken such that x 

may vanish when fi=:zb, the height of the mercury 
in the lower barometer, we will have 



f==p I log. 







22. That it may appear wherein this formula 

differs from the ordinary one» instead of b** and 9^, 
we must introduce log.6, and log.jS, which, when b 
and /3 are not very unequal, may be done without 
difficulty. Fot we have 
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Therefore »!=^-»(l.6.-^-log.|.)+^^(loei-)' 



7 

/,+&c. That is, ^?l=A^log.A4 

7 



T-log-^xlog.— , rejecting all the terms which in- 
volve powers, of log.— , of log. — , and of ^, higher 



7 7 



than the square. Hence also, 

:. > (^'-^' V/ >«io4+^iog.^ X logi, a^a 






log.-+>iog.— +-|-iog.^xiog.y^ J or 

2iJ. This formula includes the correction to be 
made for that inequality of the expansion of air by 
heat which depends on its compression, and which 
was described at the 7th and 8th articles. The 

first term of the formula, viz. plog. — , is the differ- 

ence of the tabular logarithms of. b and /S. The 

second, viz, ///?;? log — , is M. Deluc's correction, 

and the same that was already investigated, § 1?. 
The third, viz. ^log.-^ xplog.- is the correction 
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for the above mentioned inequality of expansion* 
It is of a form very convenient for computation ; 

for the former correction being s/ntplog.-—, we need 

only muki^y it by — ^o£»-;4 ^ ^^^^ ^^^ third term 
of the formula, or the correction required. It 

must be remembered^ that log.-, signifies the hyper* 

bolic l(^arithm of -^* 

The exact amount of this correction cannot be 
known, till /t be defined by experiments on the ex- 
pansibility of air under different degrees of com- 
pression ; those which General Roy has made, 
though excellent, not being perfectly sufficient for 

that purpose. If we suppose /4=-, and if, as an ex- 

it 

ample, we take 6=29 inches, and /?=24, 7 being 
=29.5, then we will find Iog.;^=— .22 nearly, which, 

multiplied into ^, or into -, is —- ^ nearly, and this 

multiplied into M. Deluc's correction, gives the 
correction for the compression. The former is, 

therefore, to be diminished by — , before it be ap- 
plied to the difference of the tabular logarithms, to 
give the true height of the one barometer above the 
other. In other cases, the proportional part, to be 
added or subtracted, will be greater as jS b 
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less, or as the height becomes greater : It will be 
=0, when ^3=/ ; affirmative, when b3 is greater 
than J-* ; and negative when it is less. 

24. There remain to be considered the two cor- 
reetions that depend, one, on the relation between 
the density of the air and the force compressing it j 
the other, on the diminution of gravity as we as- 
cend from the surface of the earth. It was ob- 
served, C§ 9.) that, if D denote the density of the 
air, and F the compressing force, D^F'^". But 
the force compressing a stratum of the atmosphere 
at the height .r above the surface of the earth, and 
of the density i/, which, on the supposition of uni- 
form gravity, is denoted by — i/j/^, on that of gra- 
vity decreasing as the v power of the distance from 

the centre of the earth, is denoted by — / — ^—^^^ ; 

where s is the semidiameter of the earth. This is 
evident, because the weight of each stratum of air 
is proportional to its density, multiplied into the ac- 
celerating force which draws the particles of it to- 
ward the earth. Now, let tj be the length of such 
a column of mercury, that air, compressed by it, 
would be of the same density with the mercury it- 
self, which density, in all the preceding investiga- 
tions, is understood to be constant, and to be =1 ;* 

• 1 he mercury in the barometers ia suppoeed to be re- 
duced to a fixed tempernture, by the applicatitm of a correc- 



i 



BAROM£TBI€AL MKASpREMRNTS. 6l 

I — / y* I 1 f- yai 

\ J(s+wy / ^j. r+« _ ./(.^+x)> ^ 

"^ l+«/-, _x»+*Jr "* ~ 9+Kt 



y (1— Wl) 



q{l — m) 



In which formula, all the inequalities tliat have 
been enumerated are expressed, except that which 
was considered in the two preceding articles. 

Hence, multiplying by q(r — my^^'^ and taking 
the fluxions, there comes out, 

_J — 1 »-HJLf ^ T-i-xx 

/ 1 l+« . i+« y^ l+n .l+n.A 



Dividing therefore by y^ 



^ ^1 



=--£fL; and making /+» =:r, and, conse- 



tion on account of the thermometers iittached to them^ after 
the manner of M. Deluc^ or of General Roy ; the latter re- 
daces the mercury alwoyai to the temperature of 32*. When 
the difference of temperature is not. very .great in the two 
barometers^ the correction of their heights may be made ac- 
cording to the very ingenious remark of the astronolner 
loyal. Phil. Trans. Vol. LXIV. Part L p. 164. 
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_y*(i--mr g/i 1 \ If this vahie be 

substituted for C, and if all the terms be divided 
by (1 — my^ we shall have 



.211 

g n /^ I I 



j£ g g \ 



The approximation which has been used here for 
finding the fluent f f » was sufficient)^ 

exact, because no terms have been rejected but such 
as are divided by ^, and which, of consequence, are 
extremely small in re^ct of the rest. 

27^ We are now to suppose, that x becomes 
equal to z, or to the whole height that is to be 

measured; then also, ''+>-r=r— A, x=z » and 

rzzr—U, as in § 14 i and so by substitution, 

q (s+z) q _ 



***^" 



nz • 1 2r 



yg(H-/0(l-m) V (1-m) 
2z 2z 



%z zz X ^ nz 

,(l-.m) ^5(H— A)(l— m) / ^^^ ^ 
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(,-.)- _<,_, — jfe-/>-) 



( 

The value of jet is to be found from this equa- 
tion ; and as the first step in the approximation, 
we may suppose s so great in respect ofz, that s+ 
z=s^ nearly ; and, also, that all the terms divided 
by s vanish ; which, in fact, is the same thing with 
supposing the force of gravity to be uniform. We 
have, then, 

(1 — m) — (1 — III) 

28. This is the exact value of z, on the suppo^ 
sition that gravity is uniform, and that the elasti*- 
city of the air is not simply as its density, but as 

the power of it denoted by |-— . But if we con* 

tent ourselves with an approximation, which the 
smailness of n renders easy, the logarithms of b 
and ^ may be introduced, and the formula will be- 
come similar to that which was formerly investi* 



1 — » n* 

gated. For— , or/S =l-.-»log.i8+-~-(log.b)*— 

8 

VOL. UI. E 
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«3 



-^(}og.by+ &c. When n is very small, as in the 

present case, this series converges with extreme ra- 
pidity ; and the teiins involving n\ &c. may safely 
be rejected. Therefore, 

1= 1 —n\og.fi + ^(log./8)2— 1 + n log.6-^(log.6)«= 



n(iog.6— log./?)— ^^(iog.*)«— (iog.iS)2y Hence, 

/"^"^(H-.^)('log.*--log.^-.|(log.^)«+^(log./3)A 

^-- H— I- A— r 

(1— w) — (1— rw) 

29. When w vanishes altogether, the value of z, 
assigned by this formula, coincides, as it ought to 
do, with that which was investigated, on the sup- 
position of the density being precisely as the com- 
pression ; for by applying the reduction of art. 17, 

we have, z=zqfi+m(-^ — Oy^og-g* But when w, 

though very small, does not vanish altogether, by 
the same reduction. 

If, therefore, we suppose q to be equal to p, or 
to 4343 fathoms, which must be nearly true ; and, 
if we call A the height, or the value of z^ com- 
puted from the formula 2=;? A+w(— i — ^^j^^^'^^ 
the correction to be applied on account of n, will be 

— |Alog^,3. 
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80. It is not, however, now a matter of 
ference in wluit measure the lengths of the cohumis 
of mercmy in the barometers are expressed, as it 
was, when only the ratios of these columns entered 
into the computation. They must be expressed in 
terms of the same measure, wherein the height of 
the mountain is required, and wherein q has been 
already determined. For, if we take the exact ex« 
pression for the he^ht, m. 



J=- 



f or that to which it may 

( 1— «)"^— (1— m)*^ 

be reduced, 2=y(i+«(^-r))(-^,-X.), it is 

n n 

evident, that ^ ^ can have no definite significa- 
tion, unless b, 0, and q be all expressed in terms 
of the same measure. As the conveniency of com- 

putation requires that por q ^ should be express- 
ed in fathoms, so b and ^ must also be expressed in 
parts of a fathom. The same is tttae of the loga- 
rithmic expression, | log.6^, to which the preceding 
one is reduced. Thus, if 6=30 inches, and ^=^20 

inches, we must make b= j-, and P=TEt so that hp 
= Tg— ^g — ^> half the hyperbolic logarithm of which, 
or that of g-^> is =— l^OySS, and this multiplied 



I 
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vestigation, when, at § 25, we substituted for y itg 

(—■0"" 

value, , - P"*"^'i -^- It is found by making as 

siopyi+tni—- r)j, SO twice the height, com- 
puted by the ordinary method, to a fourth propor* 
tional, which is to be added to that height. 

The coirection for the diminished gravity of thft 
air is a third proportional to the semi-diameter of 
the earth, and the height, as computed by the or-, 
dinary rule. For different mountains, therefore^' 
this correction is in the duplicate ratio of theit^ 
heights. 

These corrections are both additive, and for sucH 
a mountain as Cora^on may be equal, the first to 4^ 
and the second to 1 2 feet. 

33. In the measurement of depths below the sxa* 
face of the earth, /3 is greater than b, and 9= — ll' 
so that the compressing force, at any depth x, b&) ' 

low the surface, is =( f —— y^ ) , where thai 

fluent is affirmative, not negative, as in all the pre^ 
ceding instances, because the air which, by its weigh^ 
compresses the stratum at the depth .r.is on the same 
side of that st^^tura with x, whereas it was before 
on the opposite side. 



Making, therefore, 'j=- 



;'( !-"•)'■ 
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we have, by proceeding as above, 
.=,(,4»(?+»_.,)H|_Pi (i+»(«t'-,,) 

'«-f+S(>+«(5±^-'))'('-iy- 

In this fonnula, the second term, viz. 
— ^f^i+»i(— i — 'r)j^og.T is just half the corre- 
sponding term in the preceding formula, (§ 31,) 
with a contrary sign, so that the correction for the 
diminution of the gravity of the quicksilver takes 
away from a depth, as it adds to an elevation. The 

correction^(l+»*— i — ^)) C^^^iJ retains the 

same sign in both cases, but in this is only half of 
what it was in the former. That these last coiTec- 
tions should be each half of the corresponding one in 
the preceding case, might have been concluded from 
this, that, by any small ascent above the surface of 
the earth, the force of gravity is twice as much di- 
minished as by an equal descent below it. The 
reason of the change of the signs in the second 
term is also sufficiently obvious. 

34f. Though these corrections suppose that z is 
small in respect of s, yet they would afford a suffi- 
cient approximation to the truth, were we to reason 
concerning much greater depths m^der the surface 
of the earth than any to which man can penetrate. 
For example, on a supposition that the atmosphere L 

was continued downwards within the earth, its den- I ,, 

Y 
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sity being always as its compressicm, and its tern* 
perature every where the same, (and, for the greater 
ease of computation equal to r), let it be required 
to find, at what depth its density would become 
equal to that of mercury. To resolve this problem, 
it must be remembered, that the density of mer- 
cury, throughout all this computation, has been 
supposed =1, and p equal to the height of a column 
of mercury, which, gravitating every where wiA 
the same force as at the surface, would, by its pres- " 
sure, give to air the density 1. If a barometer, 
therefore, were carried down to the depth at which 
air was as dense as mercury, the mercury in it would 
rise to the height f?, o^ to 4343 fathoms ^e^ly, sup- 
posing, at the same time, that its own gravity were 
not diminished. Now, on thk supposition, (by 
§ 8^,) any depression below the surface, as, z^ 



p log. T+f-(^og.- y , the temperature being suppos- 

ed = r, and the term — ^og-f being left out, as re- 
lating only to the diminution of the weight of the 
quicksilver in the lower barometer. If, then, B, or 
the column of mercury in the barometer at the sur« 

5 

face, be 80 inches, or j^ of a fathom, and ^=4*343, 

we find plog|= 10000 X tabular 1(^.10423= 
40180 fathoms =45.^6 miles nearly. The second 
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fWTil, |-f^r<^.| V> (or the squafe of the former di* 

?ided by the diameter of the earth), =+,35 of a 
mile^ so that z=4t5.85 miles nearly. The approxi- 
mation mijght be carried to much greater exaefc- 
ness if it were necessary ; but this is sufficient to 
shoWy that, at a less depth under the surface than 
46 miles, the density of air would become equal to 
that of quicksilver ; and if this conclusion appear an 
any degree paradoxical, it need only be considered, 
that, abstracting from any diminution of the power 
of gravitation* the density of air would be nearly 
d(rai)ied by ^very 31 miles ^ descent below the sur- 
ifa^ of the ^artli. 

9S. if, again, we would form any ^i^kieion^m- 
e^rning the limit to w|»ch our €ttmospbeP0 may ex« 
tend upward^ we m^st resvosie the formula, 

and, if we would abstract from the effect of the 
cold in the higher regions to reduce the atmosphere 
Mfithia narrowciT limits than those to which it wottid 
otherwise extend, we may suppose the teqaper^uv^ 
r+f to be uniformly diffused through it, and so for 

(l-^my^'''' W^ vmy substitttte 1+ffn. Putting 



also fl=j(l+jOw) ^+», and making s+a:, or the dis- 

i_ 

tance from the centre, =v^ ay =.—pgv^''yv ; 
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wherefore, taking the fluxions, dividing by y^ and 
integrating, 



a 1+Ji ^ , ^ f 1— r 



n 



To define C, suppose that ^=D when a:'=0, or 



n 
n 



when f=j J then, C=-D +(,s-.i)j; and so, 



n n 

and making v=2, -^ d"" ^+»_y ^ "*'"^=*(^-— 0* 

9&. Now, if n be affirmative, as has been sup* 
posed, this formula, because of the negative expo- 
nent of ^, gives s infinite when ^=0. The atmo- 
sphere, therefore, on this supposition, admits of no 
limit. But, if we suppose n to be negative, that is^ 
if we suppose the density to be as the power 1 — n 
of the compression, instead of 1+Wj the formula of 
the last article becomes 

=(°'^-^"^)='('-0- 

And if we now suppose the atmosphere to termi- 
nate, or y to become =0, then 

II 

— =5 (^1— -\ and the entire height of the at^ 
mosphere, or v= — — 



n 
d 1— 11 



ft 
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This Talne of v may either be finite, infinite, or 
n^ative, aooording to the different magnitudes as* 

signed to n and D. If these be such that ^ is 

11 

equal to -D ""*, it is obvious that v is infinite ; but 



if 5 be greater than fD^*^, v must be finite and 

n 

n 

affirmative. If ^ be less than ^D"^, then v is ne^ 

n 

gative ; by which we are to understand, that the 
height of the atmosphere is, as it were, more than 
mfinite, or that its density is finite, even at an infi- 
nite distance. It must be remarked, too, that, 
when n is very small, as it must be in the case of 

the earth's atmosphere, D '^ being nearly =1, we 

h^ve v= — -• As a=4348 fathoms, (on the sup- 
it 
position that the temperature of the atmosphere is 
32^,) and as 5=3491840, it fdllows, from this for- 
mula, that, according as n is greater than .00125, 
equal to it, or less, the density of the atmosphere 
will vanish at a finite, an infinite, or not even at 
an infinite distance. 

87. But to return to what is the more imme- 
diate object of this paper, it will now be proper to 
bring into one view the different corrections thi(t 



^ CAQ^BB WRiCtt kVmCT 

ham b^n intestigated. We must, thesneloTe^ re- 
0dliedt5 tksittike eoeffldent p is dieieogth of a«i>- 
lutnn of mereuiy, wfaidb, pressing on adr iif tbe 
temperature r, would give to it the density of mer- 
ewry, (which is denoted by unky^) stipposifig^ at 
the same time, that the density of air is as the force 
compressing it. Hence p is likewise the height 4)f 
a homogeneous column of air, of any density what- 
ever, which, by its pressure, would make air of the 
same density with itself; or it is the height to 
which the stoiDBpfaere would extend ^(yve the Mnr- 
hce «if the fwith, if k were reduced to the BJmie 
dcnsftty throughout, which it has at the surface of 
the earth, ithen it is of tbelieinperature r^ It Ims 
beeti found by experiment, tb«t, when rdisi3^, p 
is nearly equal to 4342.9448 fathoms, which num- 
ber is the ^fiodttlus of the t^ibul^ logarithms mul- 
tiplied by 10000. This determination, however, 
is only to be considered as approaching to the truth, 
if we are to have regard to the following correc- 
lions. Instead of p^ in some of these investiga- 
^Bs, we have used g to denote the height of a co- 
lumn of mercury, which, supposing the condensa- 
tion of air to be as the power 1+n of tlie compres- 
sing force, would, by its pressure, give to air the 

density of meixjury, or the deiisily 1 ; ^ can- 
not di^r much from p^ but its precise length is to 
be determined cmly by experiment. In what fol- 
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lows, p is put for tbe^ numeiMd eoefficioity; whutever 
it may be, by which the formula must be multiplied 
to give the height in fathoms^ or in any known 
mepsm^ 

Hie expansion of air for one d^ree of heat, tbt 
temperature being' 899^ andl tho height of the ba^ 
rometer 99^ inches, is =i7i=.00245 nearly. fL is 
the exponent of a power such that QQ.5 being de- 

noted by 7, -^x^= the expansion for one degree 

of heat, when the mercury in. the barometer stands 
at 0. The value of |x is not certainly known ; it 

is probably between 1 and 1* n is a number such, 

that the density of air is as the power 1+n of the 
compressing force ; it is supposed =.0015. 

The heights of the mercury in the baromikters, 
at the lower and upper stations, are b and ^ ; H 
and h are the temperatures, marked by Fahren- 
heit's thermometer at those stations respectively, 

and -^—r is put ==/! 

3&4 Then, the first approximation to the height, 
without any correction, is, z^plog.Q* 

Imo. The first correction, M. Deluc^s, (§ 17,) 

Qdo. ' The correction for the decrease of heat in 
the superior strata of the atmosphere, and for the 
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first inequality of expansion^ (§ ]9t)= 

, ,/r H+A , rir—U—h) , H«+4HA+A«\ , b 

3tiO. The correction for the second inequality of 
expansion, or for its variation by a given change of 
temperature, according to the pressure, (§ S2,)= 

+^(^*-^)''^ >^^og.^iOT,iflE^he put for 
M. Deluc's, or the first equation, this last = 

+ -^Jog.^. But as M does not appear to be very 
small, it will be more accurate to compute, 
PMb^-fiT) ^ ^^^^ includes in it both the first 

and third corrections, (§ 21.) 

4/0. The correction on account of the departure 
of the law of the elasticity of air, from that of the 
direct ratio of the density, (§ 29,) 

=-|p(i+'''(^ -r)^log| X log.6^. In this equa. 

tion, b and /? must be expressed in the same mea- 
sure with Pf that is, in fathoms. 

6to. For the diminution of the weight of the 
quicksilver in the upper barometer, there is an 

equation to be applied =+^fi+m{— r)j log-. 

6/0. On account of the diminished gravity of the 
air in ascending from the surface of the earth, there 
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is a sixth correction =+^(i+»i(— —-— r)j 

When a depth below the surface is to be mea- 
sured, the fifth equation becomes negative, and 
loses the multiplier 2 ; the sixth remains affirma- 
tive, but is divided by S. 

40. These equations, even exclusive of the first, 
may, in the measurement of great heights, amount 
to a considerable proportion of the whole. In the 
instance of Coraqon, 1583d feet above the level of 
the sea, the greatest height to which the barometer 
has ever been carried, the first equation exceeds 
1100 feet, and the third appears not. to be less than 
— 300. The remaining corrections are, indeed, 
less considerable ; but, being all affirmative, they 
must not be entirely neglected. And, on the 
whole, it is certain, that, though the first equation 
alone will give the height sufficiently exact, while 
it does not exceed five or six thousand feet, yet, at 
greater elevations* the corrections that have now 
been enumerated must all be taken into account. 
To facilitate the computation by means of them, 
they ought to be reduced into tables adjusted to 
their proper arguments, after the values of jp, m and 
r are accurately determined, by comparing the for- 
mula that has been given here with observations. 
But this would lead into disquisitions far exceeding 
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the bouads of the present inquiry, the object of 
which is, to ascertain the form, rather than the 
absolute quantity of these corrections. 

41. It is evident, that, in the preceding investi- 
gation, as well as in all the other methods* of mea- 
sumng Heights by the barometer, it is suppose^ 
ekh^v that the one' of the barometiet^ is vertical' tf> 
the other, or that a perfect equilibrium prevails 
tbfough that part of the atmosphere intercepted 
l^tween them. The determination of the consfcanfi 
quantity in the foregoing integrations, by supposing 
•hat 4=^ when ar=Oj or that the mercury in the 
fwO' barometers? stands at the same height in them, 
when they are at the same distance from ishe suf- 
feee of the earth, obviously involves in it either the 
Q&e or the other of these conditions. But the last 
Cff them, the equilibrium of the atmosphere, never 
takes place ; and, therefore, it is necessary, in or- 
der that barometrical measurements be perfectly 
accurate, that the one barometer be immediately 
above the other, or, at least, that the horizontal 
distance between them be very small. If this be 
not the ease, the unequal distribution of the heat 
through the diflPerent parts of the same stratum of 
air will render it impossible to deduce the difference 
of the heights of the barometers from a comparison 
of the columns of mercury contained in them. 

For instance, let there be three barometers ; the 
Jirst at the surface of the earth, the second raised 
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up into the air perpendicularly above the Jtrst, and 
the Mrd removed into a colder climate, but raised 
up aLso into the air, so as to have in it a column of 
mercury of the same length with that in the second. 
These two last, when compared tc^ther by M. De- 
Iuc*s, or by the preceding rules, will appear to be 
at the same height above the surface, or above the 
first banmieter. But, if each of them be compared 
with iht firsts the second will appear more elevated 
above it than the thirds because of the greater cold 
supposed to prevail in the region where this last 
barometer is placed. Here, therefore, are two dif- 
ferent determinations of the height of the third 
station above the first, neither of which has any 
claim to be preferred to the other. It is evident, 
therefore, that, in barometrical measurements,* 
there is always a degree of uncertainty introduced 
by the horiz(Hital distance between the two stations, 
and that, beside those accidental errors, which are 
of the less consequence, that, in a number of ob« 
servations, they may nearly compensate for one 
another. 

It must be confessed, too, that we have not at 
present the means of removing this uncertainty, 
nor even of ascertaining its limits with tolerable ex* 
actness. These depend on a problem which is no 
longer to be resolved by the principles of statics, 
but requires the motions of an elastic fluid, under 
various degrees of compression and rarefaction, to 

VOL. Ill, F 
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be detcimiaed. The solution, tliei*efore, is ex- 
tremely difBcult i and no result, sufficiently simple 
to be of use in these coijiputations, is ever likely to 
be obtained from it. 

It would, however, be of consequence to deteri* 
mine, by observation, the mean height of the barorl 
meter at the level of the sea in the different regionit, 
of the earth. That mean height is not every wherej 
the same. Under the line, it appears, from tb% 
observations of M, Bougucr, to be 29'85^ inche%< 
reducing the ijnercury to the temperature of 55" j^ 
and in Britain, it is SO.Oi, reducing the mercui^fl 
to the same temperature. The mean temperature ► 
of the air, as well as its mean weight in difEereotij 
climates, will also require to be determined beforp>|. 
the art of levelling extensive tracts by the baromsn 
ter can be brought to perfection. 

4^. There is another cause of error which, haij^ 
the effects of it been sufficiently known, ought, 
doubt, to have entered into this investigatioHa 
Moisture, when chemically united to air, or dia», 
solved in it, so as to compose a part of the same ho- 
mogeneous and invisible i\uid, appears to have a 
powerful effect to increase the elasticity of the air, 
and its expansion for every additional degree of 
heat which it receives. In experiments with the 
manometer, * it has been observed, that, till the 

" See General Uo/s Experiments, § 2. Phil. Trans. Vol, 

LXVII. Part II. '" '' ''''' "'^'"''■' 
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moisture was dissolved in the air, it had no sensible 
effect on its elasticity ; but that, as soon as it began 
to dissolve, the expansion, for one degree of heat, 
was increased, and continued to be so, for every 
successive addition of heat, from thence to the boil- 
ing point, where it became nine times that of dry 
air. From this, too, it probably proceeded, that, 
at Spitzbergen, within ten degrees of the pole, a 
place where the circle of perpetual congelation in 
the atmoqphere, approaches near to the surface of 
the eardi, and where the air may naturally be sup- 
posed to be very dry, the usual rule for the mea- 
surement of heights was found to err greatly in 
excess, and it appeared, that the density of the air 
was greater than could have been inferred from its 
compression and its temperature. 

43. Though the judicious and accurate experi- 
ments of General Roy have ascertained this effect 
of humidity, and have even gone far to determine 
the law of its operation, yet, for want of a measure 
of the quantity of it, contained, at any given time, 
in the air, it is impossible to make any application 
of this knowledge to the object under our consider* 
ation. While I was reflecting on this difficulty, it 
occurred, that the barometer itself might become a 
measure of the humidity of the air, and that the 
error committed in the measuring of a known 
height, if all other circumstances were taken in, 
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would determine the quantity of that humidity. 
For, if we suppose, that the formula 
j=P^i+w(^^— r))log.- gives the true height 
between the stations at which two barometers have 
been observed, when the moisture dissolved in the 
air is of its medium quantity, (which wg may call 
unity,) then, if that moisture be either increased or, 

diminished, the expression ;'(l+"i(—^^ — O ) '"g-j 

will no longer be equal to the true height, bi^ 
must be multiplied into i±* in order that it may 
be equal to z. Now, this fraction =t^ represent! 
the excess or defect of the moisture dissolved in the 
air above or below its mean quantity j or, more ex,- 
actly, it is proportional to the increase or diminution 
of the elasticity of the air arising from that cause. 

When r- 



(i+in(-^'— r) Yog.- is less than the tnai, 

height, the fraction ^ must be affirmative, and indi- 
cates an increase of elasticity, and, consequently, of 
moisture in the air. The contraiy happens when 

pfi+>n{-^—r) yog.- is greater than the triMi' 

height. 



' 



To determine ^ 



^■-.).. 



t 



,(,,„,!!±«_,),,| 



Or if the en'or, that i 
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«-?(i+»(— J-— y 'og.-=e, then 
,- ±£ , or<r=-±^ 

44. To apply the barometer, therefore, for the 
purposes of hygrometry, let there be two barome- 
ters fixed, the one at the top, and the other at the 
bottom of a high tower, or hill of moderate eleva- 
tion, and let them be observed at the same instant, 
together with their corresponding theimometers. 
If the di£ference of their heights, computed from 
thence, be equal precisely to the true difference, 
then is the moisture dissolved in the air no way 
^U&rent £rom its mean quantity ; but if the differ- 
ence of the heights so computed be greater or less 
than the truth, then r, as above determined, will 
give the quantity by which the actual moisture in 
the air is less or greater than the mean quantity. 
The height at which the one barometer should be 
placed above the other, ought not to. be so small 
that the unavoidable errors of observation, (which 
may amount to five feet,) may be considerable in 
respect of the whole ; nor so great as to introduce 
error from other causes. It ought not, therefore, 
to be less than lOQ, nor much greater than 500 
feet. 

45. In this manner, we shall have a measure, 
not indeed of the absolute quantity of hmnidity 
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dissolved in the air at a given time, but of the dif- 
ferences of the humidity dissolved in it at different 
times. Our hygrometer, therefore, will afford a 
scale for the measuring of moisture, not unlike that 
which the thermometer affords for the measuring 
of heat; and both deduced from the changes pro- 
duced on the bulk, or the specific gravity of certain 
bodies. The beginning, or zero, of this scale may 
also be fixed by a certain and invariable rule, if we 
assume m, in the preceding formula, (or the ex- 
pansion of air for one degree of heat,) of a given 
magnitude, as, for instance, .00245, and conceive 
the scale to begin when ^=0, or when the formula, 
thus adjusted, gives the true height. 

The hygrometer with which we will be thus fur- 
nished, seems well adapted to the purposes of astro- 
nomy. For it measures the humidity chemically 
united with the air, and not merely the disposition 
of the air to deposit that humidity, which, though 
much connected with the changes of the weather, 
has little to do with the astronomical refraction. It 
is true, that the fractions t may not be directly pro- 
portional to the differences of the humidity of the 
air, nor to the changes of refracting power, which 
those differences of humidity may produce ; but 
they are probably connected with these last, by 
some fixed and invariable law, which future exjie- 
rimenta may be able to ascertain. Nor can this 
application of the barometer fail of leading to some 
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useful conclusion ; for if, on trial, it shall be found, 
that the operation of humidity in changing the spe- 
cific gravity of the air, is overruled or concealed by 
the action of more powerful causes, the discovery, 
even of this fact, will give a value to the observa- 
tions. 
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ON THE ASTRONOMY 

way into the east, where, under the Caiiphs of 
;dat,, astronomy was cultivated with diligence 
and success. The Persian princes followed the 
example of those of Bagdat, borrowing besides, 
from Trebizond, whatever mathematical knowledge 
was still preserved among the ruins of the Grecian 
empire. The conquests of Gengis, and afterwards 
of Timour, though they retarded, did not stop the 
progress of astronomy in the east. The grandsons 
of these two conquerors were equally renowned for 
their love of science ; Hulagu restored astronomy 
in Persia, and Ulugli Beigh, by an effort still more 
singular, established it in Tartary. lu the mean 
time, having passed with the Arabs into Spain, it 
likewise found, in Alphonso of Castile, both a dis- 
ciple and a patron. It was carried, soon after, into 
the north of Europe, where, after exercising the 
genius of Copernicus, of Kepler, and of Newton, 
it has become the most perfect of all the sciences. 

2, In the progress which astronomy has thus 
made, through almost all the nations, from the Indus 
to the Atlantic, there is scarce a step wliich cannot 
be accurately traced; and it is never difficult to 
determine what each age, or nation, received from 
another, or what it added to the general stock of 
astronomical knowledge. The various systems tliat 
have prevailed in all these countries, are visibly 
connected with one another ; they are all derived 
from one original, and would incline us to believe 
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that the maimer in which men b^m to obaerre the 
heayens, and to reason about them, is an experi- 
ment on the human race, which has been made but 
once. 

It is, therefore, matter of extreme curiosity to 
find, beyond the Indus, a system of astronomical 
knowledge that appears to inake no part of the 
great body of science, which has traversed, and en- 
lightened the other countries of the earth ; a sys- 
tem that is in the hands of men, who follow its 
rules without understanding its principles, and who 
can give no account of its origin, except that it 
lays claim to an antiquity far beyond the period to 
which, with us, the history of the heroic ages is 
supposed to extend. 

3. We owe our first knowledge of this astrono- 
my to M. La Loubere, who, returning, in l687f 
from an embassy to Siam, brought with him an ex- 
tract from a Siamese manuscript, which contained 
tables, and rules, for calculating the places of the 
sun and moon.* The manner in which these rules 
were laid down, rendered the principles, on which 
they were founded, extremely obscure ; and it re- 
quired a commentator as conversant with astrono- 
micid calculation as the celebrated Cassini, to ex- 
plain the meaning of this curious fragment. After 

that period, two other sets of astronomical tables 

, 1 — 

* Mem. d^ TAcad. des Sciences, Tom. VIII. p, g81> &c. 
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were sent to Paris by the missionaries in Uindo* 
Stan ; but they remained unnoticed, till tbe return 
of M. Legentil from India, where he had been to 
observe the transit of Venus in 1769- This aca- 
demician employed himself, during the long stay, 
which his zeal for science induced him to make in 
that country) in acquiring a knowledge of the In- 
dian astronomy. The Brahmins thought they saw, 
in the business of an astronomer, the marks of a 
Cast, that had some affinity to their own, and be* 
gan to converse with M. Legentil, more familiarly 
than with other strangers. A learned Brahmin of 
Tirvalore, having made a visit to the French astro* 
nomer, instructed him in the methods, which he used 
for calculating eclipses of the sun and moon, and 
communicated to him the tables and rules, that are 
published in the Memoirs of the Academy of 
Sciences, for I773. Since that time, the ingeni* 
ous and eloquent author of the History of Astro- 
noiny, has dedicated an entire volume to the ex* 
planation, and comparison of these di^rent tables, 
where he has deduced, from them, many interest- 
ing conclusions. * The subject indeed merited his 
attention ; for the Indian astronomy has all the 
precision necessary for resolving the great ques- 
tions, with respect to its own origin and antiquity, 

• Traite de I'Aatronomie Indienne et Orientale, par M. 
Bailly. Paris, 1787- 
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aod i^hftiq mw^ aWNig die number of those im- 
p^rfi^ fngmes^ of eadent kaowledge, whidi can 
Imi <M^ 6irth^ ihsB f!<Ryeir(Bi^ amd which an as* 
dMpiNHaiier wind4 gladly iffigii to the learned re* 
Mmohet of the anUquary* or the mythologist. 

4, Xt if fincm th^t^ 9DUIMS and chiefly £rom the 
eMi0fat» mvMtigation* of the last mentioned work^ 
that I hwe irieoted. the materials of the paper, 
whlcb I hw9 now ^ honeur to by before this 
Speiei^S and it » perhaps neeei»ary that I dumld 
inafce msm AifQlogf f^ pra^wti^g here, what can 
h^v9 «o Ut^ c\9m to (mginality. The fact is, 
th^ notf^hsMnding the mq^t profound respeotr 
for the lewrning end •biUii^ of the author of the 
4^tr9W9fm In4ienn^9 I entered on the study of 
thi* wodb 90^ witbout a portion of the scepticifim, 
which whatever is new sod ei^tssordmary in science 
oii^t alwi^ tQ e^ite^ and set about verifying the 
$slculatioD4i and eumining ftho reasonings in it, 
m^ ih? sMMit scrupulous attention. The result 
frap, im entirfi conviction of the accuracy of the 
ow^ m4 <^ the fsolidjity of tho other { and I then 
fiua^edj that, m an argument of such variety, I 
might p^hsps do ^ service to others, by presenting 
to thwi, that particular yiow of it, which had ap» 
peered to lae the mopt slxiking. Such, therefore, 
is the ol(ject of th^se remarks ; they are directed 
to tibree diflferenl; points : The firiM^ is to give a 
short account of the {ndian artronomy, so far as it 
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is known to us, from the four sets of tables abovtf*^ 
mentioned ; the second, to state the principal arga| 
meuts, that can be deduced from these tables, wi*S 
respect to their antiquity ; and the third, to fonrf 
some estimate of the geometrical skill, with wbidl ' 
this astronomical system is constructed. In the firsts , 
I have followed M. Bailly closely ; in the second^ 
though I have sometimes taken a different road, I 
have always come to the same conclusion ; having 
aimed at nothing so much,as to reduce the reasoning 
into a narrow compass, and to avoid every argumenf 
that is not purely astronomical, and independent of 
all hypothesis ; in the third, I have treated of a 
question wliich did not fall within the plan of Ml 
Bailly's work, but have only entered on it at pre- 
sent, leaving to some future opportunity, the othttf 
discussions to which it leads. ' 

5. The astronomy of India, as you already peN 
ceive, is confined to one branch of the science. Il 
gives no theoiy, nor even any description of thi) 
celestial phenomena, but satisfies itself with the 
calculation of certain changes in the heavens, paN 
ticulariy of the eclipses of the sun and moon, and 
with the rules and tables by which these calcula- 
tions must be performed. The Brahmin, seating 
himself on the ground, and arranging his shells be* 
lore him, repeats the enigmatical verses that are to 
guide his calculation, and from his little tablets of 
palm leaves, takes out the numbers that are to be 
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employed in it. He obtains his result with won- 
derftil certainty and expedition ; but having little, 
knowledge of the principles on which his rules are. 
founded, and no anxiety to be better informed, he 
is perfectly satisfied, if, as it usually happens, the 
commencement aiid duration of the eclipse answer» 
within a few minutes, to his prediction. Beyond 
this his astronomical inquiries never extend ; and 
his observations, when he makes any, go no farther, 
than to determine the meridian line, or the length; 
of- the day, at the place where, he observes. 

The objects, therefore, which this astronomy pre^; 
sents to us, are principally three. 1. Tables and,, 
rules for calculating the places of the sun and moon: 
3. Tables and rules for calculating the places of 
the planets: 3. Rules by which the phases of 
eclipses are determined. Though it is chiefly tO; 
the first of these that our attention at present is to 
be direct^, the two last will also furnish us with 
some useful observations. 

6. The Brahmins, Ijke all other astronomers,' 
have dist^uished from the rest of the heavens, 
that portion of them, through which the sun, moon^. 
and planets continually circulate. Tliey divide this' 
space, which we call the zodiac, into twenty-seven 
equal parts, each marked by a group of stars, or a. 
constellation. * This division of the zodiac is ex« 



* M6m. sur rAstronamie des Indiens^ parM. L^^^til^ 
VOL. III. G 
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ttemely natural in the infimcjr of attranotoicil db^ 
aormtkm } becatue the mocm ooinpletei het «{fde 
among the fixed stan, nearly in twraty^aisveii 4aya^ 
and ao makea an actual di^son of that ditda faico 
tiranty-^aeven espial parts. The moM^ tw^ it mum 
be reineitdieredy waa^ at that timoi the mity inatna^ 
aaentt if we may say ao^ hy which the podtima of 
die stara mi each side ni her path ceidd be iaMi^ 
tained) and when her own iw^Dkritka welt itti» 
known, aha waa^ by the rapidity of her aaotioii eaat- 
ward, wdl adapted for tlda pnrpoae. It ia ab6 to 
the phaaea of the moon, that we are to Mcribe the 
dottnwm dhrisien of Unie mto Weeks^ or pMrti^Aa ef 
aeven daya, whi(^ seema to have preitattid abttoat 
over the whole oatth.* The daya of the week ar^ 
dedicated by the Brahmind, aa by ns, to dM tttea 
planeta, and what ia truly siiigdar, they we tmafr* 
ged precisely in the aaatte otdef > 

7w With the conitellatima^ that distifigttifili the 
twenty-seven equal spaces, into Which theil* ttodiac 
is divided, the astronomers <rf* India hate connected 
none of those flgureft of animals, which aM amoi^ 
us, of so ancient, and yet so toMtmry an otiginal. 
M» Lentil has giten ua their naimn ^^ tbiA^ 



*■" - 



Itist dfe I'Acad. Aba Scifenc. 1772, II. p. 207. the phrase 
Wldch we h^e tr^slate donftdlatiansy dignifieis ihe place* of 
ikt fnoon tn the tfueive s^gns* 
^ M$m. Aad. det Matic. 17705 II* |^ 189. 
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gurations. * They are formed^ for the most part, 
of small groups of stars, such as the Pleiades or the 
Hyades, those belonging to the same ronstellation 
being all connected by straight lines. The first of 
them» or that which is placed at the beginning of 
their zodiac, consists of six stars, extending from 
the head of Aries to the foot of Andromeda, in 
our zodiac, and occupying a space of about ten de- 
grees in longitude. These constellations are far 
from including all the stars in the zodiac. M. Le.- 
gentil jpemarks, that those stars seem to have been 
sddcted, which are best adapted for marking out, 
by lines drawn between them, the places of the 
moon in her progress through the heavens. 

At thfi same time that the stars in the zodiac are 
thus arranged into twenty-seven constellations, the 
ecliptic ifl divided, as with us, into twelve signs of 
thirty degrees each. This division is purely ideal, 
and if int^ded merely for the purpose of calcula^ 
tion* The names and emblems by which these 
Signs are expressed are nearly tJie same as with us ; t 
and as there is nothing in the nature of things to 
have detemuned this coincidence, it must, like the 
arrangement of the days of the week, be the result 
of eome ancient and unknown communication. 



* M6m. Acad. des. Sdenc. 1772, II. p. 209. 
t M6m. Acad, dea Sdenc. 1772> H. p. 200. The zodiac 
they call sodi mandalamy or the circle of star^. 
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8. That motion by which the fixed stars all ap- 
pear to move eastward, and continually to increase 
their distance from the place that the sun occupies 
at the vernal equinox, is known to the Brahmins^ 
and enters into the composition of all their tables. *, 
They compute this motion to be at the rate of Sit" 
a-year ; so that their annus magnus, or the time 
in which the fixed stars complete an entire revolu- 
tion, is 24000 years. This motion is too quick by 
somewhat less than 4" a-year ; an error that will 
not be thought great, when it is considered, that; 
Ptolemy committed one of 14", in determining the 
same quantity. ' 

Another circumstance, which is common to all 
the tables, and, at the same time, peculiar to the 
Indian astronomy, is, that they express the longi- • 
tude of the sun and moon, by their distance from 
the beginning of the moveable zodiac, and not, as 
is usual with us, by their distance from the point 
of the vernal equinox. The longitude is reckoned 
in signs of SO*", as already mentioned, and each de- 
gree is subdivided into 60', &c. In the division of 
time, their arithmetic is purely sexagesimal : They 
divide the day into 60 hours, the hour into 60 mi- 
nutes, &c. ; so that their hour is 24 of our minutes, 
their minute 24 of our seconds, and so on. 



» Mem. Acad, des Scienc, 1772, II. p. 194. Astr. Indi^ 
enne, p. 43, &c. 
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9- These remarks refer equally to all the tables. 
We are now to take notice of what is peculiar to 
each, beginning with those of Siam. 

: la order to calculate for a given time, the place 
of any of the celestial bodies, three things are re- 
quisite. The first is, the position of the body in 
• some past instant of time, ascertained by observa* 
tu>n ; and this instant, from which every calcula- 
tioa must set out, is usually called the epoch of the 
tables. The second requisite is, the mean rate of 
the planet's motion, by which is computed the arch 
in the heavens, that it must have described, in the 
interval between the epoch and the instant for 
which the calculation is made. By the addition of 
this, to the place at the epoch, we find the mean 
place of the planet, or the point it would have oc- 
cupied in the heavens, had its motion been subject 
to no irr^ularity. The third is, the correction, on 
account of such iiTegularity, which must be added 
to the mean place, or subtracted from it, as circum- 
stances I'equire, in order to have the true place. 
The correction thus made is, in the language of 
astronomy, called an equation ; and, when it arises 
from the eccentricity of a planet's orbit, it is called 
the equation of the centre. 

1 0. The epoch of the tables of Siam does not go 
back to any very remote period. Cassini, by an 
ingenious analysis of their rules, finds that it cor- 
responds to the 21st of March, in the year 638 of 
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our era, at three in the morning, on the meridian of 
Siain.* This was the instant at which the astro- j 
nomical year began, and at which both the sun 
moon entered the moveable zodiac. Indeed, it is. 
to be observed, that, in all the tables, the astrono- 
mical year begins wlien the sun enters the movfr' 
able zodiac, so that the beginning of this year is 
continually advancing with respect to the seasonal 
and makes the complete round of them in 24000- 
years. * 
From the epoch above mentioned, the mean plaot^, 
of the sun for any other time is deduced, on the 
supposition that in 800 yearS; there are contained.- 
S99207 days, "f This supposition involves in it the 
length of the sidereal year, or the time that the 
sun takes to return to the beginning of the movo^' 
able zodiac, and makes it consist of Si)5 d. 6 h. 12', 
36 ". X From this, in order to find the tropical year* ' 
or that which regulates the seasons, we must take 
away 21', 55", as the time which the sun takes to 
move over the 54", that the stars are supposed te 
have advanced in the year ; there will remain 365 (L 
5 h. 50', 41", which is the length of the tropical 
year that is involved, not only in the tables of Siaxai-' 
_!J 



' Mgm. Acad. Scienc. Tom. VIII. p. 312. Astr. Indienne, 
p. 11,^4. ' 

\ Astr. Indienne, p. 7> § fi- 
; Mfm. Acad. Scienc. Tom. VIII. p, 328. , 
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IIkM^ IQwfvjfii^ ffiy nnriy, in aU Ihe r^ Tills 
jttfenwwrtign of the l^igth of tbi^ y«pqr w bvl l\ 

(^«p«ipf^ beyond whutw tobefound m tb9 nnpe 

il« Xli«ii^ tlmg witb wbicb tb^se f^^^tes pPH 
9^}( |]^ js 4 wrrpctwi of ih§ mn'ff viw^ piMfc 
wjIm^^ emrM^poPfU to wbut pr« g«U tb4» eqMiitio»«f 

bi» «mtN^ or the iflteqiifdity m^lPg Irom tb^ tO- 

otmincji^ of biP orbjii^ ip ($mmi^WB^ qf whidi» b^ 
ill «IOffMt9)y jti^wd^ md miff^ihrfit^ bi? tnH9 

tho^ bi^i^gt fer w^ half <^ the y«i»rf 1^ b«bii>4 
tbe iweap, iiq4» fw tbe other, advanced b»for« it. 
Tb9 powt^ wb^3¥ the /$ua is ^ac^ whra bi^ fS9- 
tiw IP akfwfsi, w^ 1^ bia ap9ge(^ h9o»m bw dJi- 
tanc9 finw) tb^ earth i» then greatent j h«t ^e Jn- 
4im aatr«wamy> which i9 ailwt with jresp^et to 
lb«w7f tr99to thip p<Hnt a^ ^othii9g more tbao wbit 

it appears to b^, a p(HQt, vi^. in th^ h^ayw^t whQue 

tbie isw> m^tioa is tb^ 9hw9f^ possibtet md about 
^ 4iataBt from tbat» wh^w hif ff^^dfitm \Mq\i9iitf 
ttkm pl9C?* This gr$atert in9qu»l)ty ip hgDa wado 

to be 2^ iS'i t about 16' greater than it is deter- 



TT 



^ Afltr. Indienne^ p. 124. The tables of Tirvalore make 
t^e year €^ less. 

f The equation of the sun^ or what they call die ckaiaag 
k ealeulated in the Siamese tables only for every 15^ of the 
nmUehmme, or mean anomaly. Cassini, uhi supra, p. 299' 
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mined, by the modern astronomy of Europe. This 
difference is very considerable ; but we shall find 
that it is not to be ascribed wholly to error, and 
that there was a time when the inequality in ques- 
tion was nearly of the magnitude here assigned to 
it. In the other points of the sun's path, this ine- 
quality is diminished, in proportion to the sine of 
the mean distance from the apogee, that is, nearly 
as in our own tables. The apogee is supposed to 
be 80° advanced beyond the beginning of the zo- 
diac, and to retain always the same position among 
the fixed stars, or to move forward at the same rate 
with them. * Though this supposition is not ac- 
curate, as the apogee gains upon the stars about 10* 
annually, it is much nearer the truth than the sys- 
tem of Ptolemy, where the sun's apogee is sup- 
posed absolutely at rest, so as continually to fall 
back among the fixed stars, by the whole quantity 
of the precession of the equinoxes. T 

19. In these tables, the motions of the moon are 
deduced, by certain intercalations, from a period of 
nineteen years, in which she makes nearly ^35 re- 

* Aatr. InHienne, p. 9. 

t The error, however, with respect to the apogee, is lesa 
than it appears to be ; for the motion of the Indian zodiac 
being nearly 4" swifter tlian the Btars, is but 6" slower than 
the apogee. The velocity of the Indian zodiac is, indeed, 
neither the same with that of tlic starii, nor of the sun's a|ia- 
gee, bnt nearly a mean between them 




J 
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solutions ; and it is curious to find at Siam, the 
knowledge of that cycle, of which the invention was 
thought to do so much honour to the Atheman 
astaronomer Meton, and which makes so great a fi- 
gure in our modem calendars. *. The moon's apo- 
gee is supposed to have been in the beginning of 
the moveable zodiac, 621 days after the epoch of 
the 21 st of March 638, and to make an emiire re- 
volution in the heavens in the space of S232 days» t 
The first of these suppositions agrees with Mayar's 
tables to less than a degree, and the second diflfers 
from them only by 11 k. 14', 31" ; and if it be 
considered that the apogee is an ideal point in the 
heavens, which even the eyes of an astronomer caa»- 
noC directly perceive, to have discovered its true 
motion so nearly, areoies no small correctness of 
observation. : • 

IS. From the place of the apogee; thua found, 
the inequalities of the moon's motion, whiioh arci to 
reduce her mean to her true place, are next to be 
determined. Now, at the oppositions and con- 
junctions, the two greatest of the moon's in^iiali- 
ties, the equation of the centre and the evection, 
both depend on the distance ftom the apogee^ and 



* The Indian period is more exact than that of our golden 
number by 35\ Astr. Indienne^ p. 5. The Indians regu- 
late their festivals by this period. Ibid. Disc. Prelim, p. 8. 

t Astr. Indienne, p. 11 and 20. 
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-Aerebn appear but at one inaqniility^ They alto 
fnrtly deatrajone anotlier; ao that the bummi k 
nHBfanrded or aooelented, only hj their difoeaes, 
^fhichy when gieateaty u» ecoofdii^ to Mayw's 
«dilea, 4% fff, 4A\ The Siameae ndea, which 
gatciifafe only fw oppoaitioiia and copjimetion^ 
ghre, aecordinglj, bet one meqaalHy to the.MOon, 
end make it, when greatest, 4%A6', not 2" leaathan 
Che preceding. This greatest eqnation is aiq^Ued, 
when the moon's mean distance firom the epegae is 
W \ in other situations, the equation is leas^ in 
^iropOTtion as the sine of that distance diminishes.*' 
14. Tlie Siamese MS. breaks off here, and does 
•not infimn us how the astronomers of that eountiry 
froceed»mihe remaining parts of tiieir caleuhtion, 
which Aey seem to have undertaken, meDeiy An: 
some purpose in astrology. Cassini, to whom we 
we inddited fixr the explanation of these tables, ob- 
eerres, that they are not originally constmcted for 
the meridian of Siam, because the rules direct to 
take away S £or the sun, and 40' for the moon, 
{being the motion of each for IK lii',) from their lon- 
gitudes cdJeuIoted as above, t The meridian of the 
tables is therefore \h. 13", or 18^, 15^, west of Siam \ 
and it is remarkable, that this brings us very near 



• Astr. Indienne^ p. IS. Cassini, Mi^m. Acad. Tom. VIII. 
p. 804. 

t M6in. Acad. Scienc. Tom. VIII. p. 302 and SO9. 
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to the mfltidiaa of Benares, the andeiit «eat of In- 
dian leiraing.* The same agrees nearly with what 
the Hindoos call their first meridian^ which passes 
throngh Ceylon and the Banks of Ramanancor. 
We are» therefinre, anthorised^ or rathar^ we are n^ 
eessarily determined to conclude, that the tables of 
jSiam came originally from Hindostan. 

15. Another set of astronoauoal tablea, taw a 
the possession of the Academy of Sciences, was sent 
to the late M. De Lisle from Cfarisnabouram, a 
town in the Camatic, by Father Du Champ, about 
ibs year 17^0. Though these tables have an ob- 
^ous affinity to what have already been described, 
diey &nn a much more regular and extensive sys- 
tem of astronomicai knowledge. They are fifteen 
in number ; and indude, beside the mean motions 
cf the sun, moon and planets, the equations to the 
centre Df the sun and moon, and two corrections 
fer eadi of the planets, the one of which corre- 
sponds to its apparent, and the other to its red in- 
cqoaH^. Tliey are accompanied also with pre- 
cepts, and examples, which Father Du Obamp re- 
eeifed from Ike Br^mins of CSirisnabouram, and 
wliicii he has translated into French. t 

* Aafar. lad. p, 12. It hriags us to a meridiaa S2* 84^, 
east of Greenwich. Benares is 83^ 11'^ east of the Btaoe, hy 
Rennell's map. 

t These tables are published by BaiUy^ Astr. Ind. p. 555, 
ftc. See dso p. 31, ftc. 
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'The epoch of these tables is less ancient than 
thiit of the former, and answers to the 10th of 
'March at sunrise, in the year 1491 of our era, 
.when the sun was just entering the moveable zo- 
-diae, and was in conjunctioh with the moon ; two 
drciimstances, by which almost all the Indian eras 
are distinguished. The places, which they assign, 
at that time, to the sun and moon, agfte very well 
with tbe calculations made from the tables of 
JMayer, and Lacaille. In their mean motions, 
th&f indeed differ somewhat from them ; bnt as 
t&ey do so equally for the sun and moon, they 
produce no eh*or, in determining the relative po-* 
sition of these bodies, nor, of consequence, in cal- 
culatiug the phenomena of eclipses. The sun's 
apogee is here supposed to have a motion swifter 
than that of the fixed stars, by about 1" in nine 
years, which, though it falls greatly short of the 
truth, does credit to this astronomy, and is a 
strong mark of originality. The equation of the 
sun's centre is somewhat less here than in the tables 
of Siam ; it is 2^, 10', 30' ; the equation of the 
moon's centre is 5^, 2', 47 " ; her path, where it 
intersects that of the sun, is supposed to make an 
angle with it of 4°^, SO', and the motions, both of 
the apogee and node, are determined very near to 
the truth. 

l6. Another set of tables, sent from India by 
Father Patouillet, were received by M. De Lisle, 
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^bout the. same time with those of Chrisnabouram. 
They have not the mmie of any particular place 
affixed to them ; but, as they contain a rule for -de- 
termining the length of the day, which answers to 
the latitude of IG"". 16', Bailly thmks it probable 
that they come from Narsapoun* 

The precepts and examples, which accompany 
these tables, tbougk without any immediate rdkr* 
ence to them, are confined to the calculation of t^e 
eclipses of the sun and moon ; but the tables them*> 
selves extend to the motion of the pianists, and very 
much resemble those of Chrisnabouram, except 
that they are given with less detail, and in a form 
much more enigmatical, f 1^^ epoch of the pre^ 
oepts, which Bailly has evolved with great ingenui^ 
ty, goes back no farther than the year 1569^, at 
midnighl^ between the 17th and 18th of March; 
From this epoch, the places of the sun and moon 
are computed, as in the tables of Siam, with the ad^ 



■^ ^ 



 Astr. Ind. p. 49, &c. 

t They were explained, or rather deC3rphered by M. I^er 
gentil in the Memoirs of the Academy of Sciences for 1784^ 
jp. 482, &c. ; for they were not understood by £he missionary 
who sent them to Europe, nor probably by the Brahmiiis 
who instnicted him. M. Legentil thinks that they have tlie 
appearance of being copied from inscriptions on stpne. , TI19 
podnutes and seconds are ranged in rows under one another, 
not in vertical columns, and without any title to point out 
theiv meaning, or their connection. These tables are pub-i 
lished, M^m. Acad. ibid. p. 492, and Astr. Ind. p. 414. 
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dition of an equation, which is indeed extremdji 
singular. It resembles that correction of the moon'g 
motion, which was discovered by Tycho, and which 
is called the annual equation, because its quantity 
depends, not on the place of the moon, but on the 
place of the sun, in the ecliptic. It is every where 
proportional to the inequality of the sun's motion, 
and is nearly a tenth part of it. The tables of Nar* 
wpour make their annual equation only ■— of the 
sun's : but this is not their only mistake ; for they 
direct the equation to be added to (he moon's lon- 
gitude, when it ought to be subtracted from it, and 
vice versa. Now, it is difficult to conceive from 
whence the last mentioned error has arisen } for 
though it is not at all extraordinary, that the astro> 
nomers, who constructed these tables, should mis- 
take the quantity of a small equation, yet it is im- 
possible, that the same observations, which inform- 
ed them of its existence, should not have detennin- 
ed, whether it was to be added or subtracted. It 
would seem, therefore, that something accidental 
must have occasioned this error j but however that 
be, au inequality in the lunar motions, that is found 
in no system with which the astronomers of ludift 
can have had any communication, is at least a proof 
of the originality of their tables. 

17- The tables, and methods, of the Brahmins 
pf Tirvalore, are, in many respects, more singular 
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tiim itty dMit hftve yM beeii deMribed«^ Th««- 
lar your is drnded* looordiiig to thein» into twdfe 
viie^pttl mittdis, 6idi of which is tile thBM tl^ 
MA tikn to nofe thfoogh Me agii« or SV^ of the 
•d^tic^ Thii% A^s ot Jtme^ whai the ran is in 
the third agn, and his motion slowest, consists of 
Sid. 96h. aB\ end Margifgy^ or Decemher, when 
he is in the moth sign^ and his motion quiekesty 
eoDsbts only of 99iL «Olu 53^ A The lengths of 
iheee mimths» expressed in natnnd days, are com* 
tainedin ataUe, which, therefore, involves in it the 
flaoe of the son's >pog^ ttid the equation of his 
esntie. Ttie former seems to be T?"" from the be* 
ginning of the xodiac, aud the latter about C% 10^, 
nettrly as in the preceding tables. In their cidcn- 
iations, th^ also employ an astronomical day, friiich 
is di£B»r»t from ike natural, being the time that 
the ton takes to move over one degree of the eclip- 



^ Tifvalore is a small town on the Coromandel coasC^ 
about 12 G. mQes west of Negapatnam^ in lat 10^ 44', and 
salt lobj;. from GreeAwieh, 7d^ 4S^ by R^nnell's map; 
Froii <hs obsenrations of the Brahmitis, M. Legentil mdM 
its lat. to be IQ^ 4S' IS". QMem. Acad. Sdsno. II. p. 184.) 
The meridian of Tirvalore nearly touches the west side of 
Ccg^lon^ and therefore may be supposed to coincide with the 
first meridian, as laid down by Father Du Champ. There 
is HO teduetion of longitude emplojred in the methods of 
Tirvalore. 

t Jhtat are Indian hours, &c. 
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tic } and of which days there are just 660 in a 

year» * 

18. These tables go far back into atttiqiuty. 

Their epoch coincides with the famous era cf the 

Calyougham, that is, with the beginning of the year 

3102 before Christ. When the Brahmins of Tir- 

yalore would calculate the place of the sun for a 

given time, they begin by reducing into days the 

^ptervai b!etw.^n that time, and the commencement 

.9f the C^yougham, multiplying the years by 365<£i 

.6h. 1^', 3& ; and taking away 2d. SA. SiSt!, SOT, 

the astronomical epoch, havipg begun that rnvrih 

Ja^er than the pivil. f They next find, by- means 

of : certain divisions, wh^i the year current began, 

.or how many days have elapsed since the b^qimng 

of it, and then, by the table of the duration of 

inopths, they reduce these days into astronomical 

months, days, &c. which is the same with the signs^ 

degrees, and minutes of the sun's longitude from 

the beginning of the zodiac. The sun's longitude, 

therefore, is found. 

19. Somewhat in the same manner, but by a 
rule still more artificial and ingenious, they deduce 
the place of the moon, at any given time, from her 



• Mem. Acad, des Scienc. 11. p. 187. Astr. Indienne^ p, 
76, &c. 

f The Indian hours are here reduced to European. 
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place at die b^inning of the Calyougham.^ This 
rule is so oontrired, as to include at once the mo» 
tions both of the moon and of her apogee, and da- 
f&ads on this prindple, according to the very skil- 
ful interpretation of Bailly, that, 1600894 days af- 
ter the wbove mentioned epochs the moon was in 
her apogee, and 7% 2^, 0', 7% distant fix>m the be- 
ginning of the zodiac ; that after 1S372 days, the 
moon was again in her apogee, with her longitude 
increased, 9*, ^S 48', 10'; that in 3031 days 
more,, the moon is again in her apogee, with 11% 
7^f Sl\ 1% more of longitude; and, lastly, that, 
aft^ 948 days, she is again in her iq)ogee, with 
27^, 44', 6% more of longitude. By means of the 
three former numbers, they find, how far, at any 
j^ven time, the moon is advanced in this period of 
248 days, and by a table, expressing how long the 
moon takes to pass through each degree of her or- 
bit, during that period, they find how far she is 
then advanced in the zodiac, t This rule is strong- 
ly marked with all the peculiiar characters of the 
Indian astronomy : Jt is remarkable for its accura- 
cy, and still more for its ingenuity and refinement; 
but is not reduced withal, to its ultimate simpli- 
city. 

* M&n. Acad, d^g Scienc. ibid, p. 229* Astr. Ind. p«J34, 
t M. Le^entil has given this table, M£m. Acad. ibid, p, 
26}. 

VOL. III. H 
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^. The tables of Tinralcire, however, though 
they dififer in form very much from those formerly 
described) agree with them perfectly ia many of 
their elements. They suppose the (aihe length nf 
the year, the same mean motions, and the same in^ 
equalities of the sun and moon, and they are adapt* 
ed nearly to the same meridian. ^ But 9 circmn*- 



• TUe accuracy of the geography of the Hindoos, is in no 
proportion to that of their astronomy^ and, therefore, it is 
impossible that the identity of the meridians of their tables 
can be flilly established. All that can be said, with coiidiv- 
ty, is, that the jdiference between the mer|dians of th^ tables 
of TirvalcHra and Siam is, at most, but inconsiderable, and 
may be only apparent, arising from an error in computing 
the difference of longitude between these places. The tables 
of Tirvalore are for Long. 79^, 42'; those of Siam for 82**, 
54/; the difference is 2^, 52', not more than may be ascribed 
to an error purely geographicaL 

As to the tables of Chrisnabouram, they contain a reduc- 
tion, by which it appears, that tht place whejre they are now 
used is 45' of a degree east of the meridian for which they 
were originally constructed. This makes the latter meridian 
agree tolerably with that of Cape Comorin,* which is in Long. 
770^ 32', SO", and about half a degree west of Chrisnabou* 
ram. But this conclusion is uncertain ; because, as Bailly 
has remarked, the tables sent from Chrisnabouram, and im* 
derstood by Father Duchamp to belong to that place, are 
not adapted to the latitude of it, but to one considerably 
greater, as appears from their rule for ascertaining the length 
of the day. (Astr. Ind. p. 33.) 

The characters, too^ by which the Brahmins distinguish 
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fl. 

itaiioe in which they aeem to diflfer materiaHy from 
the rest ii» the antiquity of the epoch firom which 
tliey take their date, the year 91Q2 hefbre the 
Girifltian ertu We mui^ thereferey inquire^ whe- 
tker thia epoch ia real or fictitions, that is, whether 
it has httn determined by actual observation, or 
has beoi calculated from the modem epochs of the 
other taUea. For it may naturally be supposed^ 
that the Brahmins, having made observatioiis in 
later times, or having borrowed from the astrono- 
mkal Ignowledge of other nations, have imagined to 
themselves a fictitious epoch, coinciding with the 
cdebrited era of the Calyougham, to which, through 
vanity or supo^tion, they have referred the places 
of the heavenly bodies, and have only calculated 
what they pretend that their ancestors observed. 



their first meridian^ are not perfectly consistent with one an- 
other. Sometimes it is described as bisecting Ceylon ; and 
at other times;, as touching it on the west side> or even as 
hmg at finr wcarfi as Cape Comorin. hxnkA, which is said 
to be a point in itji is miderstood^ by Fath, Duchamp, to be 
Ceylon* Bailly thinks that it is the lake Lanka^ the source 
of the Oogra^ placed by Rennell^ as well as the middle of 
Ceylon^ in Long. 80^^ 42'; but> from a Hindoo map^ in the 
Ayeen Akbery, VoL III. p. ^5, Lanka appears to be an island 
which marks the intersection of the first meridian of the map» 
nearly that <^ Cape Comorin^ widi th^ equator ; and is pro- 
bably one of the Maldives Islands. See also a note in the 
Ayeen Akbery^ ibid, p. 36. 
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nesa. * In particulai*, it appears, tliat Aklebaran, 
or t]ie first star of Taurus, is placed in the last de- 
gree of the fourth constellation, or Sd", 20', dis- 
tant from the beginning of the zodiac. Aldebaran 
was tlierefore 40' before the point of the vernal 
equinox, according to the Indian astronomy, in the 
year 310i8 before Christ. Hut the same star, by 
the best modern observations, was, in the year 
1750, in longitude, 2', B% 17, 47"; and had it 
gone forward, according to the present rate of the 
precession of the equinoxes, 50' 3 nnnually, it must 
have been, at the era of the Calyougham, 1**, 32', 
before the equinox. But this result is to be cor- 
rected, in consequence of the inequality in the pre- 
cession, discovered by Lagrange, t by the addition 
of 1°, 45', 93', to the longitude of Aldebaran, 
which gives the longitude of that star 13' from the 
vernal equinox, at the time of the Calyougham, 
agreeing, within 53', with the determination of the 
Indian astronomy, t 

This agreement is the more remarkable, that the 
Brahmins, by their own rules for computing the 
motion of the fixed stars, could not have assigned 



" Mdm. Acad. Scienc. 1772, H. p. 214. Astr. Ind. p. 
129. 

+ Mfra. Acad, de Berlin, nS3, p. 387. Astr. Ind-ii. 
144. 

J Astr. Ind. p. 130. 
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thk plaee to Aldebaran fbr the be^ning of the 
Cslymigfauii, had thej cidciilated it from a modem 
oiMertrtimu For m they mdce the motioQ of the 
fisMi aUM too great by moie than S" annually^ if 
Aey had eaieidated backward firom 1491» th^ 
nedd have placed the fixed start less adranced by 
4^ or 5^, at their ancient epodi» than they hxH 
Igtmdif done« This aignment carries with it a 
fftA dail <if fiKce ; and eren were it the only t>toe 
w& liad to ppodiice, it would render it> in a high 
degree^ jprobaUe, that the Indian zodiac was as old 
saihe Calyiongham* 

jSSw Let ns next compare the places of the am 
ind mooBt fiar the beginning of the Calyougham^ 
w^edooed horn the Indian and the modern a$tn>- 
noDiy« And, &nU of the sun, thoogfa^ for a rea- 
mm tint wiil iaamediately ^^ar, it is not to be 
considered at leading to any thing conclutti^ 
AdUy^ ifron. s coBEipariaoii of the tables of Tinra* 
lore irith those of Chrisnabonram^ hat detentu^ated 
die epoch of the fiifmer to answer to midnigfati hb^ 
twetttt die 17di and 18th * of February of the yett* 
3100 before Christy at which time the aun was |ust 



•4 



* Astr. Ind. p. llO. The Brahmins> howjBver, actiially 
AiptKMe tlie iepdch td be 6 houi"^ later^ or nt stinrises on tiie 
nsae day* Tlidir mistake is disoovei^^ m has been $iid, 
by oomparing the radical places in the different tables with 
one another. 
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entering the moveable zodiac, and was therefore in 
longitude 10', 6°. Bailly also thinks it reasonable 
to suppose, that this was not the mean place of the 
sun, as the nature of astronomical tables require, 
but the true place, difiering from the mean, by tha 
equation to the sun's centre at that time. ' Thi^ 
It must be confessed, is the mark of greatest un- 
skilfulness, that we meet with in the constructioii 
of these tables. Supposing it, however, to be the  
case, the mean place of the sun, at the time of the 
epoch, comes out 10', 3", 88', 13". Now, the 
mean longitude of the sun, from JLacaille's tablee». 
for the same time, is 10", 1*', 5', 57", supposing the 
precession of the equinoxes to have been uniformly 
at the rate it is now, that is, 50"s annually. But 
Lagrange lias demonstrated, that the precession wm 
less in former ages than in the present ; and htB 
formula gives I'', 45', 32", to be added, on that 
account, to the sun's longitude already found* 
which makes it 10', 2", 51', 19", not more than ^7* ' 
from the radical place in the tables of Tirvalore. 
This agreement is near enough to afford a strong 
proof of the reality of the ancient epoch, if it were 
not for the difficulty that remains about consider- 
ing the sun's place as the true, rather than the 
mean ; and, for that reason, I am unwilling that  
any stress should be laid upon this argument. The 

 Astr. Ind. p. 83. 
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place of the moon is not liable to the same 
ti<nu 

Si. The moon's mean place, fot the b^^inning 
of the Calyougham, (that is, for midnight between 
the 17th and ISthof February SIOS, A. C. at Be- 
naresy) calcukted from Mayer's tables, on the sup- 
podtion that her motion has always been at the 
same rate as at the beginning oi the present cen- 
tury, is !()•, 0% 51', 16\* But, according to the 
same astronomer, the moon is subject to a small, 
but uniform acceleration, such, that her angular 
motion, in any one age, is Q*' greater than in the 
preceding, which, in an interval of 4801 years, 
must have amounted to 5^, 45', 44'. This must 
be added to the preceding, to give the real mean 
l^aee of the moon, at the astronomical epoch of the 
Calyoug^m, which is therefore 10*, 6^, 37'. Now, 
the same, by the tables of Tirvalore, is 10», 6^, 0' ; 
the^ difference is less than two-thirds of a degree, 
which, for so remote a period, tmd considering the 
acceleration of the moon's motion, for which no al- 
lowance could be made in an Indian calculation, is 
a degree of accuracy that nothing but actual obser- 
vation could have produced* 



* Astr. Ind. p. 142^ &c. The first meridian is supposed 
to pass through Benares ; but even if it be supposed 3° far- 
ther west^ the difference^ which is here 37', will be only in- 
creased to 42^ 
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those of Tirvalore pretend to be, ought to make the 
mean motion of that planet much slotver than it is 
at present. They do accordingly suppose, in the 
rule for computing the place of the moon, already 
described, that her motion for 4383 years, 94 days, 
reckoned in the moveable zodiac from the epoch of 
the Calyougham, is T> 2°, 0', 7". or 9", 7", 45', 
1", when referred to the fixed point of the vernal 
equinox. Now, the mean motion for the same in- 
terval, taken from the tables of Mayer, is greater 
than this, by 9.°, 43', 4",* which, though conform- 
able, in general, to the notion of the moon's mo- 
tion having been accelerated, falls, it must be con- 
fessed, greatly short of the quantity which Mayer 
has assigned to that acceleration. This, however, 
is not true of all the tables ; for the moon's motion 
in 4383 years, 91' days, taken from those of Chris- 
nabonram, is 3°, 2', 10" less than in the tables of 
Tirvalore ;t from which it is reasonable to con- 
clude, with Bailly, that the former are, in rea- 
lity, more ancient than the latter, though they do 
not profess to be so : and hence, also, the tables 
of Chrisnabouram make the moon's motion less 
than Mayer's for the above mentioned interval, by 
5°, 44', 14", which therefore is, according to them, 
the quantity of the acceleration. 

• Astr. Ind. p. 145. 



_ + Ibid, p. 12(1. 
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87* Now, ft 18 worthy cxf remaiic, that if the nme 
be oompated <m Mayer's prindj^es, that is, if we 
calcidate how much the angukr motion of the moon 
for 4383 ye«By 94 days, dated fhmi the beginnii^ 
pf the Calyou^iam, must have been less than if her 
velocity hfd been all that time uniform, and the 
same as in the present century, we shiill find it to 
be 5% 43^^ 7'\ an arch which is only 1', 7", less 
than the fiirmer. The tables of Chrisnabouram, 
therefore, agxee with those of Mayer, when cor- 
rected by the acceleration within 1', 7"^ and that 
for a period of more than four thousand ^ears. 
From this remarkable coincidence, we may con* 
elude, with the highest ^ probability, that at least 
one set of the observations, on which those tables 
are founded, is not less ancient than the Calyoug* 
ham ; and though the possibility of their being 
some ages lat^r than that epoch, is not absolutely 
excluded, yet it may, by strict mathematical rea- 
soning, be inferred, that they cannot have been 
later than SOOO years before the Christian era. * 



* T)|e reaspning here referred to is the following : As the 
mean motions^ in all astronomical tables^ are determined by 
the comparison pf observations m^e at a great distance of 
time from one another ; if ;r be the nupaber of centuries be-! 
tween the beginning of the present^ and the date of the more 
ai^pient observations^ from which the moon's mean motion ii^ 
Uie tables of Chrisnaboiu-am is deduced ; and if ^ denote th^ 
same for the more modem observations : then the quantity 
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28. TIlis last is one of the few coincidences be- 
tween tlie astronomy of India and of Europe, whicii 
their ingenious historian has leil for others to obscrye^ 
Indeed, since he wrote, every argument, founded 

by which the moon's motion during the interval x — y, fallg 
short of Mayer's, for the wraie interval, ia {j^— j'*)9*- 

If, therefore, m be the motion of tlie moon for a. centuijl 
in the last mentioned tables, m{x~-i/) — ^"{3^—^^) wiB bt 
tlie mean motion for the interval .r — g in the tables of CIitIm _ , 
nabouram. If, then, a be any other interval, as that of 43.8S 
cenluries, tlie mean motion assigned to it, in these laat tablea^ , 

by the rule of proportitm, will be ' _^ ^^ ' 

ma — Q"a(x-\-ii). Let this motion, actually taken from the 

tabhis, be = nn, then »i« — »n = 9"a{a-+y), or j:+^=-— -=  

52.19 in 'lis present case. It is certain, therefore, that what- 
ever supposition be made with respect to the interval be- 
tween X and y, thdr sum must always be the same, and must 
amount to 5219 years. But that, that mterval may be lon^ 
enottgh to give the mean motions with exactnesa, it caQ 
scarcely be supposed less than 2000 years ; and, in that caae, 
r=3609 years, which, therefore, is its least value. But if 
3609 be reckoned back from 1700, it goes up to igog years 
before Christ, nearly, as has been said. 

It must be remembered, that what is here investigated is 
the limit, or the most modem dale possible to be assigned 
to the observations in question. The supposition that x — y 
= «, is the most probable of all, and it gives a: =4801, which 
corresponds to the begnuiing of the Calyougham. 



k 
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on the moon's acceleration, has becmue more wor- 
thy of attention, and more conclusive. For that 
accderation is no longer a mere empirical equa^ 
tion, introduced to reconcile the ancient observa-> 
tions with the modern, nor a fact that can only be 
accounted for by hypothetical causes, such as the 
resistance of the ether, or the time necessary for 
the transmission of gravity } it is a phenomenon, 
which Lajdaee has,* with great ability, deduced 
from the principle of universal gravitation, and 
shown to be necessarily connected with the changes 
in the eccentricity of the earth's orbit, discovered 
by Lagrange ; so that the acceleration of the moon 
is indirectly produced by the action of the planets, 
which alternately increasing and diminishing the 
said eccentricity, subjects the moon to different 
degrees of that^force by which the sun disturbs the 
time of her revolution round the earth. It is 
therefore a periodical inequality^ by which th e 
moon's motion, in the course of ages, will be as 
much retarded as accelerated ; but its changes are 
so slow, that her motion has been constantly ac- 
celerated, even for a longer period than that to 
which the observations of India extend. 

A formula for computing the quantity of this 
inequality, has been given by Laplace, which, 

 Mem. Acad, des Scienc. 1786^ p. 'i^b, &c. 
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though only an approximation, being derived fronv 
theory, is more accurate than that which Mayol 
deduced entirely from obsei'vation ( • and if it bK 
taken instead of Mayer's, which last, on account w 
Its simplicity, I have employed in the precedii^, 
calculations, it will give a quantity somewhat di£«. 
ferent, though not such as to affect the general re-i' 
suit. It makes the acceleration for 4383 yeany' 
dated from the beginning of the Calyougham, tw 
be greater by 17) ^9"s than was found from May*l 
er's rule, and greater consequently by l6', S3V 
than was deduced from the tables of Chrisnabou-L 
ram. It is plain that this coincidence is still neqrJ 
enough to leave tlie argument tliat ig founded aw 
it in possession of all its force, and to afford a' 
strong confirmation of the accuracy of the theory,', 
and the authenticity of the tables, i 

That observations made in India, when all Eu^f 
rope was barbarous or uninhabited, and investigsi< 
tions into the most subtle effects of gravitatioa, 
made in Europe, near five thousand years after-n 
wards, should thus come In mutual support of one. 
another, is perhaps the most striking example ofi 
the progrcbs and vicissitude of science, which the 
lilstoiy of mankind has yet exhibited. 

29. This, however, Is not the only instance ofi 
the same kind that will occur, if, from e&amintng 



L 



M6m. Acad, dea Scienc I786, p. 260. 
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the radicil places and mean motions in the Indian 
astronomy, we proceed to consider some other of 
its elements, such as, the length of the year, the in- 
equality of the sun's motion, and the obliquity of 
the ecliptic, and compare them with the conclusions 
deduced from the theory of gravity, by Lagrange. 
To that geometer, physical astronomy is indebted 
for ene of the most beautiiul of its discoveries, vis. 
That all the variations in our system are periodical ; 
so that, though every thing, almost without excep- 
tioDi be subject to change, it will, after a certain 
interval, return to the same state in which it is at 
present, and leave no room for the introduction of 
disorder, or of any irregularity that might constant- 
ly increase. Many of these periods, however, are 
of vast duration. A great number of ages, for in- 
stance, must elapse before the year be again exact- 
ly of the samei length, or the sun*s equation of the 
same magnitude as at present. * An astronomy, 
therefore, which professes to be so ancient as the 
Ind^, ought to di£Per considerably from ours in 
many of its elements. If, indeed, these'difierences 
are irregplar, they are the effects of chance, and 
must be- accounted errprs ; but if they observe the 
laws, which theory informs us that the variations in 
our system do actually observe, they must be held 
as the most undoubted marks of authenticity. We 

• M6m. de I'Acad. de Berlin, 1782, p. 170, /kc 

VOL. ni. I 
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are to examine, as BalUy has done, which of theM 
takes place in the case before us. * 

SO. The tables of Tirvalore, which, as we havM 
seen, refer their date to the beginning of the Cal* 
yougham, make the sidereal year to consist of 3&5 d, 
6 h. 12', SO" ; and therefore the tropical of 365 d. 
5 h. 50', S5", which is 1', 46" longer than that tS 
Lacaille. -f Now, the tropical year was in reality 
longer at that time than it is at present ; for though 
the sidereal year, or the time which the earth takes 
to return from one point of space to the same point 
again, is always of the same magnitude, yet the 
tropical year being affected by the precession of the 
equinoxes, is variable by a small quantity, which 
never can exceed 3', 40", and which is subject to 
slow and unequal alternations of diminution and 
increase. A theorem, expressing the law and the 
quantity of this variation, has been investigated by 
Lagrange, in the excellent Memoir already men- 
tioned ; X ^^^ 'I- m&l^cs the year 310S before 
Christ, 40"^ longer than the year at the beginning 
of the present century. § The year in the tables 
of Tirvalore is therefore too great by 1', 5"\. 

31. But the determination of the year is always 

' Astr, Indienne, p. 160, &c. 

t Supra, 5 18 and 10. 

t M^m. Acad. Berlin, 1788, p. 289. 

§ Attr. Indienns, p. 160. 
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from a comparison of observations made at a con* 
nderable interval from one another ; and, even to 
produce a degree of accuracy much less than what 
we see belongs to the tables of Tirvalore, that in- 
terval must have been of several ages. Now, says 
Bailly, if we suppose these observations to have 
been made in that period of 2400 years, immedi- 
ately preceding the Calyougham, to which the 
Brahmins often refer ; and if we also suppose the 
inequality of the precession of the equinoxes to in- 
crease as we go back, in proportion to the square of 
the times, we shall find, that, at the middle of this 
period, or 1200 years before the beginning of the 
Calyougham, the length of the year was 365 dn 5 h. 
50\ 41% almost precisely as in the tables of Tirva- 
lore. And hence it is natural to conclude, that 
this determination of the solar year is as ancient as 
the year 1200 before the Calyougham, or 4300 
before the Christian era. * 

32. Iif this reasoning, however, it seems impos- 
sible to acquiesce ; and Bailly himself does not ap« 
pear to have relied on it with much confidence, f 
We are not at liberty to suppose that the precession 
of the equinoxes increases in the ratio abovemention- 
ed, or, which is the same, that the equinoctial points 

* Astr. Indienne^ p. l6l. 

t He says^ '^ Sans doute il ne peut r^sulter de oe calcul 
qn'mi apper^u." 
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go back with a motion equably retarded. If, by . 
Lagi'ange's formula, we trace back, step by stepk 
the variation of the solar year, we shall find, th4t 
about the beginning of the Calyougham, it haj 
nearly attained the extreme point of one of those 
vibrations, which many centuries are required to 
complete ; and that the year was then longer than 
it has ever been since, or than it had been for 
many ages before. It was iOi" longer than it la 
at present j hut, at the year 5500 before Chiist, 
it was only 29" longer than at present, instead of 
y, 50", which is the result of BaiJly's supposition. 
During all the intti-vening period of 24-00 years, 
the variation of the year was between these two 
quantities ; and we cannot, therefore, by any ad- 
missible supposition, reduce the error of the tables 
to less than 1', 5". The smallness of this error, 
though extremely favourable to the antiquity, as 
well as tiie accuracy of the Indian astronomy, is a 
circumstance from which a more precise conclusion 
can hardly be deduced. 

33. The equation of the sun's centre is an ele- 
ment in the Indian astronomy, which has a more 
unequivocal appearance of belonging to an earlier 
period than the Calyougham. The maximum of 
that equation is fixed, in these tables, at 2°, 10', 32'. 
It is at present, according to LacaIHe, 1", 55j', 
that is, 15' less than with the Brahmins. Now, 
Lagrange has shown, that the sun's equation, to- 
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gether with the eccentricity of the earth's orbit, 
(m whkh it depends, is subject to alternate dimi- 
nntion and increase, and accordingly has been di- 
minishiDg for many ages. In the year 3102 before 
our^ra, that equation was 2^, 6', 28^' ; less, only 
by 4'> l^an in the tables of the Brahmins. But if 
we suppose the Indian astronomy to be founded on 
observations that preceded the Gdyougham, the 
detertmtiation of this equation will be found to be 
still tnofe exact. Twelve hundred years before the 
oommencement of that period, or about 4300 years 
before our e^^ it appears, by computing from Lar 
gnmge's formula, that the equation of the sun's 
centre was actually 2^, 8', 16' ; so that if the In- 
dian astronomy be as old as that period, its error, 
with respect to this equation, is but of 2'. * 

tf4fc The obliquity of the ecliptic is another ele- 
ment in which the Indian astronomy and the Eu- 
ropean do not agree, but where their difierence is 
exactly such as the high antiquity of the former is 
fouivl to require. The Brahmins make the obli- 
quity of the ediptic 24^. Now, Lagrange's for- 
mula for the variation of the obliquity, t gives 22', 
32^, to be added to its obliquity in 1700, that is, to 
23^, 28", 41% in order to have that which took place 
m the year 3102 before our era. This gives us 

* Astr. Ind. p. l63. 

f M6m. Acad. Berlin, 1782, p. 287- 
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23", 51', XS", which is 8', 4?", short of the deter- 
mination of the Indian astronomers. But if we ' 
suppose, as in the case of the sun's equation, that 
the observations on which this determination is j 
founded, were made 1200 years before the Cal. 
yougham, we shall find that the obliquity of the 
ecliptic was ^3*, 57', 45 ", and that the error of 
the tables did not much exceed 2'. * 

35. Thus, do the measures which the Brahming 
assign to these three quantities, the length of the '■< 
tropical year, the equation of the sun's centre, andl 
the obliquity of the ecliptic, all agree in referring 
the epoch of their determination to the year SlOl^J 
before our era, or to a period still more ancient. 
This coincidence in three elements, altogether in- 
dependent of one another, cannot be the effect of 
chance. The difference, with respect to each of 
them, between their astronomy and ours, might 
singly perhaps be ascribed to inaccuracy ; but that 
three en-ors, which chance had introduced, should 
be all of such magnitudes, as to suit exactly the 
same hypothesis concerning their origin, is hardly 
to be conceived. Yet there is no other alternative, 
but to admit this very improbable supposition, or to 
acknowledge that the Indian astronomy is as an- 
cient as one, or other of the periods above men- 
tioned. 



^ 



» Astr. Iml p- 16S. 
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d& TUi CQndhnkNn would reoehra greit addi* 
tiooal confirmalioiit could we follow Bailly in his 
uuijMB of the aakroiioniy oiike j^anela^ contained 
in die tables of Chrianabooram ;^ but the length to 
whidi thia /MQier is already extended^ will allow 
only s few of the most remarkable particulars to be 
sdeeted» 

In these tsbles, which are for the epoch 1491> 
the mean motions are given with considerable ac* 
curacy, but without an appearance of being taken 
from Ftolemy, or any of the astronomers already 
mentioned. Two inequalities, called the JcAi* 
gram and the manda^ are also distinguished in 
each of the ]^anets, both superior and inferior, t 
The first of these is the same with that which we 
call the parallax of the earth's orbit, or the appar* 
ent inequality of a planet, which arises not from its 
own motion, but from that of the observer \ but 
whether it is ascribed, in the Indian astronomy, to 
its true cause, or to the motion of the planet in an 
epicyde, is a question about which the tables give 
no direct information. The magnitude, however, 
of this equation is assigned, for each of the planets, 
with no small eiuictness, and is varied, in the dif- 
ferent points of its orbit, by a law which approaches 
very near to the truth. 

The other inequality coincides with that of the 



 Astr. Ind. p. ns, &c t Ibid. p. I77f 
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planet's centre, or that which arises from the ec- 
centricity of its orbit, and it is given near the truth 
for all the planets, except Mercury, by which, as ii 
no wonder, the first astronomers were, everywhei-ei 
greatly deceived. Of this inequality, it is suppos- 
ed, just as in the cases of the sun and moon, thtf 
it is always as the sine of the planet's distance from 
the point of its slowest motion, or from what we 
call its aphelion, and is consequently greatest iX 
90" from that point. j 

It were to be wished that we knew the etymb* 
logy of the names which are given to these inequw 
lities, as it might explain the theory which guide^ \ 
the authors of the tables. The titles of our astro* 
noraical tables, the terms apheVion, heliocentric^ at 
geocentric place, &c. would discover the leadi]^/ 
ideas of the Copernican system, were no other de 
scription of it preserved. .1 

S7- In the manner of applying these two mequ» . 
lities, to correct the mean place of a planet, tili 
rules of this astronomy are altogether singular. In 
the case of a superior planet, they do not make use 
of the mean anomaly, as the argument for finding 
out the equation vianda, but of that anomaly, when 
corrected first by half the equation schigram, and 
afterwards by half the equation mandaJ* By the 
equation of the centre, obtained with this argument, 
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the mettn knigitiide of the plAnet is oonected, and 
its true heliocentric place consequently found> to 
whieh ilheve is i^gsin apj^ied the parallax of the 
ammal odiiW that the geocentric jdace may bo ob* 
taiD^ Tbe cmly difficulty here> is in the method 
a£ Ukmg out from the tables the equation t6 thb 
oentre. Ifr^ia evidently meant for avoiding, sraie 
ftiaocmwyy which was apprehended from a mwe 
dirtet . method of calculation, but of whidiy evett 
after the ingenious remarks of Bailly, it seems imt 
poaaiUQ to give any clear and satisfactory account* 
: 6B. .The manner of calculating the places of the 
inferior planets has a gneat resemblance to the forw 
mer ; wij^ this difierence, however, tha.t the equation 
numdOf or of the centre, is applied to correct^ not 
the mean place of the planet, but tbe mean ^aoe 
of the sun.; and to this last^ when, so correctedy is 
apfdied the equation scMgramy which involves the . 
planet's elongation from the sun, and gives its geo^ 
centric place.* This necessarily implies, that the 
oebtre, diout which the inferior planets irevolve^ 
has the same apparent mean motion widt the sun i 
but whether it be a point really different from \3oto 
sun> or the same ; and, if the.samq, whether it be 
in motioii: or at restt ^Vfd left entirely undetermined^ 
and we know not, whether m the astronomy of In- 
dia^ we have here discovered ^ resemblance to the 

* Astr. Ind. p. 199* &c. 
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Ptolemaic, the Tychonic, or the Copernican sys- 
tem. 

39' These tables, though their radical places are 
for the year 1491 of our era, have an obvious re- 
ference to the great epoch of the Calyougham. 
For if we calculate the places of the planets from 
them, for the beginning of the astronomical year, 
at that epoch, weiind them all in conjunction with 
the sun in the beginning of the moveable zodiac, 
their common longitude being 10', 6°.* Accord- 
ing to our tables, there was, at that time, a con- 
junction of all the planets, except Venus, with the 
sun ; but they were, by no means, so near to one 
another as the Indian astronomy represents. It is 
true, that the exact time of a conjunction cannot 
be determined by direct observation ; but this does 
not amount to an entire vindication of the tables j 
and there is reason to suspect, that some supersti- 
tious notions, concerning the beginning of the Cal- 
yougham, and the signs by which nature must 
have distinguished so great an epoch, has, in this 
instance at least, perverted the astronomy of the 
Brahmins. There are, however, some coincidences 
between this part of their astronomy, and the 
theory of gravity, which must not be forgotten. 

4.0. The first of these respects the aphelion of 
Jupiter, which, in the tables, is supposed to have a 
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retrograde motion of 15^ in 200000 year%^ a^d 
to haTe been^ at the epoch of 1491^ in longitude 
5% 21% 40', 20*, from the banning of the zodiac. 
It followst therefore, that in the year 9102 before 
Christy the longitude of Jupiter's aphelion was 
S*, 27^» 0', redconed from the equinox. Now, the 
same, computed from Lalande's tables, is only 
S*, 16% 48', 58" } so that there would seem to be 
an error of more than 10^ in the tables of the 
Brahmins, But, if it be considered, that Jupiter's 
orbit is subject to great disturbances, from the ac- 
tion of Saturn, vdiich Lalande does not profess to 
have taken into account, we will be inclined to ap« 
peal once more to Lagrange's formulas, before we 
pass sentence against the Indian astronomy, t 

From one of these formulas, we find, that the 
true place of the aphelion of Jupiter, at the time 
above mentioned, was 3% 26"^, 50\ 40", which is 
but lO', 4U", different from the tables of Chrisna- 
bouram. The French and Indian tables are, there- 
fore, both of them exact, and only differ because 
they are adapted to ages near five thousand years 
distant from one another. 

41. The equation of Saturn's centre is an in- 
stance of the same kind, lliat equation, at pre* 



^ Astr. Ind. p. 184, § 13. 

t U€m. Acad, Berlin, )782, p. 246, Astr. Ind. p. 186. 
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sent, is, according to Lalande, 6', S3', 19' » and 
hence, by means of one of the formulas above men- 
tioned, Bailly calculates, that, 3103 years before 
Christ, it was 7", 41', 2t2-. * The tables of the 
Brahmins make it 7'. 39', 4i", which is less only 
by 1', SS", than tlie preceding equation, though 
greater than that of the present century by 1% 16', 
25". 

42. Bailly remarks, that the equations for the 
other planets are not given with equal accuracy, 
and afford no more such instances as the former. 
But it is curious to obscr\'e, that new researches 
into the effects of gravitation, have discovered new 
coincidences of the same kind ; and that the two 
great geometers, who have shared between them 
the glory of perfecting the l/ieorj/ of disturbing 
Jbrces, have each contributed his part to establish 
the antiquity of the Indian astronomy. Since the 
publication of Bailly's work, two other instances of 
an exact agreement, between the elements of these 
tables, and the conclusions deduced from the theo- 
ry of gravity, have been observed, and communi- 
cated to him by Laplace, in a letter, inserted in 
the Journal des Savans. 

In seeking for the cause of the secular equations, 
which modern astronomers have found it necessary 
to apply to the mean motion of Jupiter and Saturn, 
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I^plaoe lias discovered, that there are ineqoalitiei 
belonging to both these planets, arising from their 
mutual action on one another, which have long pe* 
riodf, one of them no less than 877 years ; so that 
the mean motion must appear different, if it be de<» 
termined from observations made in different parts 
of those periods. *' Now, I find,'' says he, ** by 
my theory, that at the Indian epoch of SlOsi years 
before Christ, the apparent and annual mean mo- 
tion c^ Satiim was 1^^, 13\ 14", and the Indian 
taUes make it 12^ 1S\ 13% 

'^ 'In like manner, I find, that the annual and 
apparent mean motion of Jupiter at that epoch was 
30^, 20", 42", precisely as in the Indian astrono* 
my."  

4iS« Thus have we enumerated no less than nine 
astronomical elements, f to which the tables of In* 
dia assign such values as do, by no means, belong 
to them in these later ages, but such as the theory 
of gravity proves to have belonged to them three 
thousand years before the Christian era. At that 
time, therefore, or in the ages preceding it, the ob* 

* Ei^it des Joumaux^ Nov. 1787# p* 80. 

t The inequality of the precession of the equinoxes^ (§ 
^2 ;) the acceleration of the moon; the length of the solar 
year ; the equation of the sun's centre ; the obliquity of the 
ecliptic ; the place of Jupiter's aphelion ; the equation of Sa- 
turn's centre ; and the inequalities in the mean motion of 
both these planets. 
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servations must have been made from which these 
elements were deduced. For it is abundantly evi- 
dent, that the Brahmins of later times, however 
willing they might be to adapt their tables to so 
remarkable an epoch as the Calyougham, could ne- 
ver think of doing so, by substituting, instead of 
quantities which they had observed, others which 
they had no reason to believe had ever existed. 
The elements in question are precisely what these 
astronomers must have supposed invariable, and of 
which, had they supposed them to change, they 
had no rules to go by for ascertaining the varia- ' 
tions f since, to the discovery of these rules is re- 
quired, not only all the perfection to which astro- 
nomy is, at this day, brought in Europe, but ail 
that which the sciences of motion and of extension 
have likewise attained. It is no less clear, that 
these coincidences are not the work of accident ; 
for it will scarcely be supposed that chance has ad- 
justed the errors of the Indian astronomy with such 
singular felicity, that observers, who could not dis- 
cover the true state of the heavens, at the age in 
which they lived, have succeeded in describing one 
which took place several thousand years before they 
were bom. 

44. The argument, however, which regards the 
originality of these tables. Is, in some measure, in- 
complete, till we have considered the geometrical 
principles which have been employed in their con- 
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structioii. Vw it is not impossiUe, diat when leen 
connected fay those principles, and united into ge- 
neral theorems, they may be found to have rehk 
tions to the Greek astronomy, which did not ap» 
pear, when the parts were examined singly* On 
this subject, therefore, I am now to offer a ftw obi^ 
servations. 

45. The rules by which the phenomena of eclip- 
ses are deduced from the places of the sun and 
moon, have the most immediate reference to geo- 
metry; and of these rules, as found among the 
ftrahmins of Tirval(Mre, M. Lentil has given a 
full account, in the Memoir that has been so often 
quoted. We have also an account of the method 
of calculation used at Chrisnabouram by Father 
Duchamp.* 

It is a necessary preparation, in both of these, to 
find the time of the sun's continuance above the 
horizon, at the place and the day for which the cal- 
culation of an eclipse is made, and the rule by 
which the Brahmins resolve this problem, is ex- 
tremely simple and ingenious. At the place for 
which they calculate, they observe the shadow of a 
gnomon on the day of the equinox, at noon, when 
the sun, as they express it, is in the middle of the 
world. The height of the gnomon is divided into 
720 equal parts, in which parts the length of the 

* Ai*tr. Ind. p. 355, &c. 
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shadow is also measured. One thii-d of this mea- 
sure is the number of minutes by which the day, 
at the end of the first month after the equinox, ex- 
ceeds twelve hours ; four-fifths of this excess is the 
increase of the day during the second month ; aud 
one third of it is the increase of the day, during 
the third month. * 

46. It is plain, that this rule involves the suppo- 
sition, that, when the sun's declination is given, the 
same ratio every where exists between the arch 
which measures the increase of the day at any 
place, and the tangent of the latitude; for that 
tangent is the quotient which arises from dividing 
the length of the shadow by the height of the 
gnomon. Now, this is not strictly true ; for such 
a ratio only subsists between the chord of the arch, 
and the tangent above mentioned. The rule is, 
therefore, but an approximation to the truth, as it 
necessarily supposes the arch in question to be so 
small as to coincide nearly with its chord. This 
supposition holds only of places in low latitudes ; 
and the rule which is founded on it, though it may 
safely be applied in countries between the tropics, 
in those that are more remote from the equator, 
would lead into errors too considerable to escape 
observation, t 



• M^m. Acad- des Scienc. 11. p. 1 73. 

+ To judge of the accuracy of tliis approximation, suppose 
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As some of the fbrnier rules, therefore^ lurre 
served to fix the time^ so does this, in some mes- 
sure, to asoertttn the place of its invention. It is 
the sim^ification of a general role, adapted to the 
einnnnstanoes of the torrid lone, and so^ested 
to the astronomers of Hindostan by their peculiar 



O to be the obliquity of the ecliptic, and x the excess of the 

semidiurnal arch, on the longest day, above an arch of 90^, 

then sin. jr=tan.O X tan. lat. But if G be the height of a 

gnomon, and S the length of its shadow on the equinoctial 

S S 

day, -;;=-= tan. lat. and sin. x=tan.Ox7;* Therefore xzs: 

_ S . tan.O»xS5 , tan.O^xS* , . • • ^ 

tan.Ox^+ gg3 + — 24g5 — + &c or m minutet 



of time, reckoned after the Indian manner, x^57^-957 
(tan.O X g+ tan-Cy x g^+ &c.) 

If Os:24o, then tan.O=:.445e, and the first term of this 

•4452S 255S 
formula gives «=572.957X^-Q — =-^, whidi b the 

same with the rule of the Brahmins. 

720S 



For that rule, reduced into a formula, is 2«= 



G 






51 2S 256S 

_-,orx=_-. 



S 
They have therefore computed the coefficient of ^ with 

sufficient accuracy; the error produced by the omission 
of the rest of the terms of the series wiU not exceed 1', even 
at the tn^ics, but, beyond them, it increases &st, and, in 
the latitude of 45^*, would amount to 8^ 
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situation. It implies the knowletlge of the dr&Ies 
of the sphere, and of spherical trigonometry, aa^ 
perhaps argues a greater progress in mathematical 
reasoning than a theorem that was perfectly accih 
rate would have done. The first geometers must 
naturally have dreaded nothing so much as any 
abatement in the rigour of their demonstrations, 
because they would see no limits to the error aod 
uncertainty in which they might, by that means, 
he involved. It was long before the mathematician^ 
of Greece understood how to set bounds to sucij 
errors, and to ascertain their utmost extent, whe- 
ther on the side of excess or defect ; in this art 
they appear to have received the first lessons so lat* 
as the age of Archimedes. 

47. The Brahmins having thus obtained the va- 
liations of the length of the day, at any place, op 
what we call the ascensional differences, apply them 
likewise to another purpose. As they find it net 
cessary to know the point of the ecliptic, which 11 
on the horizon, at the time when an eclipse hap- 
pens, they have calculated a table of the right as- 
censions of the points of the ecliptic in time, to 
which they apply the ascensional diflFerences for the 
place in question, in order to have the time whicb 
each of the signs takes to descend below the ho- 
rizon of that place.* This is exactly the raethodi 



' Acad, des Scienc. 1773, U. p." 205. 
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as is well known, which the most skilful astrano- 
mer, in like circumstances, would pursue. Their 
table of the diflferenoes of right ascension is but for 
a few points in the ediptic, viz. the b^inning of 
each ttgn, and is only carried to minutes of time, or 
tenths of a degree* It is calculated, however, sO' 
&r as it goes, with perfect accuracy, and it supposet 
the obliquity of the ecliptic, as before, to be twenty-* 
fimr d^prees. 

Such calculations could not be made without; 
qsherical trigonometry, or some method equivalent 
to it. If, indeed, we would allow the least skill 
possible to the authors of these tables, we may sup- 
pose, that the arches were measured on the circled 
of a. large globe, or armillary sphere, such as wo 
know to have been one of the first instruments of 
the Egyptian and Greek astronomers. Bat there 
are some of the tables where the arches are put 
down true to seconds, a degree of accuracy which' a 
mechapical method can scarcely have afforded. 

48. In another part of the calculation of eclipses, 
a diceel aj^ication is made of one of the most re-> 
markable propositions in geometry. In prder to have 
the soniduration of a sdar eclipse, they subtract fr<nii 
the square of the sum of the semidiameters <^ iiik 
son sand moon, the square of a certain line, whUk 
is a perpendicular from the centre of tlie sun on 
the path of th6 moon ; and from the remaiiider, 
they extract the square root, which is the measure 
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of the semiduration. * The same thing is practised, 
in lunar eclipses, t These operations are all found- 
ed on a very distinct conception of what hi^pens in 
the case of an eclipse, and on the knowledge of this 
theorem, that, in a right-angled triangle, the squaie 
on the hypothenuse is equal to the squares on the 
other two sides. It is curious to find the theorem 
of Pythagoras in India, where, for aught we know, 
it may have been discovered, and from whence that 
philosopher may have derived some of the solid, as 
well ais the visionary speculations, with which he 
delighted to instruct or amuse his disciples. 

49* We have mentioned the use that is made of 
the semidiameters of the sun and moon in these 
calculations, and the method of ascertaining them, 
is deserving of attention. For the sun's apparent 
diameter, they take four-ninths of his diurnal mo- 
tion, and for the moon's diameter, one twenty-fifth 
of her diurnal motion. In an eclipse, they sup- 
pose the section of the shadow of the earth, at the 
distance of the moon, to have a diameter five times 
that of the moon ; and in all this, there is consider- 
able accuracy, as well as great simplicity. The ap- 
parent diameters of the sun and moon, increase and 
diminish with their angular velocities ; and though 
there be a mistake in supposing, that they do so ex- 



 M6m. Acad, des Scienc. 1772, II. p. 259. 
t Ibid. 241. 
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actly in the same proportion, it is one which, with- 
out telescopes and micrometers, cannot easily be 
obsenred. Tlie section of the earth's shadow, like- 
wise, if the sun's apparent diameter be given, in- 
creases as the moon's increases, or as her distance 
from the earth diminishes, and nearly enough in the 
same ratio to justify the rule which is here laid 
do?m. 

' 50. The historian of the Academy of Sciences, 
in giving an account of M. Legentil's Memoir, 
has justly observed, that 'the rule described in it, 
for finding the difference between the true and ap- 
parent conjunction, at the time of a solar eclipse, 
contains the calculation of the moon's parallax, but 
substitutes the parallax in right ascension for the 
parallax in longitude ; ^ an error which the authors 
of this astronomy would probably have avoided, 
had they derived their knowledge from the writ- 
mgs of Ptolemy. From this supposed paraUax in 
longitude, they next derive the parallax in Utitude, 
where we may observe an applicatiou of the doc- 
trine of similar triangles ; for they suppose the first 
of these to be to the last in the constant ratio of 
^ to 2, or nearly as the radius to the tangent of 
the inclination of the pdoo^'s orbit to the plane of 
the ecliptic. We have here, therefore, the appli- 
cation of another geometrical theorem, and that too 

* Hist. Acad. TI. p. 169. Ibid. M6m. 253—^56^ 
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proceeding on the supposition, that a small port! 
of the sphere, on each side of the point which the 
sun occupies at the middle of the eclipse, may be 
held to coincide with a plane touching it in that 
point , 

51. The result which the Brahmins thus obt^ 
will be allowed to have great accuracy, if it be coo» 
sidercd how simple their rules are, and how loi^ 
it must be since their tables were corrected by ob- 
servations. In two cchpses of the moon, calculatp 
ed in India by their method, and likewise observe^ 
there by M. Legentll, the error, in neither case^ 
exceeded 23' of time, (corresponding to one of 13' 
of a degree, in the place of the moon ;) and in the 
duration and magnitude of the eclipse, their calp 
culation came still nearer to the truth.* 



] 



rules, we may traat 
[ ignorant age, froin which itt. 



' In the language, he 
e marks of a t'abulo' 
deed even tlie astronomy of Europe is not altogether &e4» 
The place of the moon's ascending node, is with them iXe 
place of the Dragon or the Serpen! ; the moon's distance ftxA 
the node, ia literally translated by M. Legentil la lune qffi»- 
see du dragon. Wliether it be that we have borrowed thew 
absurdities from India, along with astrology, or if the popo* 
lar theory of eclipses has, at first, been every where the 

le, the moon's node is also known with us by the name 
of the Cauda draconis. In general, however, the significa- 
tion of the terms in these rules, so far as we know it, ia matt 
rational. In one of them, we may remark considerable re- 
finement^ ai/anaiigtam, which is the name for the reduction 
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5^4 Since an inequality was first observed in the 
motions of die sun or moout the discoyery of the 
hw whidi it follows, and the method of determine 
mg the quantity of it» in the di£Ssrent points of 
their oibitSy has been a problem of the greatest 
fanpoitance ; and it is curious to inquire, in what 
msmner the astronomers of India have proceeded to 
iMohre it. For this purpose, we must examine the 
tsUes of the ^uuaa, or equations of the centre for 
the sun and moon, tod of the numdah or equations 
of the centre Sor the planets. With respect to the 
Aret, as contained in the tables of Siam, M. Cassi- 
ni observed, that the equations followed the ratio 
of the sines of the mean distances from the apogee ; 
but as they were ^culated only for a few points o£ 
the oifait, it could not be known with what degree 
of exactness this law was observed* Here, how- 
ever» the tables of Chrisnabouram remove the un» 
eertainiky) as they give the equation of the centre 
for every degree of the mean motion, and make it 
nearly as the sine of the distance from the apogee. 

They do so, however, only nearly ; and it will 
be found on trial, that there is, in the numbers oi / 



^iA.^i>— *— — * I «■  t « I 



lasde on th6 suti'i longitude^ on aooount of the precession of 
the equinoxes^ is ocNaApounded from ag^anamt a course, and 
angsam, an atom, M6m. Acad. II. p. 251. The equinox is 
ahnost the only point not distinguished by a visible objects 
of which-lhe course or motion is computed in thi% astro- 
nomy. 



152 ON THE ASTRONOMY 

the table, a small, but regular variation from thic 
law, which is greatest when the argument is SO", 
though even there it does not amount to a minute, 
The sun's equation, for instance, which, wheo 
greatest, or when the argument is 90°, is, by these 
tables, 2", 10', S2", should be, when the argument 
is 30^, just the half of this, or 1°, 5', l6", did the 
numbers in the table follow exactly the ratio of the 
sines of the argument. It is, however, 1°, 6', 3"; 
and this excess of 47" cannot have arisen from any 
mistake about the ratio of the sine of 30" to that of 
90°, which is shown to be that of 1 to 2, by a pror 
position in geometry* much too simple to have 
been unknown to the authors of these tables. The 
rule, therefore, of the equations, being proportional 
exactly to the sines of the argument, is not wh^t 
was followed, or intended to be followed, in the I 
calculation of them. The differences, also, b^ 
tween the numbers computed by that rule, and 
those in the tables, are perfectly regular, decreaSr 
ing from the point of 30", both ways toward the 
beginning and end of the quadrant, where they va- 
nish altogether. 

These observations apply also to the tables of 
Narsapur, f and to the moon's equations, as well 
as to the sun's, with a circumstance, however, which 



f Euc Lib. IV. Prop. 15. 

f See these tables, Astr. Jnd. p. Hi. 
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is not easily accounted for, viz. that the differences 
between the numbers calculated by Cassini's rule^ 
and those in the tables, are not greater in the caae 
of the moon than of the sun, though the equation 
of the latter be more than double that of the former* 
They apply also to the tables manda of the planets^ 
where the equations are greater than the ratio of 
the sines of their arguments requires, the excess 
being gr^Uiest at 30^, and amounting to some mi- 
nutes in the equations of Saturn, Jupiter, and Mars^ 
in which last it is greatest of all. 
. 5S. Though, for these reasons, it is plain, that 
the rule of Cassini is not the same with that of the 
Brahmins, it certainly includes the greater part of 
it; and if the latter, whatever it may have been, 
were expressed in a series, according to the me* 
thods of the modern analysis, the former would be 
the first term of that series. We are not, how- 
ever, much advanced in our inquiry in coi^sequence 
of this remark ; for the first terms of all the series, 
which can, on any hypothesis, express the relation 
of the equation of the centre to the anomaly of a 
planet, are so far the same, that they are proporr 
tional to the sine of that anomaly ^ and it becomes 
therefore necessary to search among these hypo* 
theses, for that by which the series of small differ? 
ences, described above, may be best represented^ 
It is needless to enter here into any detail of the 
reaspninffs by which this has been done, and by 
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which I have found, that the argument in the table 
bears very nearly the same relation to the corre- 
sponding numbers, tliat the anomaly of the eccen 
trie does to the equation of the centre. By thft 
anomaly of the eccentric, however, I do not mean 
the angle which is known by that name in the so- 
lution of Kepler's problem, but that which eervea 
the same purpose with it, on the supposition of ft 
circular orbit, and an uniform angular motion 
about a point which is not the centre of that orbit, 
but which is as distant from it, on the one side, a» 
the earth (or the place of the observer) is on the 
other. It is the angle, which, in such an orbit, 
the line drawn from the planet to the centre, makes 
with the line drawn from thence to the apogee ; 
and the argument in the Indian tables coincides 
with this angle. 

This hypothesis of a double eccentricity, is cer- 
tainly not the simplest that may be formed with 
respect to the motion of the heavenly bodies, and 
is not what one would expect to meet with here ; 
but it agrees so well with the tables, and gives the 
equations from the arguments so nearly, especially 
for the moon and the planets, that little doubt re- 
mains of its being the real hypothesis on which these 
tables were constructed. * 



• The formula deduced from this hypothesis, Tor calcu- 
lating the equation of the centre from the anomaly of the 
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54. Of this, the method employed to calculate the 
place of any of the five planets from these taUeSi 
affiinb a confirmation. But, in reasoning about 
that method, it is necessary to put out of the ques- 
tion the use that is made of the parallax of the an* 
noal oilnt^ or of the schigram, in order to have the 
argument for finding the equation of the centre^ 
whieh 18 evidently fiiulty, as it makes that equation 
to be afiEeeted by a quantity, (the parallax of the 
annual orbit,) on which it has in reality no depend- 
ence. To have the rule free from error, it is to be 
taken, therefore, in the case when there is no pa- 
nllax of the annual orbit, that is, when the planets 
are in exposition or conjuncticm with the sun. In 
that case, the mean anomaly is first corrected by 
the subtraction or addition of half the equation 
that belongs to it in the table. It then becomes 
the true argument for finding, from that same 
table, the equation of the centre, which is next ap- 
plied to the mean anomaly, to have the true. Now, 
tliis agrees perfectly with the conclusion above; 
for the mean anomaly, by the subtraction or addi^ 
tion of half the equation belonging to it in the 



eoc^itric^ is the following : Let x be the equation of the 

centre^ f thfe anomaly of the eccentric, e the eccentricity of 

the ofbit^ or the tangent of half the greatest equation ; then 

^ . 2c* sin. 3® . 2e*sin.5^. ^ 
^==^esin.f-| ^ — ^-j — ^-}-&c, 
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table, is converted, almost precisely, into the ano- 
maly of the eccentric, and becomes therefore the 
proper argument for finding out the equation, 
which is to change the mean anomaly into the 
true. * There can be no doubt, of consequence, 
that the conclusion we have come to is strictly ap- 
plicable to the planets, and that the orbit of each 
of them, in tliis astronomy, is supposed to be a 
circle, the earth not being in its centre, but the 
angular velocity of the planet being uniform about 
a certain point, as far from that centre on the one 
side, as the earth is on the opposite. 

55. Between the structure of the tables of the 
equations of the sun and moon, and the rules for 
using them, there is not tlie same consistency ; for 
in both of them, the argument, which we have 
found to be the eccentric anomaly, is nevertheless 



 This method of calculation is so nearly exact, that even 
in the orbit of Mars, the equation calculated. from the mean 
anomaly, rigorously on the principle of his angular motioB 
being unii'urm, about a point distant from the centre, as d0> 
scribed above, -will rarely diUer a minute from that which.il 
taken out from tlie Indian Uibles by this rule. It was re- 
marked, (§ 37,) that it la not easy to explain the rules for 
finding the argument of the equation of the centre, for the 
planets. What is said here explains fully one part of thaf 
rule, viz. the correction made by lialf the equation ntandai, 
the principle on which the other part proceeds, viz. 
rection by half the equation ic/iigram, is still UQcettain. 
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tceated as the mean. So fiur as concerns the sun* 
this leads to nothing irreconcilable with our suppo- 
sitiony because the sun's equation being small, the 
diflbrenee will be inconsiderable, whether the argu^^ 
ment of that equation be treated as the eccentric or 
the mean anomaly. 

-.JBut it is oth^nnise with respect to the moon, 
where the difiference between considering the ar« 
gument of the equation as the mean, or as the ec- 
ecntric anomaly, is not insensible. The authority 
of the precepts,, and of the tables, are here opposed 
to one another; and we can decide in fitvour of 
the latter, only because it leads to a more accurate 
detennination of the moon's place than the former. 
It would indeed be an improvement on their me* 
thod of calculation, which the Brahmins might 
make consistently mth the principles of their own 
astronomy, to extend to the moon their inile for 
^finding the equation of the centre for the planets. 
They would then avoid the palpable error of mak- 
ing the maximum of the moon's equation at the 
time when her mean anomaly is 90"", and would 
ascertun her place every where with greater ex- 
actness. It is probable that this is the method 
which they were originally directed to follow. 

56. From the hypothesis which is thus found to 
be the basis of the Indian astronomy, one of the 
first conclusions which presents itself, is the exist- 
ence of a remarkable affinity between the systeq) of 
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the Brahmins and tliat of Ptolemy. In the latter, 
the same thing was supposed for the five planets, 
that appears Jn the former to have been universally 
established, viz. that their orbits were circles, hav- 
ing the earth within them, but removed at a small 
distance from the centre, and that each planet de- 
scribed the circumference of its orbit, not with an 
uniform velocity, but with one that would appear 
uniform, if it were viewed from a point as far above 
the centre of the orbit, as that centre is above the 
earth. This point was, iu the language of Ptole- 
my's astronomy, the centre of the Equant. 

Now, concerning this coincidence, it is the more 
difficult to judge, as, on the one hand, it cannot be 
ascribed to accident, and, on the other, it may be 
doubted, whether it arises necessarily out of tlie na- 
ture of the subject, or is a consequence of some uin 
known communication between the astronomers of 
India and of Greece. 

The first hypothesis by which men endeavoured 
to explain the phenomena of the celestial motions, 
was that of a uniform motion in a circle, which had 
the earth for its centre. This hypothesis was, 
however, of no longer continuance than till instru- 
ments of tolerable exactness were directed to the 
heavens. It was then immediately discovered, that 
the earth was not the centre of this uniform mo- 
tion ; and the earth was therefore supposed to be 
placed at a certain distance from the centre of the 
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6rbit» while the planet revolved in the ciremhfe^ 
renoe of it with the same velocity as before. Both 
these itqpB may be accounted necessary ; and in 
however many places of the earth, and however cut 
off firom mutual intercourse, astronomy had b^un 
to be cultivated, I have no doubt that these two sup- 
poiitiona would have succeeded one another, just m 
they did among the Greek astronomers. 

But iriien more accurate observations had shown 
the insufficiency even of this second hypothesist 
what ought naturally to be the third, may be 
thought not quite so obvious ; and if the Greeks 
made choice of that which has been described 
above, it may seem to have been owing to certain 
metaphysica] notions concerning the simplicity and 
perfection of a circular and uniform motion, which 
inclined them to recede from that supposition, no 
fiirther than appearances rendered absolutely neices* 
sary. The same coincidence between the ideas of 
metaphysics aaad astronomy, cannot be supposed to 
have taken place in other countries ; and therefore^ 
where we find this third hypothesis to have prevail- 
ed^ we may conclude that it was borrowed from the 
Greeks. 

57* ThoKLgh it cannot be denied, that^ in this 
reasoning, there is some weight, yet it must be ob^ 
seized, that the introduction of the third hypotha- 
m did not rest among the Greeks altogether on the 
^coincidenee above mentioned* It was one suited to 
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their progress in mathematical knowledge, and of- 
fered almost the only system, after the two former 
were exploded, which rendered the planetary mo- 
tions the subject of geometrical reasoning, to men 
little versed in the methods of approximation. 
This was the circumstance then, which, more than 
any other, probably influenced them in the choice 
of this hypothesis, though we are not to look for it 
as an argument stated in their works, but may judge 
of the influence it had, from the frequency with 
which, many ages afterwards, the ayau/tergnffia, (^ 
Kepler's system was objected to him by his adverr 
saries ; an objection to which that great man seemed 
to pay more attention than it deserved. 

There is reason, therefore, to think, that in every 
country where astronomy and geometry had neither 
of them advanced beyond a certain point, the hy- 
pothesis of the equant would succeed to that of a 
simple eccentric orbit, and therefore cannot be ad- 
mitted as a proof, that the different systems in which 
it makes a part, are necessarily derived from the 
same source. Some other circumstances attending 
this hypothesis, as it is found in the Indian tables, 
go still farther, and seem quite inconsistent with the 
supposition that the authors of these tables derived , 
it from the astronomers of the west. For,j?r5/, It 
is applied by them to all the heavenly bodies, that 
is, to the sun and moon, as well as the planets. 
With Ptolemy, and with all those who founded 
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^it «]fsteinft on his^ it extended only to the latter, 
that Kepler 6 great reformatbn in astro- 
tujmff tii6. diseonery of the elliptic orbits, b^an 
Mm \m proving, that the hypothecs of the equant 
was -aa neoessary to be introdoced for the sake of 
the ami'9 orbit, as for those of the planets, and that 
dhe eceentricity in both cases, must be bisected. 
it is^ tfaerefi>re, on a principle no way difierent 
firom this, of Kepler, that the tables of the sun's 
motioa ate computed in the Indian astronomy, 
dioagh it must be allowed, that the method of 
iittng them is not perfectly consistent with this 
idea of dieir coniAruotion. 

4«%, The use made of the anomaly of the ec- 
etttric in these tables, as the argument of the equa- 
tion of the centre, is altogether peculiar to the In- 
dian MtroiMMBy; Ptolemy's tables of that equation 
for Ae ]^anets, though they proceed on the same 
hypothesis, are arranged in a manner entirely dif- 
farent^ and ha?e for their argument the mean ano- 
loily*. The angle which we call the anomaly (^ the 
oeeeiitrie, and which is of so jnuch use in the In- 
^6mk taUes, is not employed at all in the construe- 
tkm of his, * nor, I believe, in those of any other 
attnmomer till the time of Kepler ; and even by 
Kqder it was not made the argument of the equa- 
tioo to the Qootre. The method, explained above, 

^ Ahm^gest Lib. XI. cap. ix. and z. 
VOL. in. L 



l&Z 



ON THE ASTftONOMT 



of converting the mean anomaly into that of the 
eccentric, and consequently into the argument of 
the equation, is another peculiarity, and though 
simple and ingenious, has not the accuracy suited 
to tlie genius of the Greek astronomy, which never 
admitted even of the best approximation, when & 
rigorous solution could be found; and, on the whole, 
if the resemblance of these two systems, even with 
all the exceptions that have been stated, must still 
be ascribed to some communication between the 
authors of them, that communication is more like- 
ly to have gone from India to Greece, than in the 
opposite direction. It may perhaps be thought to 
favour this last opinion, that Ptolemy has no where 
demonstrated the necessity of assigning a double 
eccentricity to the orbits of the planets, and has 
left room to suspect, that authority, more than ar- 
gument, has inriuenced this part of his system. 

58. In the tables of the planets, we remarked 
another equation, (schigram,) answering to the pa- 
rallax of the earth's orbit, or the difference between 
the heliocentric and the geocentric place of the 
planet. This parallax, if we conceive a triangle to 
be formed by lines drawn from the sun to the 
earth and to the planet, and also from the planet to 
the earth, is the angle of that triangle, subtended  
by the line drawn from the sun to tlie earth. And ' 
so, accordingly, it is computed in these tables ; for 
if we resolve such a triangle as is here described^ 
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Mie wttl find the angle, subtended by the esrth'fl 
^stance from the sun, coincide very nearly with 
the sehigram* 

Tlie argument of this equation is the difference 
l)ettreeii the mean longitude of the sun and of the 
planet. The orbits are supposed circular) but 
whether the inequality in question was understood 
to arise from the motion of the earth, or from the 
motion <^ the planet in an epicycle, the centre of 
which revolves in a circle, is left undetermined, as 
both hypotheses may be so adjusted as to give the 
same result with respect to this inequality. The 
proportional distances of the planets from the earth 
or the sim, may be deduced from the tables of these 
equations, and are not far from the truth. 

59* The preceding calculations must have%^ 
quired the assistance of many subsidiary tables, of 
which no trace has yet been found in India. Bed- 
sides many other geometrical propositions, some of 
them also involve the ratio, which the diameter of 
a circle was supposed to bear to its circumference, 
but which we would find it impossible to discover 
from them exactly, on account of the small quan* 
tities that may have been neglected in their calcula^ 
tions. Fortunately, we can arrive at this know* 
ledge, which is very material when the progress of 
geometry is to be estimated, from a passage in thie 
Ayeen Akbery^ where we are told, that the Hin- 
'loos suppose the diameter of a circle to be to its 
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eircMinferenee a^ Ji250 to 392?, * and where tlw 
author, who knew that this was more accurate 
than the proportion of Archimedes, (7 to 22,) and 
b^ieved it to he perfectly exact, expresses his as- 
tosishment, that among so simple a people, therfe 
should be found a truth, which, among the wisest 
and most learned nations, had been sought for in 
vain. 

The proportion of 1250 to 392? is indeeda ne»r 
approach to the quadrature of the circle i it differs 
Jittle from that of Metius, 113 to 355, and is thp 
same with one equally remarkable, that of 1 to 
3.1416. When found in the simplest and most 
elementary way, it requires a polygon of 768 sidqi 
to be inscribed in a circle j an operation which ca^- 
nofc be arithmetically performed without the know- 
ledge of some very curious properties of that curv^ 
and, at least, nine extractions of the square root, 
each as far as ten places of decimals. All thi/t 
must have been accomplished in India ; for it is tp^ 
be observed, tliat the above mentioned propoiiiail 
cannot have been received from the mathematiciai|8 
of the west. The Greeks left nothing on this sub* 
ject more accurate than the theorem of Archimedes } 
and the Arabian mathematicians seem not to have 
attempted any nearer approximation. The gep- 
ipetry of modern Europe can much less be regarded 




Ayeeii Akbery, Vol. Ill, p. 32, 
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ag the wuree of this ksumledge* Metiu» and Yiet« 
weft the firsts who, in the qus)dsaltim:of tW dfA^i ' 
surpassed the accuracy of Archimedes ; and they^ 
jftoorisfaed at the very time when. tBiS' iMtitiftes^bf 
Akbat weM collected m India* 
- 60. Onv the grootids whick haw How been eti^ 
plained^ the felbwing genendk eonelusioiis appeiu* to 
be (BSfaUndied. 

!•• The obsematie&s on whieh the astFenofD^ of 
India 18 ibimdedi^ were aladb more: tkm thvee 
thoiisaftd years before the= Chffistian era ;. andy in 
perlictilary the places of the star and moon, at the 
b^inning of the Calyougham, were, detenmned by: 
actaal observation. 

Xh^ foUowB from' the exact agreement of the m^ 
dioal^ pleeeiB ai- f he taUw* of TirvalolSe, with thoso^ 
deduced for the same epoch from the tabled o£ hen' 
caflie and Mnyer, and espeoiaily in tiie ease of ther 
mtien^ wben regard is had to her accele^tioni A 
fdlofi/^ tdo^ from the position of the fi3&ed stars m 
respeet of the equinox, as representdd in the^Indian- 
zodiae ; from the length of the solar year;! and^^ 
lastly, from' the position and fbrm of th)e orbits of 
Jupiter and Saturn, as well' aisr their meto modcms^f- 
in ail of which, the tables of the Brahmins, coAi- 
pared with ours, give the quantity of the change: 
that has taken plbce, just equal to that which the 
action of the planets on one another ulay be'showtr 
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to have produced, in the space of forty-eight cen- 
turies, reckoning back from the beginning of the" 
present. ■» 

Two other of the elements of this astronomy, thefi 
equation of the sun's centre, and the obliquity of. 
the ecliptic, when compared with those of the pre- 
sent time, seem to point to a period still more re^f 
mote, and to fix the origin of this astronomy 100ft.' 
or 1200 years earlier, that is, 4300 years before * 
the Chi'istian era ; and the time necessary to have' ^ 
brought the arts of calculating and observing to sucU^ 
perfection as they must have attained at the begioi^ 
ning of the Calyougham, comes iji support of thtft 
same conclusion. ■wf 

Of such high antiquity, therefore, must we supMi. 
pose the origin of this astronomy, unless we ean'" 
believe, that all the coincidences which have beenh 
enumerated, are but the eflFects of chance ; or, whiit?> 
indeed were still more wonderful, that, some agetl 
ago, there had arisen a Newton among the Brah«i 
mins, to discover that universal principle whicW 
connects, not only the most distant regions of spac^T 
but the most remote periods of duration j and an 
Lagrange, to trace, through the Immensity of botlif I , 
its most subtle and complicated operations. t 

II. Though the astronomy which is now in thai 
hands of the Brahmins is so ancient in its origin, ; 
yet it contains many rules and tables that are of: 
later construction, .; -<. mj. 
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The first operation for computing the moon's 
place from the tables of Tirvalore, requires that 
19600,984 days should be subtracted from the time 
that has elapsed sinee the beginning of the CaU 
yoogliam, which brings down the date of the rule to 
the year IS82 of our era. At this time, too, the 
place of the moon, and of her apogee, are deter* 
mined with so much exactness, that it must have 
been done by obsenration, either at the instant re- 
ferred to, or a few days before or after it. At this 
tkne, therefore, it is certain, that astronomical ob- 
servations were made in India, and that the Brah- 
mins were uotj as they are now, without any 
knowledge of the principles on which their rules 
are founded. When that knowledge was lost, will 
not perhaps be easily ascertained ; but there are, I 
think, no circumstances in the tables from which 
we can certainly infer the existence of it at a later 
period than wht^ has just been mentioned ; for, 
though there are more modem epochs to be found 
in them, they are such as may have been derived 
from the most ancient of all, by help of the mean 
motions in the tables of Chrisnabouram, ^ without 
any other skill than is required to an ordinary 
calculation. Of these epochs, beside what have 
been- occasionally mentioned in the course of our 
remarks, . there is one (involved in the tables of 



* Astr. Indleime^ p. 307* 
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Narsi^r) as late as the year 16^6, and anotlm' as 
early as the year 78 of our era, which mai'ks tbq 
death of Salivaganam, oue of their princes, in whose 
reign a reform is said to have taken place in tha 
methods of their astronomy. There is no refef*r 
ence to any intermediate date, froni that time tM 
the beginning of the Catyougham. 

The parts of this astronomy, therefore, are noti 
all of the same antiquity ; nor can we judg^i 
merely from the epoch to which the tables refer^ o£ 
the age to which they were originally adapted. Wb 
have seen, that the tables of Chrisnabourani^ thought 
they profess to be no older than the year 1491 of> 
our era, are, in j-eality, more ancient than tha 
tables of Tirvalore, which are dated from the Calr 
yougham, or at least have undergone fewer alten> 
tioDS. Tliis we concluded from the slow motion,' 
given to the moon, in the former of these tables 
which agreed, with such wonderful precision, witfc| 
the seculai' equation apphed to that planet b^ 
Mayer, and explained by Laplace. " 

But it appears, that neither the tables of Tirva^ 
lore or Chrisnabouram, nor any with which we ate^ 
yet acquainted, are the most ancient to be found ia.< 
India. The Brahmins constantly refer to an astro., 
notuy at Benares, which they emphatically stylei' 
the ancient, * and which they say is not now uii!> 

• Astr. Indienne. p. aoy. M. Legentil, Mem. Acad. 
Scienc. 1772. P. II. p. 221. 





dtrskDoA b^ them,, thangfa thtetf . believiB rk. t^: be 
«iii€h anRaoeiosite dual. Ilmt \Kf whidi they edk* 
laibtck .That it ia mcnre acaiaate^ k itiproUile % 
tkalr k niaji he More aheiei^t^ na 0116 iivho has duiji 
«lteBdUI ta the Ibregnng £Mts «id reawnwigaf wiD 
^ttDkiDopoittl^) and einerjT one^ i belif ^ro^ iviil a<^ 
hiie^ded^ey thit no gnatet vrrice ceald hetsem 
teed te the Icernei vvedd, tfaha tereiene/ tfaieprei 
deitt.fiD^gvie^. jfrom ofai^^ If duit ia eirerto 
be expoflhpib^ it is i^esk the seal ftr hMnrledgss hai^ 
ftnead a litereB]? aodclty emeograur caniitfjimK hi 
Behgalf end: iifatte that, sqciat]^ ie directed \rf that 
leeraiDg aotti ehalijiaesi ef Sir WiUiam Joiwa. Inu 
deed^ die fcsther dkcamries wMck na;^ bd iBoder 
vith ra^efjt to thk scienoe, do noi kiteiiest ibcr1}( 
dMieatsanoBor and the jeathematiden, betcinexj 
one; who> ^Wights to marhthe pcogreee e£ oankiiid^ 
01*9 i&Does til liooliL bafk oft the andait iphabititi 
ajQfek of the gfehe. Ife ia through the mediae ef 
iptMioeciy alene that e fiir zigrs firone IflaiQse £stanfc 
olfQQta can be. conTejjredi vckmbkj tik the eje; of «. 
nmieni ofaMn»Bf aoasi to aftnlhiot e Kgfal^ whjch^ 
theng^ it be acanljE, ia: piete endiinbeQheii^ aodt free 
fimm the fdbo eohiumgs of ' tanitj and aupefstitkos. 
.III*. The bask of th^i fonor' ffjtsteitisi of asteono* 
nwel taUca iriucdi we hafire exaenned kevidestljK 
thrsane*. 

Thoeg^ flbeae taUea are acattered over anex- 
tiOMre CDmfcqp^ daagr eeeoa tot law* hcjan ali: ot^a*- 
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nally adapted, either to the same meridian, or to* , 
meridians at no great distance, whicli traverse whatr 
we may call the classical ground of India, marked 
by the ruins ofCanoge, Palibothra, and Benares^ 
They contain rules that have originated between 
the tropics ; whatever be their epoch, they are all, 
by their mean motions, connected with that of the 
Calyougham; and they have besides one uniform 
character which it is perhaps not easy to describe, ' 
Great ingenuity has been exerted to simplify their 
rules ; yet, in no instance almost, are they reduced ' 
to the utmost simplicity ; and when it happens that 1 
the operations to which they lead are extremely ob- J 
vious, these are oflen involved in an artificial ob- \ 
scurity. A Brahmin frequently multiplies by a I 
greater number than is necessary, where he seems^ 1 
to gain nothing but the trouble of dividing hy one i 
that is greater in the same proportion ; and he caU 1 
culates the era of Salivaganam with the formality- j 
of as many distinct operations, as if he were going' 1 
to determine the moon's motion since the begin- -■ 
ning of the Calyougham. The same spirit of ex- \ 
elusion, the same fear of communicating his know- i 
ledge, seems to direct the calculus which pervades, i 
the religion of the Brahmin ; and in neither of them i 
is he willing to receive or to impart instruction.. ' 
With all these circumstances of resemblance, the j 
methods of this astronomy are as much diversified 
as yre can suppose the same system to be, by [ 
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ing through the hands of a succession of ingenious 
men^ jGortile in resources^ and acquainted with the/ 
Ymetj and extent of the science which they culti-, 
vated. A system of knowledge, which is thus as-.. 
amilated to the genius of the people, that is dif- 
fiiaed so widely among them, and diveiisified so 
milch, has a right to be regarded, either as a na- 
dve, or a Tery ancient inhabitsnt of the country, 
where it is found* 

IV. The ccmstruction of these tables implies .a. 
great knowledge of geometry, arithmetic, and even, 
of the. theoretical part of astronomy^* 

In proof of this^ it is unnecessary to recapitulate 
the remarks that have been already made. It may 
be proper, however, to add, that the method of cal- 
culating eclipses, to which these tables are subser- 
vient, is, in no respect, m empirical one, founded 
on the mere observation of the intervals at which, 
eclipses return, one after another, in the same or- 
der. It is indeed remarkable, that we find no trace 
here of the period of 6^85 days and 8 hours, or 
223 lunations, the Soros of the Chaldean astrono- 
mers, which they employed for the prediction of 
eclipses, and which (observed with more or less ac- 
curacy) the first astronomers every where must have 
employed, before they were able to analyse eclipses, 
and to find out the laws of every cause contributing 
to them* That empirical method, if it once exists 
ed in India, is now forgotten, and has long sino^ 
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giTCti place to the more scientilic and accuriite one, 
which offers a complete analysis of the phanoaiei]% 
and calculates, one by one, the motions of the sun, 
of the moon, and of the node. 

But what, without doubt, is to be accounted the 
greatest refinement in this system, is the hypothe- 
sis employed in calculating the equations of the 
centre for the sun, moon, and planets, that, viz. of 
a circular orbit having a double eccentricity, or 
baving Its centre in the middle, between the earth 
aad the point about which the angular motion is 
uniform. * If to this we add the great ext&A oi 



' It should have been remarked before, that Bailly has 
taken notice of the analogy between the Indian method of 
calculating the places of the planets, and Ptolemy's bypotKe- 
ais of the equant, though on different principles from t^iose 
that have been followed here, and such aa dnnot lead to tha 
Banie cancluDion. In treating of the question, whether the 
suQ or earth baa been supposed the centre of the pUaetarjr 
motions by the authors of thia astronomy, he says, " lis sem- 
blent avoir recoiuiu que les deux infigalites (I'^quation dii 
centre et la parallaxe de I'orbe annuel) etoient vues de deur 
centres differena; et dans rimpoasibilit6 oil ih Stoient de 
determiner et le lieu et la distance des deux centresi ila ont 
imaging de rapporter les deux inegaUt^s a un point qui tint 
le milieu, c'est-a-dire, a un point ^galement eloign^ du so- 
leil, el de la terre. Ce nouveau centre ressemble assez au 
centre de lequant de Ptolemee. (Astr. Ind: Disc. Prfl. p. 
69.) The fictitioufi centre, which Bailly compares widitbe 
equanC of Ptolemy, is therefore a point wbich' bisects the 
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gumetncki kuowled^ requisite to combine this, 
nad the other principles of thar astronomy tcge- 
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distance between the snn and earthy and which^ in some iv- 
4qpitete^ is quite different fWnn that equant; the fictitious 
tffilyf> W^wih ui ^^ preee^Ung remarks, ia compared with 
th^ cqiwit of Ptoknxj, is a point of which the distance from 
the earth is bisected by the centre of the orbit, precisely as 
in the case of that equant. Bailly draws his condusion firom 
the use made of half the equation schigram, as well as half 
the tqdatidn m&nda, in order to find the argument c^ this 
]f^ ^qmitjoQ* The conidufion here is established, by ab- 
stmdJDg altogether from the former, and considering the 
cases of expositions and conjunction^ when the latter equa* 
tion only takes place. li^ however, the h3rpothe8is of the 
equant shall be found c^ importance in the explanation of 
tbe IndiaR astronomy, it «iust be allowed tl^it it was first 
angUppslird by Bailly, though in a sense vjnty different from 
wh9( it is understood in her^, and from what it was under- 
stood in by Ptolemy. 

For what farther relates to the parts of the astronomy of 
Chaldea and of Greece, which may be supposed borrowed 
firom ^Aksi of India, I must refer to the 10th Chap, of the 
Astrononae Indienne, where that subject is treated with great 
learning and ingenuity. After all, the silence of the ancients 
with respect to the Indian astronomy, is not easily account- 
ed for. The first mention that is made of it, is by the 
Arabian writers ; and Bailly quotes a very singular passage, 
where Massoudi, ai^ author of the twelfth century, says that 
Brama composed a book, entitled, Sind-Hind, that is. Of the 
Age of Ages, from which was composed the book MaghisH, 
and from thence the Almagest of Ptolemy. (Astr. Ind. Disc. 
Pra. p. 175.) 
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ther, and to deduce from them the just conclu- 
sions ; the possession of a calculus equivalent to tri- 
gonometry ; and, lastly, their approximation to the 
quadrature of the circle, we shall be astonished at 
the magnitude of that body of science, which must 
have enlightened the inhabitants of India in some 
remote age, and which, whatever it may have com- 
municated to the western nations, appears to have 
received nothing from them. 

Such are the conclusions that seem to me to fol- 
low, with the highest probability, from the facts 
which have been stated. They are, without doubt, 
extraordinary ; and have no other claim to our be- 
lief, except that, as 1 think has been fully proved, 
their being false were much more wonderful than 
their being true. There are but few things, how- 
ever, of which the contrary is impossible. It must 



The fabulouB air of this passage is, in at 
moved, by comparing it with one from Abtilfaragius, who 
says that, under the celebrated Almaimon, the 7th Khalif 
of Babylon, (about the year 813 of our era,) the astronomer 
Habaah composed three sets of astronomical tables, one of 
which was ad rcgvlas Sind-IIind ; that is, as Mr Costard ex- 
plains it, according to the rules of some Indian treatise of as- 
tronomy. (Asiatic Miacel. Vol. I. p. 34.) The Sind-Hind 
is therefore the name of an astronomical book that existed in 
India in the time of Habash, and the same, no doubt, which 
Mucoudi says was ascribed to Brania. 
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be remembered, that the whole evidence on this 
subject is not yet before the public, and that the 
repositaries of Benares may contain what is to con- 
finn or to invalidate these observations. 
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1. 1 HE restoration of the ancient books of geo- 
metry would have been impossible^ without the 
coincidence of two circumstances, of which, though 
the one is purely accidental, the other is essentially 
connected with the nature of the mathematical 
sciences. The first of these circumstances is the 
preservation of a short abstract of those books, 
drawn up by Pappus Alexandrinus, together with 
a series of such lemmata as. he judged useful to fa- 
cilitate the study of them. The second is, the 
necessary connection that takes place among the 
objects of every mathematical work, which, by ex- 
dttding whatever is arbitrary, makes it possible to 
determine the whole course of an investigation, 
when only a few points in it are known. From 
the union of these circumstances, mathematics has 



* From the Transactions of the Royal Society of Edin- 
burgh, Vd. III. (1794*)— .Ed, 
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enjoyed an advantage of which no other branch of 
knowledge can partake ; and while the critic or 
the historian lias only been able to lament the fate 
of those books of Livy and Tacitus which are lost, 
the geometer has had the high satisfaction to be- 
hold the works of Euclid and ApoUonius reviving 
under his hands. 

2. The first restorers of the ancient books were 
not, however, aware of the full extent of the work 
which they had undertaken. They thought it suf- 
ficient to demonstrate the propositions, which they 
knew from Pappus, to have been contained in those 
books ; but they did not follow the ancient method 
of investigation, and few of them appear to hawe 
had any idea of the elegant and simple analysis by 
which these propositions were originally discovered, 
and by which the Greek geometry was peculiaily 
distinguished. 

Among these few, Ferraat and Halley are to be 
particularly remarked. The former, one of the 
greatest malheraaticians of the last age, and a man 
in all respects of superior abilities, had very jart 
notions of the geometrical analysis, and appettfs 
often abundantly skilful in the use of it ; yet in 
his restoration of the Loci Plani, it is remarkable, 
that in the most difficult propositions, he lays aside 
the analytical method, and contents himself with 
giving the synthetical demonstration. The latter, 
among the great number and variety of his literary 
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^ecupttdonfl^ found time for a most attantira Btuij 
^ tke fmeient mathemi^ciaiifli and was an instanoa 
of, what experience shows to be much rarer than 
m^M^ be expected, a man equally well acquainted 
with the ancient and the mod&pa geometry, and 
eqittdly di^iosed to do justice to the merit of both* 
He restore the books of ApoUonius, on the pro* 
blemf De Sectione Spatii, according to the true 
principles of the ancient analysis. 

These books, however, are but short, so that the 
first rMoration of considerable ext^it that can be 
reckoned complete, is that of the Loci Plani by Dr 
Skisoft, publii^ed in ly^l^Qt which, if it differs at 
aU from the work it is intended to replace, seems 
to do so only by its greater excellence. This much 
at least is certain,, that the method of the ancient 
geometers does not ^pear to greater advantage in 
tbe* roost entire of their writings, than in the re- 
storation above mentioned; and that Dr Simson 
has often sacrificed the elegance to which his own 
amdjFsis^ would have led, in order to tread more exr 
aAkys in what the lemmata of Pappus pointed out 
ta UbV' t0 the traek which ApoUonius had pur^ 
sued. 

3. There was another subject, that of Forismifi 
the most iatricate and enigmatical of any thing in 
tbo ancient geometry, which was still reserved to 
exercise the genius of Dr Simson, and to call fortfi 
that eatliu{^tic admiitition of antiquity, and that 
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unwearied perseverance in research, for which he 
was so peculiarly distinguished. A treatise in 
three books, which Euclid had composed on Po- 
risms, was lost, and all that remained concerning 
them was an abstract of that treatise, inserted by 
Pappus Alexandrinus, in his Mathematical Collec- 
tions, in which, had it been entire, the geometer! 
of later times would doubtless have found where- 
withal to console themselves for the loss of the ori- 
ginal work. But unfortunately it has suffered so 
much from the injuries of time, that all which we 
can immediately leani from it is, that the ancients 
put a high value on the propositions which they 
called Porisms, and regarded them as a very im- 
portant part of their analysis. The Porisms of 
Euclid are there said to be, " Collectio artificio- 
sissima multarum rerum quEe spectant ad analysin 
difficiliorum et generalium probleraatum,"* The 
curiosity, however, which is excited by this enco- 
mium, is quickly disappointed ; for when Pappui 
proceeds to explain what a Porism is, he lays down 
two definitions of it, one of which is rejected by 
him as imperfect, while the other, which is stated 
as correct, is too vague and indefinite to convey 
any useful information. 

These defects might nevertheless have been sup* 
plied, if the enumeration which he next gives of 



" CoUectiones Matli. Lib. VII. 
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^QcKd's prapositioiis bid been oitire ; but on w- 
^oant <£ the extreme brevity of bis enunoatiou^ 
and their lelerence to m diagram which ia kst, and 
for the conatmeting of which no directions art 
given, they are aU, except one, perfectly unintel* 
ligiUe. For these reasons, the fragment in ques* 
tion is so ebscnre, that even to the learmng and 
penetaralaon ei Dr Haliey, it seemed impossible 
that it Goald ever be explained ; and he therefore 
concluded, after giving the Greek text with all 
possible correctness, and adding the Latin transla^ 
tion, ** Hactenus Porismatum descriptio nee mihi 
intdlecta, nee lectori profutura. Ne(pie aliter fieri 
potuit, tarn ob defectum schemf^tis cujus fit mentio, 
quam ob omissa qu^dam et transposita, vol aliter 
vitiata in j^ropositionis generalis expositione, undo 
quid siM velit Pappus haud mihi datum est coi\^i- 
cere. His adde dictionis modum nimis contract- 
urn, ac in re difficiii, qualis haec fist, n^inime usur^- 
pandum.— * 
. 4« It is true, however, that before this timoy 
Fnmat had attempted to explain the nature of 
Porisms, and not altogether without success, f 
Gviding his conjectures by the definition which 
Pappus censures as imperfect, because it defined 
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* De Secdone Ratioiiis, proem, p. 57- 
t << Porumatom fiacjidsomm renovate docCrins, et sub 
tems Isfjgoges exbihitep" Ferioat pp^ra Ysrisy p. 1)6. 
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Porisms only " ab accidente," viz. *' Porisma est 
quod deficit hypothesi a Tlieoremate Locali," hQ 
formed to himself a tolerably just notion of these 
propositions, and illustrated his general description 
by examples that are in effect Porisms. But he 
was able to proceed no farther j and he neither 
proved that his notion of" a Porism was the same 
with Euclid's, nor attempted to restore, or explain, 
any one of Euclid's propositions, much less did he 
suppose that they were to be investigated by an 
analysis peculiar to themselves. And so imperfect^ 
indeed, was this attempt, that the complete resto- 
ration of the Porisms was necessary to prove that 
Fermat had even approximated to the truth. 

5. All this did not, however, deter Dr Simson 
from turning his thoughts to the same subject 
which he appears to have done very early, and long 
before the publication of the Loci Plani in 1749. 
The account he gives of his progress, and of th^ 
obstacles he encountered, will be always interesting 
to mathematicians. ** Postquam vero apud Pap- 
pum legeram Porismata Euclidis collectionem fuisse 
artiiiciosissimam multarum rerum, quae spectant ad 
analysin difiicilioruTn et generalium problematun^ 
magno desiderio tenebai', aliquid de iis cognosceq* 
di i quare ssepius et multis variisque viis tum Pappi 
propositionem geueralem, mancam et imperfectam, 
tum primum lib. i. Porisma, quod solum ex omni- 
bus in tribuB libris integrum adhuc manet, intell* 
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gere el leakitaeie conabar; frostia tamen, 
^nim pnSmsbmn. Cumque cogitationes de hac re 
multiiiD mihi temporfa oonsUmpaerint, atque molea- 
tm adnAdiim evaserint, firmittr animum induxi haoe 
nunquam in postenim investigare ; pnesertim cum 
Qptmua geomebra Hatleius spem wmem de iis iiii' 
td^gendi8 abjecisseU Unde quoties iiienti occui^ 
lefaaoty toties eas arcebam. Postea tamen acciditt 
ul impnmdiua et propositi immemprem invasexiatr 
meque detinuerint donee tandem lux quaadam e£Eul- 
sent, quasi «pei» mihi fitciebat inveiuendi saltern Pap- 
pi propositibnem generalemt quam quidem multa 
investigatione tandem restitoL Haec autem paulo 
post una cum Porismate prime lib. i. impressa est 
inter Transaetiones PhiL anni 17^, No. 177-'' * 

The propositioni here mentioned, as inserted in 
the. Hiibsophical Transactions for 17^» are all 
thyt Dr'Simson published on the subject of Po- 
riemi during his life, though he continued his in- 
ipeatigatiima concerning them, and succeeded in re* 
storing a great number of Euclid's propositionsi to« 
geihet with their analysis. The propositions thus 
leatored tsmm a part of that valuable edition of the 
peathumous woifa of this geometer which the ma- 
thmnatical world owes to the munificence of the 
hM Biril Stanhope. 

|& Thesdbgect of Porisma is not, however^ ex* 
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hflusted, nor is it yet placed in so clear a light U) 
to need no farther illustration. It yet remains to^ 
inquire into the probable origin of these proposi-' 
tiona, that is to say, into the steps by which tha' 
ancient geometers appear to have been led to thoi 
discovery of them. It remains also to point out' 
the relations In which they stand to the other* 
classes of geometrical truths; to consider the spe» 
cies of analysis, whether geometrical or algebraical, 
that belongs to them ; and, if possible, to assign 
the reason why they have so long escaped the no- 
tice of modern mathematicians. It is to theaer 
points that the following observations are chieflyi 
directed. 

I begin with describing the steps that appear to 
have led the ancient geometers to the discovery of 
Porlsms ; and must here supply the want of ex- 
press testimony by probable reasonings, such as are 
necessary, whenever we would trace remote disco- 
veries to their sources, and which have more weight 
in mathematics than in any other of the sciences. 

7. It cannot be doubted, that it has been the 
solution of problems which, in all states of the ma- 
thematical sciences, has led to the discovery of most 
geometrical truths. The first mathematical in- 
quiries, in particular, must have occurred in the 
form of questions, where something was given, and 
something required to be done j and by the rea- 
sonings necessary to answer these (questions, or tq 
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discover the relation between tbe things that were 

giveD> and those that were to be found, many truths 

were suggested, which came afterwards to be the 

suligects of separate demonstration. The number 

of these was the greater, that the ancient geometers 

always undertook the solution of problems with a 

Scrupulous and minute attention, which would 

scait^ly softer any of the collateral truths to escape 

their observation. We know from the examples 

which diey have left us, that they never considered 

a problem as resolved, till they had distinguished 

all its varieties, and evolved separately every difier- 

ent case that could occur, carefully remarking what* 

ever change might arise in the construction, from 

any change that was supposed to take place among 

the magnitudes which were given. 

Now, as this cautious method of proceeding was 
not better calculated to avoid error than to lay 
hold of every truth that was connected with the 
main object of inquiry, these geometers soon ob- 
served, that there were many problems which, in 
certain circumstances, would admit of no solution 
whatever, and that the general construction by 
which they were resolved would fail, in consequence 
of a particular relation being supposed among the 
quantities which were given. Such problems were 
then said to become impossible ; and it was readily 
percdved, that this always happened when one of 
the ccmditions prescribed was inconsistent with the 
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rest, so that the supposition of their being unite 
in the same subject involved a contradiction. Thui 
when it was required to divide a given line, so that " 
the rectangle under its segments should be equal- 
to a given space, it was evident that, if this space 
was greater than tlie square of half the given line, 
the thing required could not possibly be done j 
the two conditions, the one de6niag the magnitude 
of the line, and the other that of the rectangle 
under its segments, being then inconsistent with 
one another. Hence an infinity of beautiful pro- 
jwsitions concerning the maxima and the minima 
of quantities, or the limits of tlie possible relations 
which quantities may stand in to one another, 

8. Such cases as these would occur even in the 
solution of the simplest problems ; but when geo- 
meters proceeded to the analysis of such as were 
more complicated, they must have remarked, that 
their constructions would sometimes fail, for a rea- 
soQ directly contrary to that which has now been 
assigned. Instances would be found where the 
lines that, by their intersection, were to determine 
the thing sought) instead of intersecting one 
another, as they did in general, or of not meeting 
at all, as in the above mentioned case of impossibi- 
lity, would coincide with one another entirely, and 
leave the question of consequence unresolved. But 
though this circumstance must have created consi- 
derate eiobarr^mgat to the geometers wj)p ^t 
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il, as hmng, fesAaps, the only iiHtaBee m 
i^fi^hicli tke ka^aage of Am oim adenoe had ytft 
a ppeare d to them amhigiious or obscure, it wottld 
sot probably be long till they found out the trw 
interpretation to be pat on it. After a little r^ 
fleetioii, they would oondnde, that, since, in the 
general probleon, the magnitude required was de** 
termined by the interBection of the two lines above 
mentioned, that is to say, by the points common to 
them both ; (so, in the case of their coincidence, as 
all their points were in common, every one of these 
points must afford a solution; whidi solutions, 
Aerefore, must be infinite in number j and also, 
though infimte in number, they must all be related 
to one another, and to the things given, by certain 
laws, whidi the position of the two coinciding lines 
must necessarily determine. 

On inquiring farther into the peculiarity in the 
state of the data which had produced this unex- 
pected result, it might likewise be remarked, that 
the whde proceeded from one of the conditions of 
the preUem involving another, or necessarily in* 
eluding it ; so that they both together made, in 
fact, but one, and did not leave a sufficient number 
of independent conditions, to confine the problem 
to a single solution, or to any determinate number 
of solutions. It was not difficult afta!wards to per * 
cehe, liiat these cases of problems formed very eu« 
riotts pMpositions, of an intermediate nature tie* 
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tween problems and theorems, and that they ad— « 
mitted of being enunciated separately, in a mftnneKTi 
peculiarly elegant and concise. It was to sucIb. 
propositions, so enunciated, that the ancient geo- 
meters gave the name of Porisms. 

9. This deduction requires to be illustrated by 
examples. Suppose, therefore, that it is propc^ecL 
to resolve the following problem : 

Prop. I. Prob. Fig. 6. 

A circle ABC, a straight line DE, and a point F, 
being given in position, to Bnd a, point G in the 
straight line DE, such that GF, the line drawn 
from it to the given point, shall be equal to 
GB, the line drawn from it touching the given 
circle. 

Suppose the point G to be found, and GB to be 
drawn touching the circle ABC in B ; let H be 
the centre of the circle ABC ; join HB, and let 
HD be pei^pendicular to DE ; from D draw DL, 
touching the circle ABC in L, and join HL. 
Also from the centre G, with the distance GB or 
GF, describe the circle BKF, meeting HD in the 
points K and K'. 

It is plain, that the lines HD and DL are given 
in position and in magnitude. Also, because GB 
touches the circle ABC, HBG is a right angle ; 
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■na dnce 6 is the centre of the circle BKF| there- 
fore HB touches the circle BKF, and consequent- 
ly the square of HB or of HI^ is equal to the rect- 
angfe K'HK. But the rectangle K'HK, together 
with the square of DK, is equal to the square of 
DHy because KK' is bisected in D ; therefore the 
aqoares of HL and DK are also equal to the square 
of DH. But the squares of HL and LD are equal 
to the same square of DH ; wherefore the square 
of DK is equal to the square of DL, and the line 
DK to the line DL. But DL is given in magni- 
tude ; therefore DK is given in magnitude, and K 
is therefore a given point« For the same reason^ 
K' is a given point, and the point F being also 
given by hypothesis, the circle BKF is given in 
position. The point G therefore, the centre of 
the circle BKF is given, which was to be found. 

Hence this construction: Having drawn HD 
perpendicukr to DE, and DL touching the circle 
ABC, make DK and DK' each equal to DL, and 
find G the centre of a circle described through the 
pmite K, F and K'; that is, let FK' be joined, 
and bisected at right angles by the line MN, which 
meets DE in G ; G will be the point required, or 
it will be such a point, that if GB be drawn from 
it, touching the circle ABC, and GF to the given 
pmnt, GB and GF will be equal to one another.^ 



 This solution of the problem was suggested to me by 
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The synthetical deuionstration needs not be ad- 
ded ; but it is necessary to remark, that there are 
cases in which this construction fails altogether. 

For, first, if the given point F be any where 
the line HD, as at F', it is evident, that MN bCM. 
comes parallel to DE, and that the point G is 
where to be found, or, in other words, is at aa inftJ* 
nite distance from D. 'f' 

This is true in general ; but if the given point ¥"* 
coincide with K, then the line MN evidently coiff- ' 
cides with DE ; so that, agreeably to a remark al- 
ready made, every point of the line DE may be ta- 
ken for G, and will satisfy the conditions of tlrt 
problem ; that is to say, GB will be equal to GK, 
wherever the point G be taken in the line DE> 
The same is true if F coincide with K'. 

This is easily demonstrated synthetically ; for if 
G be any point whatsoever in the line DE, from 
which GB is drawn touching the circle ABC ; if 
DK and DK' he each made equal to DL } and if 
a circle be described through the points B, K, and 
K' ; then, since the rectangle KHK', together with 
the square of DK, that is, of DL, is equal to the 
square of DH, that is, to the squares of DL and 
LH, the rectangle KHK' is equal to the square of 
HB, so that HB touches the circle BKK'. But 



Professor Robison ; and is more simple tlian that which 1 
had originally given. 
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BG is at right angles to HB ; therefore the centre 
of the circle BKK' is in the line BG ; and it is al- 
so in the line D£ ; therefore G is the centre of the 
circle BKK^ and GB is equal to GK. 

Thus we have an instance of a problenii and that 
too a very simple one, which is in general determi- 
nate, admitting only of one solution, but which ne- 
vertheless, in one particular case, where a certain 
relation takes place among the things given, be- 
ccnnes indefinite, and admits of innumerable solu- 
tions. The proposition which results from this 
case of the problem is a Porism, according to the 
remarks that were made above, and in effect will be 
found to coincide with the 66th proposition in Dr 
Simson's Restoration. It may be thus enunciat- 
ed : ^' A circle ABC being given in position, and 
also a straight line D£, which does not cut the 
circle, a point K may be found, such, that if G be 
any point whatever in the line DE, the straight 
line drawn from G to the point K, shall be equal 
to the straight line drawn from G, touching the 
circle ABC." 

10. The following Porism is ako derived in the 
same manner from the solution of a very simple 
problem: 
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Prop. II. Prob. Fig. 7- 

A triangle ABC being given, and also a point D, 
to draw through D a straight line DG, «ich» 
that perpendiculars being drawn to it from the 
three angles of the triangle, viz. AE, BG, CF, 
the sum of the two perpendiculars on the same 
side of DG, shall be equal to the remaiiiiiig per- 
pendicular ; or, that AE and EG together, may 
be equal to CF. 

Suppose it done : Bisect AB in H, join CH, 
and draw HK perpendicular to DG. 

Because AB is bisected in H, the two perpendi- 
culars AE and BG are together double of HK ; 
and as they are also equal to CF by hypothesis, CF 
must be double of HK, and CL of LH. Now, CH 
is given in position and magnitude ; therefore the 
point L is given ; and the point D being also given, 
the line DL is given in position, which was to be 
found. 

The construction is obvious. Bisect AB in H, 
join CH, and take HL equal to one third of CH ; 
the straight line which joins the points D and L is 
the line required. 

Now, it is plain, that while the triangle ABC 
remains the same, the point L also remains the same^ 
wherever the point D may be. The point D may 



INV£8TIGATiaN OF PORISMS. 195 

^lerefoTe coincide with L; and when this hap- 
Jpens, the poaition of the line to be drawn is left 
xindetermined ; that is to say, any line whatever 
dravm through L will satisfy the conditions of the 
problem. 

Here therefore we have another indefinite case 
of a problem, and of consequence another Porism, 
which may be thus enunciated : ^^ A triangle being 
given in position, a point in it may be found, sucb^ 
that any straight line whatever being drawn through 
that point, the perpendiculars drawn to this straight 
line from the two angles of the triangle which are 
on one side of it, will be together equal to the per- 
pendicular that is drawn to the same line from the 
angle on the other side of it/' 

• 11. This Porism may be made much more gene- 
ral ; for if, instead of the angles of a triangle, we 
sappoae ever so many points to be given in a plane, 
a point may be found, such, that any straight line 
being drawn through it, the sum of all the perpen- 
diculars that fall on that line from the given points 
on one side of it, is equal to the sum of the perpen- 
diculars that fall on it from all the points on the 
pthor side of it. 

Or still more generally, any number of points 
being given not in the same plane, a point may be 
found, through which if any plane be supposed to 
pass, the sum of all the perpendiculars which fall 
on that plane from the points on one side of it, is 
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eqpial to the sum of all the peipoidiciilars that M 
on the nme plane fixmi the points aa the other 
ode of it. 

It is unnecessary to obsenrey that the point to be 
found in these propositions, is no other than the 
centre of gnnrity of the given pmnts ; and that 
therefore we hare here an example of m PoriflD 
very well known to the modem geometers^ tfaoi^ 
not distinguished by them from other theorems. 

12. The problem wlach follows appears to hate 
led to the discovery of more than one Forism. 

Prop. III. Prob. Fiq. 8. 

A circle ABC, and two points D and £, in m dia- 
meter of it being given, to find a point F in the 
circumference of the given cirde, from which, if 
straight lines be drawn to the given points E and 
D, these straight lines shall have to one another 
the given ratio of a to p.* 

Suppose the problem resolved, and that F is 
found, 80 that FE has to FD the given ratio of a 
to 0. Produce EF any how to B, bisect the angle 
EFD by the line FL, and the angle DFB by the 
line FM. 



* The ratio of a to is supposed that of a greater to a 

less. 
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Then* because the angle EFD is bisected by FL^ 
£L is to LD as EF to FD, that is, in a given ra*- 
tio i and as ED is given, each of the s^ments EL, 
XD, is given, and also the point L. 

Again, because the angle DFB is bisected by 
FM, EM is to MD as EF to FD, that is, in a 
given ratio ; and therefore, since ED is given, EM, 
MD, are also given, and likewise the point M. 

But because the angle LFD is half of the angle 
EFD, and the angle DFM half of the angle DFB» 
the two angles LFD, DFM, are equal to the half 
of two right angles, that is, to a right angle. The 
angle LFM being therefore a right angle, and the 
points L and M being given, the point F is in the 
drcumference of a circle described on the diameter 
LM, and consequently given in position. 

Now, the point F is also in the circumference 
of the given circle ABC ; it is therefore in the in- 
tersectioB of two given circumferences, and there- 
fore is found. 

Hence this construction : Divide ED in L, so 
that £L may be to LD in the given ratio of a to 
P ; and produce ED also to M, so that EM may 
be to MD in the same given ratio of « to |3* Bi- 
sect LM in N, and from the centre N, with the 
distance NL» describe the semicircle LFM, and 
the point F, in which it intersects the circle ABC, 
is the p(Hnt required, or that from which F£ and 
FD are to be drawn* 
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The synthetical demonstration follows so readily 
from the preceding analysis, that it is not necessat^ 
to be added. 

It must however be remarked, that the construed 
tiou fails when the circle LFM falls either wholly 
without, or wholly within the circle ABC, so th^ 
the circumferences do not intersect j and in thes^ 
cases the solution is impossible. It is plain alsfl^ 
that in another case the construction will fail, viz. 
when it so happens that the circumference LFM 
wholly coincides with the circumference ABC. In 
this case, it is farther evident, that every point in 
the circumference ABC will answer the conditions 
of the problem, which therefore admits of innume- 
rable solutions, and may, as in the foregoing ebbJ 
stances, be converted into a Porism, ^ 

IS. We are therefore to inquire, in what cir- 
cumstances the point L may coincide with the 
point A, and the point M with the point C, and 
of consequence the circumference LFM with the 
circumference ABC. 

On the supposition that they coincide, EA is to 
AD, and also EC to CD, as .^ to 3 ; and therefore 
EA is to EC as AD to CD, or, by conversion, 
EA to AC as AD to the excess of CD above AD, 
or to twice DO, O being the centre of the circle 
ABC. Therefore also, EA is to AO, or the half 
of AC, as AD to DO, and EA together with AO, 
to AO, as AD together with DO, to DO ; that it, 
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£0 to AO as AO to DO, and so the rectangle 
EO.OD equal to the square of AO. 

Henoe^ if the situation of the given points £ and 
Dy (%• 9f ) in respect of the circle ABC, be such, 
that the rectangle EO.OD is equal to the square 
of AO^ the semidiameter of the circle } and if, at 
the same time, the given ratio of a to /S be the same 
with that of £A to AD,^r of EC to CD, the 
problem admits of innumera)[)le solutions ; and as it 
is manifest^ that if the circle ABC, and one of 
the points D or E be given, the other point, 
and also the ratio which is required to render the 
problem indiefinjite, may be found, therefore we 
have this Porisn^ : '^ A cii*cle ABC being given, 
and also a. point D, a point E may be found, such, 
that the two lines inflected from these points to any 
point whatever in the circumference ABC, shall 
have to one another a given ratio, which ratio is 
also to be found." 

This Porism is the second in the treatise De Po- 
rismatibus, where Dr Simson gives it, not as one 
of Euelid^s propositions, but as an illustration of 
his own definition. It answers equally well for the 
purpose I have here in view, the explaining the 
origiii of Porisms ; and I have been the more will- 
ing to introduce it, that it has aflBurded me an op- 
portunity of giving what seems to be the simplest 
investigation of the second proposition in the se- 
cond bodk of the Loci Plani, by proving, as has 
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been done above, that on the hypothesis of that 
proposition, LFM (fig. 8,) is a right angle, and, 
L and M given points. 

14. Hence also an example of the derivation of 
Porisms from one another. For the circle ABC^ 
and the points £ and O, remaining as in the laaj?. 
construction, (fig. 9,) if through D we draw any 
line whatever HDB, meeting the circle in B and',^ 
H, and if the lines EB, EH be also drawn, thesB, 
lines will cut off equal circumferences BF and HGjj 
Let FC be drawn, and it is plain from the fora^ 
going analysis, that the angles DFC, CFB ai» 
equal. Therefore if OG, OB be drawn, the angle», 
BOC, COG are equal, and consequently the angles, 
DOB, DOG. In the same manner, by joinii^^ 
AB, the angle DBE being bisected by BA, it ia 
evident, that the angle AOF is equal to the angle 
AGH, and therefore the angle FOB to the angle 
HOG, that is, the arch FB to tlie arch KG. 

Now, it is plain, that if the circle ABC, and one 
of the points D or £ be given, the other point 
may be found ; therefore we have this Ponsnu 
which appears to have been the last but one in tbe 
third book of Euclid's Porisms.* " A point beings 
given, either without or within a circle given ia. 
position, if there be drawn, any how through thit; 
point, a line cutting the circle in two points ; ano- 
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ther point may be found, such, that if two lines be 
drawn from it to the points, in which the line al- 
ready drawn cuts the circle, these two lines will 
cut off from the circle equal circumferences." 

There are other Porisms that may be deduced 
firom the same original problem, (§ 12,) all con- 
nected» as many remarkable properties of the circle 
aie, with the harmonical division of the diameter. 

15. The preceding proposition also affords a 
good illustration of the general remark that was 
made above, concerning the conditions of a pro- 
blem being involved in one another, in the Porisma- 
tic, or indefinite case. Thus, several independent 
conditions are here laid down, by help of which the 
problem is to be resolved : Two points D and £ 
are {piven, (fig. 8|) from which two lines are to be 
inflected, and a circumference ABC, in which 
these lines are to meet, as also a ratio, which they 
are to have to one another. * Now, these condi- 
tiona tfre all independent of each other, so that any 
one of them may be changed, without any change 
whatever in the rest. This at least is true in ge- 
neral ; but nevertheless in one case, viz. when the 
given points are so related to one another, that the 
rectangle under their distances from the centre, is 
espial to the square of the radius of the circle, it 

* The given points, and the centre of the given circle, are 
naderstood, througfaooty to be in the same straight line. 
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follows from the foregoing analysis, that the ratio* 
which the inflected lines are to have to one another^' 
is no longer a matter of choice, but is a necessary 
consequence of tliis disposition of the points. Faai 
if any other ratio were now assigned than that of 
AO to OD, or, which is the same, of EA to AD^ 
it would easily be shown, that no lines having that 
ratio could be inflected from the points E and D^ 
to any point in the circle ABC. Two of the con- 
ditions are therefore reduced into one j and hence 
it is that the problem is indefinite. 

16. From this account of the origin of Porism^ 
it follows, that a Porism may be defined, A propo* 
sition affirming the possihiliti/ o/Jinding suck 
conditions as mil render a certain problem inde-, 
tei-minaie, or capable of innumerable solutions. 

To this definition, the difiFerent characters which 
Pappus has given will apply without difficulty. 
The propositions described in it, like those which 
he mentions, are, strictly speaking, neither theo- 
rems nor problems, but of an intermediate nature 
between both ; for they neither simply enunciate  
truth to be demonstrated, nor propose a question 
to be resolved ; but are affirmations of a truth, in 
which the determination of an unknown quantity 
is involved. In as far, therefore, as they assert, 
that a certain problem may become indeterminate, 
they are of the nature of theorems j and in as far 
as they seek to discover the conditions by which 
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tliftt 18 bix>ttgfat about, they are of the nature of 
prpblems* 

17* In the preoeding definition, alao, and the in- 
stmoes from which it is deduced, we may traoe 
that imperfect description of Poritma which Pap- 
pus ascribes to the later geometers, viz. ** Porisma 
est quod deficit hypothesi a theoremate locali/' 
Now, to undentand this, it must be observed, that 
if we take the converse of one of the propositions 
caUed Loci, and make the construction of the fi- 
gure a part of the hypothesis, we have what was 
caUed by die ancients a Local Theorem. And 
BgBanf if, in enunciating this theorem, that part of 
the hypothesis which contains the construction be 
suppressed, the proposition arising from thence 
will be a Porism ; for it will enunciate a truth, and 
will also require, to the full understanding and in- 
vestigation of that truth, that something should 
be found, viz. the circumstances in the construc- 
tion, supposed to be omitted. 

Thus, when we say; If from two given points £ 
atid D, (fig. 9,) two lines EF and FD are inflect- 
ed to a third point F, so as to be to one another in 
a given ratio, the point F is in the circumference 
of a circle given in position : we have a Locus. 

But when conversely it is said ; If a circle ABC, 
of yfihSxk the centre is O, be given in position, as 
also a point £, and if D be taken in the line £0, 
80 that the rectangle E(XOD be equal to the square 
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of AO, the semidiatneter of the circle ; and if from 
E and D, the lines EF and DF be inflected to any 
point whatever in the circumference ABC ; the 
ratio of EF to DF will be a given ratio, and the 
same with that of EA to AD : we have a local 
theorem. 

And, lastly, when it Is said ; If a circle ABC be 
given in [losition, and also a point E, a, point D 
may be found, such, that if the two lines EF and 
FD be inflected from E and D to any point what- 
ever F, in the circumference, these lines shall have 
a given ratio to one another : the proposition be- 
comes a Porism, and is the same that has been just 
investigated. 

Here it is evident, that the local theorem is 
changed into a Porism, by leaving out what Velatea ' 
to the determination of the point D, and of the 
given ratio. But though all propositions formed in 
this way, from the conversion of Loci, be Porisms, 
yet all Porisms are not formed I'rom the conversion 
of Loci. The first and second of the preceding, 
for instance, cannot by conversion be changed into 
Loci ; and therefore the definition which describes 
all Porisms as being so convertible, is not sufficient- 
ly comprehensive. Fermat's idea of Porisms, as 
has been already observed, was founded wholly on 
this definition, and therefore could not fail to be 
imperfect. 

18. It appears, therefore, that the definition o£ 
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Porisms given above, (§ 16,) agrees with Pappus's 
idea of these propositions, as far at least as can be 
collect^ from the imperfect fragment which con- 
tains his general description of them. It agrees, 
also, with Dr Simson's definition, which is this : * 
'' Forisma est propositio in qua proponitur demon- 
strare rem aliquam, vel plures datas esse, cui, vel 
quibus, ut et cuilibet ex rebus innumeris, non qui- 
dem datis, sed qu» ad ea quae data sunt eandem 
babent relationem, convenire ostendendum est af- 
fectionem quandam communem in propositione de- 
scriptam.'' 

It cannot be denied, that there is a considerable 
degree of obscurity in this definition ; f notwith- 

* Simson's Opera Reliqua^ p. $23. 

t The foUowing translation will perhaps be found to re- 
medy some of the obscurity complained of. 

'' A Porism is a proposition^ in which it is proposed to 
dononstrate^ that one or more things are given^ between 
which and every one of innmnerable other things^ not given^ 
but assumed according to a given law^ a certain relation^ de- 
scribed in the proposition^ is to be shown to take place." 

It may be proper to remark^ that there is an ambiguity in 
the word given, as used here and on many other occasions^ 
where it denotes indifferently^ things that are both determii 
note and known, and things that^ though determinate, are tm« 
known, provided they can be found. This holds as to the 
first application of the term in the above definition; firom 
which, however, no inconveniency arises, when the reader is 
apprised of it* In the course of this paper^ I have endea* 
voured, as much as possible, to avoid the like ambiguity. 
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Standing of" which, it is certain, that every propoa- 
tion to which it applies must contain a problemati- 
cal part, viz, " in qua proponitur demonstrare rem 
aliquam, vcl plures datas esse ;" and also a theore- 
tical part, which contains the property, or commu- 
nis affectio, afSrmed of certain things which have 
been previously described. 

It is also evident, that the subject of every such 
proposition is the relation between magnitudes of 
three different kinds ; determinate magnitudes, 
which are given j determinate magnitudes, which 
are to be found j and indeterminate magnitudes, 
which, though unlimited in number, are connected 
wdth the others by some common property. Now, 
these are exactly the conditions contained io the 
definition that has been given here. 

19. To confirm the truth of" this theory of the 
origin of Porisms, or at least the justness of the 
notions founded on it, I must add a quotation from 
an Essay on the same subject, by a member of this 
Society, the extent and correctness of whose views 
make every coincidence with his opinions peculiar- 
]y flattering. In a paper read several years ago, be- 
fore the Philosophical Society, Professor Dugald 
Stewart defined a Porism to he, " A proposition af- 
firming the possibility of finding one or more of the 
conditions of an indeterminate theorem j" where, 
by an indeterminate theorem, as he had previously 
explained it, ia meant one which expresses a relth 
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tion between certain quantities that are determi- 
nate, and certain others that are indeterminate, 
both in magnitude and in number. The near 
agreement of this with the definition and explana- 
tions which have been given above, is too obvious 
to require to be pointed out ; and I have only to 
observe, that it was not long after the publication 
of Simson's posthumous works, when, being both 
of us occupied in speculations concerning Porisms, 
we were led separately to the conclusions which I 
have now stated. * 



* In an inquiry into the origin of PorismSj the etymology 
of the term ought not to be forgotten. The question^ indeed^ 
is not about the derivation of the word Ho^tttfia, for concern- 
ing that there is no doubt ; but about the reason why this 
term w:as applied to the class of propositions above described. 
Two opinions may be formed on this subject^ and each of 
them with considerable probability. 

Imo, One of the significations of <ro^/^«> is to acquire or o&- 
tain J- and hence Uo^ta/JM, the thing obtained or gained. Ac- 
cordingly, Scapula says^ ^^ Est vox a geometris desumpta qui 
theorema aliquid ex demonstrativo syllogismo necessario se- 
quens inferentes^ iUud quasi lucrari dicuntur^ quod non ex 
professo quidem theorematis hujus instituta sit demonstration 
6ed tamen ex demonstratis recte sequatur." In this sense^ 
Euclid uses the word in his Elements of Geometry^ whete 
he calls the corollaries of his propositions^ Poristnata. This 
circumstance creates a presumption^ that when the word was 
applied to a particular class of propositions^ it was meant^ in 
both cases^ ito convey nearly the same idea^ as it is not at all 
probable^ that so correct a writer as Euclid^ and so scrupu- 
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^. We might next proceed to consider the par- 
ticular Porisms which Dr Simson has restored, and 



lous in his use of words^ should employ the same tenn to ex- 
press two ideas which are perfectly different. May we not 
therefore conjecture^ that these propositions got the name of 
Porisms^ entirely with a reference to their origin ? AcxxnxU 
ing to the idea explained above^ they would in general oc« 
cur to mathematicians when engaged in the solution of the 
more difficult problems^ and would arise from those particu« 
lar cases^ where one of the conditions of the data involved 
in it some one of the rest. Thus^ a particular kind of theo* 
rem would be obtained^ following as a corollary from the so- 
lutipn of the problem ; and to this theorem the term no^/ojcMi 
might be very properly applied^ since^ in the words of Sca^ 
pula, already quoted, '^ Non ex professo theorematis hujus 
instituta sit demonstration sed tamen ex demonstratis recte 
aequatur." .^ 

Sdo, But though this interpretation agrees so well with 
the supposed origin of Porisms, it is not free from difficulty. 
The verb ^o^/^w has another signification, to find out, to dis- 
cover, to devise ; and is used in this sense by Pappus, when 
he says, that the propositions called Porisms, afford great 
delight, rotg bwa/nemg o^av xa/ ^jro^t^etv, to those who are able 
to understand and investigate. Hence comes ^o^/o/tog, the 
act of finding out, or discovering, and from 'Tro^ic/Mg, in this 
sense, the same author evidently considers Ho^tff/ia, as being 
derived. His words are, E^atfav di (6/ a^ypnot) UogiC/iia. sivcu to 
nt^orimfiivw ng Ho^Kffiov aura nt 'r^omvofiivx, the ancients said, 
that a Porism is something proposed for the Jinding out, or 
discovering of the very thing proposed. It seems singular, 
however, that Porisms should have taken their name from a 
circumstance common to them with so many other geome- 
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^ show, that every one of them is the indetermi- 
nate case of some problem. But of this it is so 
^asy for any one, who has attended to the preceding 
-tnemarks, to satisfy himself, by barely examining the 
enunciations of those propositions, that the detail 
into which it would lead seems to be unnecessary. 
I shall therefore go on to make some obsenrations 
on that kind of analysis which is particularly adapt- 
ed to the investigation of Porisms. 

If the idea' which we have given of these propo- 
sitions be just, it follows, that they are always to 
be discovered, by considering the cases in which 
the construction of a problem fails, in consequence 
of the lines which, by their intersection, or the 
points which, by their position, were to determine 
the magnitude required, happening to coincide with 
one another. A Porism may therefore be deduced 
from the problem it belongs to, in the same man- 
ner that the propositions concerning the maxima 
and minima of quantities are deduced from the pro- 
blems of which they form the limitations \ and such 



trical truths; and if this was really the case^ it must have 
been on account of the enigmatical form of their enunciation, 
which required, that in the analysis of these propositions, a 
sort of double discovery should be made, not only of the 
truth f but also of the meaning of the very thing which was 
proposed. They may therefore have been called Porismata 
or Investigations, by way of eminence. 

VOL. III. O 
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no doubt is the most natural and most obvious 
lysia of which this class of propositions will admit? 

It is not, however, the only one that they will 
admit of j and there are good reasons for wishing 
to be provided with another, by means of which, a 
Porism that is any how suspected to exist, may be 
found out, independently of the general solution of 
the problem to which it belongs. Of these rea- 
sons, one is, that the Porism may perhaps admit of 
being investigated more easily than the general 
problem admits of being resolved ; and another is, 
that the former, in almost every case, helps to dii- 
cover the simplest and most elegant solution tlMt^ 
can be given of the latter. 

The truth of this last observation has been d- 
ready exemplified in two of the preceding probleml, ] 
where the Porismatic ease, by determining the point 
K in the first, and L in the second of them, be- 
came necessary to the general solution. In more 
difficult problems, the same will be found to hold 
still more remarkably, and this Is evidently what 
Pappus had in view, when, in a passage already 
quoted, he called Porisms, " Collectio artificiosissi- 
ma multarum rerum qua; spectant ad analysin ditit 
eiliorum et generalium probleraatum." 

On this account, it is desirable to have a method 
of investigating Porisms, which does not require 
that we should have previously resolved the pro- 
blems they are connected with, and which may d- 
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wiys mtf9 to determine, whether to any giten prd« 
blem there be attached a Porisnii or not. Dr Shn^ 
Mm'e eoalyiia may be considered as answering to 
this deaeripCkm j for ae that geometer did not t9^ 
gaid tbeie pfopositiona at all in the light that ia 
dene here^ nmr in rdation to their origin, an inde*' 
pendent analyni of this kind, waa the only one that 
eodld eendr to him ; and he has accordingly giTen 
ene wliieb it extremely ii^feniomi^ and by no means 
eavy to he invented^ but which he uses with great 
skilfiilness and dexterity throughont the whole of 
hie Beatoration* . 

It ia net easy to ascertain whether this be the 
pieeise method used by the ancients. Dr Simaon 
had hera nothing to direct him but his genio^^ and 
baa the full merit of the first inventor. It seems 
probabkr however, that there is at least a great af«> 
finite between the methods, since the lemmata 
givea by Pappus ts necessary to Eaciid't demon* 
sbrations^ anr subservient also to those of onr mo^ 
dem g^meter* 

£!«. I Aall eatiploy the same sort a£ analym in 
tbe Potisms that follow^ at least till we come to treat 
of them sUgdhrakally, where a method of investi* 
gating these propositions will present itself, which 
is perhaps more simple and direct than any other. 
The following Porism is the first of Euclid -s» and 
the fint also that was restored. It is given here 
to eaempliiy ihe advantage whicbi in investigations 



212 ON THE ORIOIK AND 

of this kind, may be derived from employing tfan 
law of continuity in its utmost extent, and pursuit 
ing Porisms to those extreme eases, where the in* 
determinate magnitudes increase ad infinitum; iiK 
to which state Dr Simson probably did not think il{, 
safe to follow them, and was thereby deprived of n^' 
inconsiderable help toward the simplifying of his 
constructions. If therefore it can be shown, that 
this help may be obtained without any sacrifice of 
geometrical accuracy, it will be some improvemeiU_ 
in this branch of the analysis. 

The Porism just mentioneJl may be considerwl 
as having occurred in the solution of a problei 
Suppose it were required ; two points A and 
(fig. 10,) and also three straight lines DE, F] 
KL, being given in position, together with tin| 
points H and M, in two of these lines, to infii 
from A and B to a point in the third line, two lindl 
that shall cut ofi" from KF and KL two segmenta 
adjacent to the given points H and M, having 
one another the given ratio of a. to ^. 

Now, in order to find whether there be any Po< 
nsm connected with this problem, suppose thtft 
there is, and that the following proposition is traat 

Prop. IV. Porism. Fig. 10. 

22. Two points A and B, and two straight li 
DE and FK, being given in position, and aiwbl 



FIQ 




I 



INVE8TIGATI0N OF P0RI8MS. 213 

point H in one of them, a line LK may be found, 
and abo a pmnt in it M, both given in position, 
such, that AE and BE, inflected from the points 
A and B to any point whatsoever of the line DE, 
shall cut off from the other lines FK and LK, 
segments, HG'and MN, adjacent to the given 
points H and M, having to one another the given 
ratio of a to 0. 

first, let AE', BE' be inflected to the point E', 
80 that AE' may be parallel to FK, then shall E'B 
be parallel to ]^, the line to be found. For if it 
be not parallel to KL^ the point of their intersect 
tion most be at a finite distance from the point M, 
and therefore making as j3 to a^ so this distance to a 
fourth proportional, the distance from H, at which 
AE' intersects FK, will be equal to that fourth pro«> 
portional. But AE' does not intersect FK, for 
they are parallel by construction; therefore BE' 
cannot intersect KL ; KL is therefore parallel to 
BE', a line given in position. 

Again, let A:^;', BE' be mflected to £ ', so that 
AE" may pass through the given point H ; then it 
is plain, that BE" must pass through the point to be 
found M ; for if not, it may be demonstrated, just 
as has been done above, that AE" does not pass 
through H, contrary to the supposition. The point 
to be found is therefore in the line E''B, which is 
given in position. 
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Now^ if from E there be drawn EP pandU to 
AE\ and ES p^allel to BE, BS is to SE as BL 
to LN, and AP to PE as AF to FG$ where&re 
the ratio of FG to LN is 6ompoundad of the ratios 
of AF to BL, PE to SE, and BS to AP. Bnt the 
ratio of PE to SE is the same with that of A£' to 
BE^ and the ratio of BS to AF is the same with 
that of DB to DA, because DB is to BS ea DE' 
to E'E, or as DA to AP. Therefore the ratio of 
FG to LN is compoiinded of the ivtiosof AF to 
BL, AE' to BE; and DB to DA. 

In like manner, because E'' is a point {ntha liw 
DE, and AE', BE' are inflected to it» the mlao of 
FH to LM, is compounded of the same ntioi of 
AFto BL, AE to BE, and DB to DA( and 
therefore the ratio of FH to LM is the flame with 
(hat of FG to NL, and the same consequendy with 
that of HG to MN. But the ratio of HG to MN 
is given, being by supposition that of a to ^ ; the 
ratio of FH to LM is therefore also gi^reUt BJ>d FH 
being given, LM is given in magnitude* Now, 
LM is parallel to BE^ a line given in pointion ; 
therefore M is in a line QM parallel to AB, and 
given in position. But the point M is also in an- 
other line BE'' given in position; therefore the 
point M, and also the line KML drawn through 
it parallel to BE^ are given in position, vrhidbt wa*e 
to be found. 

The construction is thus : From A draw AE' 
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pmUd to FK, meeting D£ in £ ; job BE', and 
tab^ioit BQpSO thatasi^to^ to HFto BQ, wd 
through Q dnw QM ptrallel to AB. Let HA 
be dnmu and produced till it meet D£ in £% and 
let BE' be drawn meeting QM in M. Through 
M dnw KMLpamllel to BE ; then is KMLthe 
line, and M the point, which were to be found. 

It ia plaittp that there are two lines which will 
answer the conditions of the Porism; fiH- if in QB, 
produced on the other side of B, there be takoi B^ 
equal to BQ ; and if jin be drawn parallel to AB, 
intenecting MB iniTi; and if J9ix be drawn parallel 
to BQ; the part mn, cut off by £B produced, will 
beiequal to MN^ and have to HG the ratio re* 

^pitied* 

It ia plain also, that whatever be the ratio of « to 
0, and whatever be the magnitude of FH, if the 
other things givm remain the same, the lines found 
will be all parallel to BE'. But if the ratio of a to 
^ nemain the same likewise, and if only the point 
H iBXf, the position of KL will remain the same, 
and the point M will vary. 

SS. Hiia construction, from which, and the fore- 
gooig analysis, the synthetical demonstration fol- 
Iowa readily, will be found to be more simple than 
Dr Sknson's, omng entirely to the use that has 
been made of the law of continuity in the two ex- 
treme cases, where, according to the language of 
the modern analysis, HG becomes infinite, in the 
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one, and equal to nothing, in the other. Had it, 
been affirmed, agreeably to that same languagej' 
that in the first of those cases, because of the coni, 
stant ratio of HG to MN, these lines must bodf , 
become infinite at the same time, and in the secoDd, 
that for the same reason they must botli vanish at 
the same time, we might have been accused of dei| 
parting from the strict fonii of reasoning employed^ 
in the ancient geometry. But when the thing i»j 
stated as above, and it is proved, that when AE^ 
does not meet KF, it is impossible for BE' to meet 
ML ; and again, that when AE" passes through Hj; 
it is impossible for BE" not to pass through M, t)Mj 
air of paradox is entirely removed, and the tracing, 
of the law of continuity is rendered perfectly coa*i 
sistent with the utmost seventy of geometrical de<, 
monstration. i 

Dr Simson has applied this Forism very ingeni*' 
ously to the solution of the same problem from white- 
st is here supposed to be derived ; * and it is wor-. 
thy of remark, that supposing the points A and B, 
and the lines DE and FK to be as in the figure of 
this Porism, if the third of the given lines be not. 
parallel to BE', that problem can always be resolved,, 
and admits of two solutions ; but if it be parallel to i 
BE', the problem either becomes impossible, or a, 
Porism ; that is, it either admits of no solution, or. 



• Opera Reliqua, de Porismatibus, Prop. 25. 
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of an infinite number. ' We shall soon have ooca- 
suon to extend the same obsenration to other Po- 
risms* 

Another general remark which I have to make 
on the analysis of Porisms is, that it frequently 
happens, as in the last example, that the magni- 
tudes required may all, or a part of them, be found 
by conadering the extreme cases ; but for the dis- 
covery of the relation between them, and the inde- 
finite magnitudes, or res innumercPf we must have 
recourse to the hypothesis of the Porism in its most 
general, or indefinite form, and must endeavour so 
to conduct the reasoning, that the indefinite mag- 
nitudes shall at length wholly disappear, and leave 
a proposition, containing only a relation of deter- 
minate magnitudes to one another. Now, in order 
to accomplish this, Dr Simson frequently employs 
two statements of the general hypothesis, which he 
compares together ; as for instance, in his analysis 
of the last Porism, he assumes, not only E, any 
point whatsoever in the line DE, but also another 
point O, any whatsoever in the same line, to both 
of which he suppo3es lines to be inflected from the 
given points A and B. This double statement, 
however, cannot be made, without rendering the 
investigation long and complicated ; and therefore 
it may be of use to remark, that it is never neces-. 
sary, but may always be avoided by an appeal to 
simpler Porisms, or to Loci, or to the propositions 



of the Data. I shall give the following Poiism afr t 
an example, where this is done with some difficulty^ , 
but with considerable advantage, in regard to the 
simplicity and shortness of the investigation. 

Pnop. V. PoRisM. Fig. 11. ' 

24. Let there be three straight lines AB, AC, CR 
given in position, and from any point whatsoever 
in one of them, as D, let perpendiculars ba 

 drawn to the other two, as DF, DE ; a point G 
'' may be found, such, that if GD be drawo froBI 
-it to the point D, the square of that line shall 

 have a given ratio to the sum of the squares of  
' ihe perpendiculars DF and DE, which ratio iR 

' to be found. 

Draw from A and B the lines AH, BK at light 
angles to BC and CA, and divide AB in L, so 
that AL may be to LB in the given ratio of the 
square of AH to the square of BK, or, which is 
the same, of the square of AC to tlie square of CB, 
The point L is therefore given ; and if N be taken 
so as to have to AL the same ratio that AB' has 
to AH^ N will be given in magnitude. Also since 
Aff:Br::AL:LB, and AH': AB': :AL:N, e* 
fequoBK-:AB'::LB;N. From L draw LO, LM 
perpendicular to AC, CB ; LO and LM are givw 
ill magnitude. 
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Now, beomse ABF:BK*::AD*:DF, N:LB:: 
AD':Dr, 90 tM PP=^AD*, and for the same 

reason, DE*=^BD*. Bnt (Loci Flani, Append. 

Lem. lO^Aiy+^.BD»:j=i^.AL»+^.BI/+ 

3cm UGi fihen by hypothens, LO*+LM* has 
to LG* the same ratio which DP+DE* has to 
DG'-, and if this ratio be that of R to N, L0*+ 

LM»=§.LG»; and Oiere&i* DE»+DP=|^LG» 
i^^J)L\ B«tDE*+DP;=;^.DG'j therefiw 

l-LCy+^.DL'^I.DG', and 4?.DL'=^DG« 

•^— LG^. The excess of the square of DG abore 
the square of LG, has therefore a constant ratio to 
the squaie of DL, viz. that of AB to R. Tlie 
aB^ DLG is therefore a right angle, and the ra- 
tio of AB to R, the ratio of equality, otherwise 
LD would be given in magnitude, which is con- 
trary to the supposition. Tlie line LG is there- 
fore given in position ; and since R is to N, that 
is AB to N, as the squares of LO and LM to the 
square of LG, therefore the square of LG, vad 
consequently the line LG, is given in magnitude. 
The p^int G is thei^fore given, and also the ratio 
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of the squares of D£ and DF to the square of 
DG, which is the same with that of AB to N. 

Hence this construction : Divide AB in L, so 
that AL may be to LB as the square of AH to 
the square of BK, and make as the square of AH 
to the square of AB, so AL to N ; and, lastly, 
having drawn from L upon AC and CB the per- 
pendiculars LO and LM, make LG perpendicular 
to AB, and such, that as AB to N, so the sum of 
the squares of LO and LM to the square of LG ; 
G will he the point required, and the given ratjo, 
which the squares on DF and DE have to the 
square on DG, will be that of AB to N. 

This is the construction which follows most di- 
rectly from the analysis ; but it may be rendered 
more simple. For, since Aff: AB"'. : AL:N, and 
BK*-.AB'::BL:N, therefore AH'+BK*:ABV: 
AB:N. Likewise, if AG, BG be joined, AB: 
N::AH-:AG-, and AB:N: -.BK'iBG^ where- 
fore AB:N: -.Aff+BK^: AG=+BG', that is, AH' 
+BK':AB'::AH^+BK^AGHBG^ and AG* 
+GB'=AB'. The angle AGB is, therefore, a 
right angle, and AL: LG:LB. If, thei-efore, AB 
be divided in L, as in the preceding construction ; 
and if LG, a mean proportional between AL and 
LB, be placed at right angles to AB, G will he 
the point required. 

Cor. It is evident from the construction, that if 
at the points A and. B we suppose weighty to 
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]^aced that are as the squares of the sines of the 
angles CAB, CBA, L will be the centre of gravity 
of these weights. For AL is to LB as AC? to CB', 
or inversely as the squares of the sines of the 
angles at A and B. 

85. NoWy the step in this analysis by which a 
second introduction of the general hypothesis is 
avoided, is that in which the angle 6LD is con- 
eluded to be a right angle* This conclusion fol- 
lows from the excess of the square of DG above 
the square of GL, having a given ratio to the 
square of LD, at the same time that LD is of no 
determinate magnitude. For, if possible, let GLD 
be obtuse, (fig. IS,) and let the perpendicular from 
G upon AB meet AB in- V, which point V is 
therefore given. And since the exeess of the 
square of GD above the square of LG is equal to 
the square of LD, together with twice the rect- 
angle DLV, therefore by the supposition, the 
square of LD, together with twice the rectangle 
DLV, must have a given ratio to the square of 
LD ; the ratio of the rectangle DLV to the square 
of LD, that is, of VL to LD, is therefore given, 
so that VL being given in magnitude, LD is also 
given. But this is contrary to the supposition, for 
LD is indefinite by hypothesis} and therefore 
GLD cannot be obtuse, nor aoy other th to a right 
angle. 

The same conclusion that is here drawn immedi- 
ately froni the indetermination of LD, would be 
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deducetl, accoi'tling to Dr Sirasoa's method, by ^ 
suming another point D', any how, and from the 
supposition, that the excess of GD'- above GL' 
was to LD' in the same ratio that the excess (^ 
GD" above GL' is to LD", it would follow with- 
out much difficulty, that GLD must be a right 
angle, and the given ratio, a ratio of equality. The 
method followed above is shorter and less intricate 
than this last, and has, I think, the advsjitage of 
discovering more plainly the spirit of the analysis, 
and the effect which the indefinite nature of the 
quantities supposed indeterminate in the Poiism, 
has In ascertaining the relation that must subsist 
between the magnitudes that are given, and those 
that are to be found. 

26. This Porism may be extended to any num- 
ber of lines whatsoever, and may be thus enun- 
ciated : " Let there be any number of straight 
lines given in position, and from any point in one 
of them, let perpendiculars be drawn to all the 
rest, a point may be found, such, that the square 
of the line joining it, and the point from which the 
perpendiculars are drawn, shall have to the sum of 
the squares of these perpendiculars a given ratio, 
which ratio is also to he found." 

The analysis of the Porism, when thus general- 
ized, is too long to be given here. * We must not, 

 This Porism, in the case conaidered above, viz. when 
there are three straight lines given in posLti(»], was commu- 
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ht MHV W f omit to take no);ice, that the point I^ 
wbeK the perpendknilar from the point to be found 
meets the line, from which the perpendicuhurs are 
dnim to the rest, is in all cases determined by the 
role suggested in the corollary, (§ 24f.) For if, at 
the points in which the said line is intersected by 
the others, there be placed weights proportional 
to the scpiares of the sines of the angles of inter- 
section, L will be the centre of gravity of these 
weights. 

S7* These Porisms facilitate the solution of the 
general problems from which they are derived. 
'Bar, if it were proposed, three straight lines AB, 
AC, BC being given in position, and also a point 
Ry (%. 11^) to find a point D in one of the given 
lines AB, sach, that the sum of the squares of the 
perpendictdani drawn from D to the other two 
lines, should have a given ratio to the square of 
DR, it is plain, that the finding of the point G in 
tii^ Porisoi, would render the construction easy. 
¥or the squares of RD and GD^ having each given 
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mttOti t» me sertrtl years i^, iHthoot any taulymB or de- 
lUWirtrstigp^ by Dr Tnil, Prebendavy of ListHim^ in Ire- 
hodt wko t^d me, also, that he had met wkh it among some 
of Dr Sanson's papers;, which had been put into his hands 
at the time when the posthumous works of that geometer 
were preparing for the press. The application of it to the 
secMd of tlie problenn, (§ S7») was also soggMted by Dr 
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ratios to the sum of the squares of the perpendicu- 
lars drawn from D, have a given ratio to one 
another. The ratio of the lines, RD and GD 
themselves, is therefore given, and the points R ' 
and G being given, D is in the circumference of a 
circle given in position ; and it is also in the straight 
line AB given in position ; therefore it is given. 
The same holds, whatever be the number of lines 
given in position. 

The same Porlsms assist also in the solution of 
another problem. For if it were proposed to find 
D, so that the sum of the squares of the perpendi- 
culars drawn from it to AC, and CB, should be 
equal to a given square, this would be done by find- 
ing G ; and then because the sum of the squares of 
the perpendiculars is given, and has a given ratio 
to the square of DG, DG will he given, and con- 
sequently the point D. This is also true, what* 
ever be the number of the lines. 

The connection of the Porisms with theim- 
ble cases of these problems, is abundantly evi- 
dent ; the point L being that from which, if per- 
pendiculars be drawn to AC and CB, the sum of 
their squares is the least possible. For since (fig. 
ll.)DF+DE':DG':-.LOHLM^:LG-,and since 
LG is less than DG, LO'+LM^ must be less than 
DF^-DE^ 

Hence also a point Q may be found, from which, 
if perpendiculars be drawn to the sides of the tri- 
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angle ABC, the sum of the squares of these per- 
pendiculars is less than the sum of the squares of 
the perpendiculars drawn to the aides of the tri- 
angle from any other point. 

For if ab (fig. IS,) be any line drawn parallel to 
AB, and. if it be divided in x, so that a^ may be 
to x^ in the duplicate ratio of aC to Cb, or of 
AC to CBy then of all the points in the line ab^ x 
is that from which^ if perpendiculars be drawn to 
the lines AC, CB, the sum of their squares is the 
least poflsiUe. But since ox is to xi as the square 
of AC to the square of BC, that is, as AL to LB, 
therefore the locus of x is the straight line LC, join- 
ing the given points L and C. The point to be 
found therefore, or that from which perpendiculars 
being drawn to the sides of the figure, the sum of 
their squares is the least possible, is in the straight 
line LC. 

For let j^ be any point on either side of LC, and 
let the line ab be drawn through q parallel to AB, 
meeting LC in x, then the sum of the squares of 
the perpendiculars from q upon AC, CB, is great- 
er than the sum of the squares of the perpendicu- 
lars from X upon the same lines. Therefore add- 
ing the square of the perpendicular from qf or x, on 
AB, to both, the sum of the squares of the perpen- 
diculars from q, will be greater than the sum of 
the*squares of the perpendiculars from x. The 
point, therefore, which makes the sum of the squares 

VOL. III. p 
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of the perpendiculars drawn from it, to the sides of 
the triangle ABC, a minimum, ia not on eithw 
side of the Iin6 LC ; it is therefore in the Um 
LC. 

For the same reason, if AC be divided in L', so 
that AL' is to L'C as the square of AB to tMi 
square of BC, and if BL' be joined, the point to M 
found is in BL'. It is therefore in the point 4i: 
where the lines CL and BL' intersect one aili 
other. 

The point Q, in any other figure, may be fou! 
nearly in the same manner. Let ABCD, for In- 
stance, (fig. I'll,) be a quadrilateral figure ; let the 
opposite sides, AB and DC, be produced till they 
meet in E, and let ab be drawn parallel to ABi 
meeting CE io e, and let \ be the point in the line 
ab from which perpendiculars are drawn to the 
three lines BC, CD, DA, so that the sum of their 
squares is less, than if they were drawn from any 
other point, in the same line ; then if weights be 
placed at b, a and e, proportional to the squares of 
the sines of the angles Cba, boD, aeD, x is the 
centre of gravity of these weights, (§ 26.^ Now, 
these weights having given ratios to one another, 
the locus of the point ?., from the known properties 
of the centre of gravity, is a straight line Lx, given 
in position. The point to be found is, therefore, 
in that line. For the same reason, it is in another 
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ttrdlght liM U^' also given in position i and there- 
fore it is in Q^ the point of their intersection. 

There ere many othef l^tnarkable pr6pertie8 of 
this pointy which appear sometimes in the form of 
Porisnu^ and sometimes <^ theot^ems. Of the for- 
mer» aome ciirions instanced will be found id Dr 
SmalPs Demonsfandions of Dr Stewart'i Theo- 
ntna.* Of the lttter» I shall only add onie» omit- 
ting the dcmolistration, which would lead into too 
hmg a d^resdon. << If Q be the point in a tri- 
angle from which perpendiculars are drawn to the 
«des of the triangle, so that the sum of their sqmiires 
is the- least poesiUe ; twice the area of the triangle 
is a mean pixqpottional between the sum of the 
squares of the sides of the triang^Ci and the sum of 
the squares of the above mentioned perpendicu- 
laM.'' 

S9« But to return to the subject of Porisms : It 
is eifident finom what has now appeared, that in 
some instances at least, there is a close connection 
between these propositions and the maxima or mu 
fuma^ atidi of consequence, the imposrible cases, of 
problems. The nature of this connection requires 
to be further investigated, and is the more interest- 
ing^ that the transition from the indefinite, to the 
impossUile oases of a problem seems to be made 
with wonderful n^idity. Thus, in the first pro- 

• Timng. R« S. Edin. Vt>l. IL p. \\% «c . 
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position, though there be uot> properly speaking, 
an impossible case, but only one where the point to 
be found goes off ad infinitum, we may remark, 
that if the given point F be any where out of the 
line HD, the problem of drawing GB equal to GF 
is always possible, and admits just of one solution ', 
but if F be in the line DH, the problem admits of 
no solution at all, the point being then at an inli- 
nite distance, and therefore impossible to be assign- 
ed. There is, however, this exception, that if thej 
given point be at K, in this same line DH, deter" ' 
mined by making DK equal to DL, then every 
point in the line D£ gives a solution, and may be 
taken for the point G. Here therefore the case of 
innumerable solutions, and the case of no solution, 
are as it were conterminal, and so close to one an- 
other, that if the given point be at K, the problem 
is indefinite, but that if it remove ever so little from 
K, remaining at the same time in the line DH, the 
problem cannot be resolved. • I 

I had observed this remarkable affinity between * 
cases, which in otlier respects are diametrically op- 
posite, in a great variety of instances, before I per- 
ceived the reason of it, and found, that by attend- 
ing to the origin which has been assigned to 
Porisms, I ought to have discovered it a priori. 
It is, as we have seen, a general principle, that a 
problem is converted into a Porism, when one, or 
when two, of the conditions of it, necessarily in- 
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^ve in them some one of the rest. Suppose, then, 
that two of the conditions are exactly in that state, 
which determines the third ; then, while they le- 
main fixed or given, should that third one be sup- 
posed to tary, or diflfer, ever so little, from the state 
required by the other two, a contradiction will en- 
sue. Therefine if, in the hypothesis of a problem, 
the conditions be so related to one another as to 
render it indeterminate, a Porism is produced; 
but if^ of the conditions thus related to one another, 
some one be supposed to vary , while the otherscon- 
tinne the same, an absurdity follows, and the pro- 
blem becomes impossible. Wherever, therefor^ 
any problem admits both of an indeterminate and 
an imposdUe case, it is certain, that these cases 
are nearly related to one another, and that some of 
the conditions by which they are produced, are 
common to both. This affinity, which seems to be 
one of the most remarkable circumstances respect- 
ing Porisms, will be more fully illustrated, when 
we treat of the algebraic investigation of these pro- 
positions. 

SO. It is supposed above, that two of the condi- 
tions of a problem involve in them a tiiird, and 
iriierever that happens, the conclusion which has 
been deduced will invariably take place. But a 
Porism may sometimes be so simple, as to arise 
from the mere coincidence of one condition of a 
proUem with another, though in no case whatever. 
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any inconsistency can take place between th) 
Thus, in the second of the foregoing propositii 
the coincidence of the point given in the probli 
with another point, viz the centre of gravity of the 
given triangle, renders the prohlem indetermiaate ; 
but as there is no relation of distance, or position, 
between these points, that may not exist, so tlie 
problem has no impossible case belonging to iti 
There are, however, comparatively but few PorisiB*^ 
so simple in their origin as this, or that arise En 
problems in which the conditions are so little eoi 
plicated j for it usually happens, that a prohU 
which can become indefinite, may also become i 
possible ; and if so, the connection between theie 
cases, which has been already explained, never fails 
to take place. 

31. Another species of impossibility may fy%n 
quently arise from the porismatic case of a probloS^ 
which will very much affect the application of geo. 
metry to astronomy, or any of the sciences of ex- 
periment, or observation. For when a problem is 
to be resolved by help of data furnished by experi- 
ment or observation, the first thing to be consider- 
ed is, whether the data so obtained, be sufficient 
for determining the thing sought j and in this a 
very erroneous judgment may be formed, if ive rest 
satisfied with a general view of the subject : For 
though the problem may in general be resolved 
from the data that we ai'e provided with, yet thcflti 
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date tdAj h9 80 relate to on^ anotl^r in the ease 
bcfora U9^ that the i»*oblein will ^come ind^termi- 
Date, and iutead of am solution, will admit of an 
iiifinita millibar. 

Suppoaet for iiistaiico» that it were required to 
datormino the position of a point F, (fig« 9») from 
knomiig thrt it wai situated ia the circumference 
of a ffiven clrole ABC, and also fbom knowing the 
ratio of its diataiices from two giyen points £ and 
D ( it is oartain> that in general these data would 
be siiffieimt for determining the situation of F : 
Q«yb nenrthalefls, if £ and D should be so situated» 
that they wnre in the same straight line with the 
oantro oX the given circle ; and if the rectangle 
under iheir distances from that eentre, were also 
equal to the square of the radius of the circle, then» 
as waa shown aboTe> (§ J.St) the position of F could 
not be determined. 

This paitiflular instance may not indeed occur 
in aay of the praotioal appiieations of geometry; 
but there ia one of the same kind which has actu- 
ally occurred in astronomy : And as the history of 
It is not a little singular, affording besides an ex- 
eeUent illnstration of the nature of Porisms, I hope 
to bo ewnsfld for entering into the following detail 
eonceming it» 

^ Sir IsaM? Newton having demonstrated, that 

tbe tnveotory of a comet is aparabola, reduced the 
aetual determination of the orbit of any particular 
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comet, to the solution of a geometrical problem, 
depending on the properties of the parabola, but of 
such considerable difficulty, that it is necessary to 
take the assistance of a more elementary problem, 
in order to find, at least nearly, the distance of the 
comet from the earth, at the times when it was ob- 
served. The expedient for this pui-pose, suggest- 
ed by Newton himself, was to consider a small 
part of the comet's path as rectilineal, and de- 
scribed with an uniform motion, so that four obser- 
vations of the comet being made at moderate in- 
tervals of time from one another, four straight lines 
would be determined, viz. the four lines joining 
the places of the earth and the comet, at the tiraeil 
of observation, across which if a straight line werW 
drawn, so as to be cut by them into three parts, ini^ 
the same ratios with the intervals of time above 
mentioned ; the line so drawn would nearly repre- 
sent the comet's path, and by its intersection with 
the given lines, would determine, at least nearly^i 
the distances of the comet from the earth at tia^, 
times of observation. 

The geometrical problem here employed, 13& 
drawing a line to be divided by four other lint 
given in position, into parts having given ratios ttf 
one another, had been already resolved by Dp) 
WalHs and Sir Christopher Wren, and to their so-j 
lutions Sir Isaac Newton added three others of hitfi 
own, in different parts of his works. Yet none of. 
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all these gckimeters observed that peculiarity in the 
problem which rendered it inapplicable to astrbno* 
mj. This was first done by Boscovich, but not 
till after many trials, when, on its application to 
the motion of comets, it had never led to any sa- 
tisfactory result, llie errors it produced in some 
instances were so considerable, that 2Ianotti, seek* 
ing to determine by it the orbit o£ the comet of 
17S9> found, that his construction threw the comet 
on the side of the sun opposite to that on which he 
had actually observed it. This gave occasion to 
Boscovich, some years afterwards, to examine the 
different cases of the problem, and to remark that, 
in one of them, it became indeterminate ; and that, 
by a curious coincidence, this happened in the only 
. case which could be supposed applicable to the as- 
tronomical problem above mentioned; in other 
words, he found, that in the state of the data, 
which must there always take place, innumerable 
lines might be drawn, that would be all cut in the 
same ratio, by the four lines given in position. 
This he demonstrated in a dissertation published 
at Rome in 1749> and since that time in the 
third volume of his Opuscula* A demonstration 
of it, by the same author, is also inserted at the 
end of Castillon's Commentary on the Arithme- 
tica Universalis, where it is deduced from a con- 
struction of the general problem, given by Thomas 
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Simpson, at the end of his Elements of Geometry.* 
The proposition, in Boscovieh's words, is this: 
'• Prohleraa quo quitritur recta linea qux quatuor 
rectas positione datas ita secet, ut tria ejus segmeH' 
ta sint invicem in ratione data, evadit aUquando in- 
determinatura, ita ut per quodvis punctum cujuBvis 
ex iis quatuor rectis duel possit recta linea, quis el 
eonditioni faciat satis." t 

It is needless, I believe, to remark, that the pro- 
position thus enunciated is a Porism, and that it 
was discovered by Boscovich, in the same way, in 
which I have supposed Porisms to have been first 
discovered by the geometers of antiquity. I shall 
add here a new analysis of it, conducted according 
to the method of the preceding examples, and to 
which the following lemma is subservient. 

Lemma I. Fig. 15. 

32. If two straight lines, AE and BF, be cut by 
three other straight lines, AB, CD, and EF, 
given in position, and not all parallel to one 
another, into segments having the same given 
ratio, they will intercept between them segments 



• Elements, p. 243, Edit. 3. Simpson's soluttoq is re- 
markably elegant, but no mention is made in it, of the tnde- 



t Jos- Boscovidi Op^Sj Bftssano. Tom. Ill, p. 5|>^^^^J 
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of the lines given in position, viz, AB, CD, EF, 
which will also have given ratios to one ano- 
th^n * 



* D«]ioNSTRATioN.^*«Through C and £ draw CH and £G, 
both parallel to AB, and let them meet BG, parallel to A£, 
m H and in G. Let GF and HD be joined ; and because 
AC is to CE, that is, BH to HG as BD to DF, by hypothe- 
sis, DH is parallel to GF, and has also a given ratio to it, 
viz. the ratio of GB to BH, or of EA to AC. Take GK 
equal to HD, and join £K, and the triangle £GK will be 
equal to the triangle CHD, and therefore the angle KEG is 
given, and likewise the angle KEF ; and since the ratio of 
GK to KF is given, if from K there be drawn KL parallel 
to EG, meeting EF in L, the ratio of EL to LF will be 
given* But the ratio of EL to LK is given, beeauae tbf 
Imoglk £KL is given in spede^ ; therefore tb^ ratio of FL 
to LK is given ; and the angle FLK being also given, the 
triangle FKL is given in species, as also the triangle FGE. 
The angle FGE being therefore given, the triangle KGE i$ 
given in sfiecies, and EG has ther^ore given ratios to EK 
and £F. But EG is equal to AB, and EK to CD, therefore 
AB, CD, and EF have given ratios to one another Q. E. D. 

Hence to find the ratios of.AB, CD, and EF; in EF 
take any part EL, and make as AC is to CE, so EL to 
LF ; through L draw LK partDlel to EG or AB, meeting 
BK, drawn through E parallel to CD in K ; then if FK be 
drawn meeting EG in G, the ratios required are the same 
with the ratios of the lines EG, EK, EF. This is evident 
from die preceding investigation. 

If it be required to find the position of the line AE, drawn 
through the point A, so as to be cut by CD and £F in.a 
given ratio ; draw Ac, any how, cutting DC in c, and pro- 
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Peop. VI. PoHisM. Fig. 16. 

33. Three straight lines being given in position, 
a fourth line, also given in position, may be 
found, such, that through any point whatever a 
straight line may be drawn, which will intersect 
these four lines, and will be divided by them into 
three segments, having given ratios to one ano- 
ther. 

Let AB, CD, EF be the three lines given in 
position, and OL the line to be found, and aS a 
given line, of which the segments a.^, &•/. yS have 
given ratios to one another. 

Let A be a given point in the line AB, and 



duce Ac to e, so that Ac may be to ce in the ratio which AC 
is to have to CE ; let cE be drawn parallel to DC, intersect- 
ing FE in E, and if AE be joined, it ia the line required. 

Hence the converse of the lemma is easily demonstrated, 
viz. that if AE and BE be two lines that are cut proportion- 
ally by the three lines AB, CD, EF; and if AB and EF, 
tlie parts of any two of these last, intercepted between AE 
and BF, be also cut proportionally, any how, in i andjl and 
if bflte joined, meeting the third line in d, bf will be cut in 
the same proportion with AE or BF. For, if not, let bf' be 
drawn from b, meeting CD in d', and EF in_/', so that bd''. 
d'f':'.AC:CE; then, by the lemma, A6:AB: :E/:EF;and 
bysupposition, A6: AB: 1 E/' 1 EF, tlieretbre Ef'=Ef, which 
is impossible. Therefore, &c. 
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suppose, that AO is drawn from it, intersecting the 
lines CD, £F, and OL in the points C, £, and O, 
and divided at these points into the segments AC, 
CE, £0, having the same ratios to one another, 
with the given s^ments afi, jS/, yh of the line aZ. 
Then, because the lines CD, EF are given in po* 
sition, and also the point A, die line AE is given 
in position and magnitude, (§ 32,) and therefore 
also EO, which has a given ratio to AE ; the point 
O is therefore given. 

Again, let B be any point whatever in AB, and 
let BL be drawn, according to the hypothesis of 
the Porism, so as to be divided in the points D, F, 
and L^ where it intersects the lines CD, EF, and 
OL into the parts, BD, DF, and FL, having the 
same ratios with the parts afi, ^, yh. 

Let also BG be drawn equal and parallel to AE, 
and let EG be joined ; EG will therefore be paral* 
lei to AB, and will be given in position ; and if 
GF be drawn, it will make given angles with EG 
and EF, because, by the preceding lemma, the ra- 
tio of AB to EF, that is, of EG to EF is given. 
Through L draw LN parallel to BG, meeting GF 
produced in N. 

Then because the triangles BFG, LFN are si- 
milar, GF is to FN as BF to FL, that is, in a 
given ratio ; and therefore, since FG also makes 
given angles with the two straight lines EG and 
EF, given in position, the point N is in t 
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line, given in position, and pas«ng through E, viz. 
EN. 

Now, since BF is to FL as BG to LN, and also 
as AE or BG to EO, LN and EO are equal, 
and being also parallel, OL is parallel to EN, that 
is, to 3 line given in position ; and the point O, in 
OL, is given, therefore OL is given in position ; 
which was to be found. 

Construction, From any two given points, A 
and B', in the line AB, draw AE and BT' inter- 
secfjng CD and EF in C, E, D' and F', so that 
AC may be to CE, and B'D' to DF in the sMne 
^ven ratio of a,3 to ^y, (§ 32.) Produce also AE 
to O, and B F' to L', so that AE may be to EO, 
and B'F' to FX' in the same given ratio of «>- to 
yb. If OL' be joined, it will be the line required. 

For let B' be any point whatsoever in AB, and 
as AB' to AB, so let OL' he to OL, and let BL 
be drawn, cutting CD' and EF' in D and F, the 
line BL is divided in these points, similarly to the 
given line ai. For since the two lines AO and 
B'L' are divided similarly by the three lines AB', 
CD' and OL', and since two of these last, AB' 
and OL', are also divided similarly to one another 
by the three lines AO, BL' and BL, BL will he 
divided in D, in the same ratio wherein B'L' is <M- 
vided in D', or AO in C, (Lem. 1. Conv.). [n 
the same way, BL is divided in F, in the same iit- 
tip wherein AO is divided in E ; BL is therefore 
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omibily £vidsd to AO» of to aa^ ^hioh wm to be 
dtntonstnited. 

d*. Honce it is ^aio^ ^ If two iimilniy divide 
linear m AD and BL^ h^ drawn any how, aad if 
rtraight line^ AB, CD, EF^ OI^ be diAwn throu^ 
the points of divisioti of these Unea, imnmmraUe 
lines may be placed between the lines AB, CD, 
£F and OI^ whidi will be dnridtd by them, drni* 
korly to the lines AOy nod BL/' For, by what is 
hem dnidastvatedy every litie which cott any two 
of th» linea ABy CD^ fto. proporti(Rially, will ako 
tMl the ocbtrs proportioidly, and will be ont by 
tliem into aegnients ha^ritif the lame mlao to 
me ttnotfaer^ with the ai^iMiits of the lines AO 
iUdBLw 

Fram this It fbUow% that the aabronomieil pro- 
blem above mentioned, becomes a Porism^ and is 
indatanninatei in the case when the observatidtds ^of 
the comet ate not very distant from one anothu:. 
Fbr en this snppOsitioi^ the arches described by the 
earthy and by the comet during the time in which 
the idiservataons are qpadsi will not differ ^u6h 
from two straight htiea } and these lines will be di- 
vided nniilarly to one another, because each of 
them will be divided into parts^ proportional to the 
hrtertala of time between the obsemition& The 
places of the earthy at the times of the observa- 
tionsi may therefore be iiearly r^oKHted by the 
pmits A, C, £ and O, in the straight line AO, 
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and those of the comet by the poiots B, D, F and 
L, in the straight line BL, these lines AO and BL 
being divided both into parts having the same ra- 
tios. The position of BL therefore is not given, 
since, by the Porism, it may be any line whatever, 
which cuts the two lines, AB and OL, in a certain 
ratio. 

It is also to be remarked, that in order to render 
this, or any other geometrical problem, of no use 
in questions where the data are furnished by oh- 
servation, and are consequently liable to some inac- 
curacy, it is not necessary, that the problem should 
be reduced exactly to the porismatic case ; for even 
on a near approach to that case, a very small error 
in the data will produce so great an error in the 
conclusion, that no dependence can be had upon its 
accuracy. 

This will be made evident, in the present in- 
stance, by considering how the construction of the 
Porism is subservient to the solution of the other 
cases of the problem. Suppose that four lines, AB, 
CD, EF, RS, (fig. 16,) are given in position, and 
that it is required to draw a straight line that shall 
be divided by these lines into parts having the ra- 
tios of the given lines a&, &y, yo. Let KT be that 
line, and assuming the pomts A and B', and draw.' 
ing the lines AO, BL', so that they may be similar- 
ly divided to the line oA, as in the construction oi 
the pQxism, then if OL be joined, it will be given 
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ia position, and the extremity K, of the line KT, 
will be in the line OL', by the Porism ; but it is 
also io the line ES ;. it is therefore given. Now, 
by the lemmas AT is to TB' as OK to KL', and 
the lines OK and KL' being given^ the ratio of AT 
to TB' is.given,.fl(6 that T is giveii, and therefore 
TK is given in position. Q» E. I« 

Nov^, it is evident, that if RS tnake a small angle 
with OL, any error in the determination of that 
angle will mudce a great variation in the position of 
the point K. A small change in it may, for in- 
stance, make RS parallel to OL, and consequent- 
ly will throw off K to an infinite distance, so that 
the line, which is sought, will be impossible to be 
found ; abd, in general, the variation of the posi- 
tion of K, corresponding to a giveii variation in the 
angle RKO, will be, cceteris paribus, inversely as 
the square of the sine of that angle. The nearer, 
therefore, thlit the problem is to the Porism, the 
less is the solution of it to be depended on, and 
the more does it partake of the indefinite cbanicter 
of the latter. 

S5. Sir Isaac Newton has extended the hypo- 
thesis of the problem from which the preceding 
Porism is derived, and has formed from it one more 
general, which he has also resolved, with a view to 
its application in astronomy. It is this : ** To 
describe a quadrilateral given in species, that shall 

VOL* IIL Q 
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have its angles upon four straight lines given in 
jwsition." * 

As it is evident, that the former problem is but 
a particular case of this last, it is natural to expect, 
that a Porisin is also to be derived from it, or tbat 
the lines given in position may be such, that the 
problem wilt become indeterminate. On attempt- 
ing the analysis, I have accordingly found this con- 
jecture verified ; the investigation depending on a 
lemma similar to that which is prefixed to the pre- 
ceding proposition. 



Lemma II. Fig. 17- 

If two triangles ABC, DEF, similar to a given 
triangle, be placed with their angles on three 
straight lines given in position, so that the 
equal angles in both the triangles may be upon 
the same straight lines, the ratios of the seg- 
ments of these straight lines, intercepted be- 
tween the two triangles, that is, of AD, BE, 
and CF, are given. f 




' Prin. Math. Lib. I. lera. 27- 

+ Demonbthation. — Complete the pftrallelograin under 
AC and AD, viz. AG, and on DG describe the triangle 
DGH, similar and equal to the triangle ABC. Join FG, 
BH and HE. Through G also, draw GK, equal and pa- 
rallel to HE, and join CK ; CK will be equal and parallel 
to BE, and the triangle CGK equal to the triangle BHE. 
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Prop. VII. Porism. Fig. 18. 

>. Three straight lines being given in position, a 
fourth may be found, which will also be given in 



The angle GCK is therefore given^ being equal to the given 
angle HBE ; and tlie angle (jCF behig given^ the angle 
FCK 18 also giv^. 

Tli^ triangles DHE^ DGF are similar ; for the angles 
FD£, GDH being eqnal^ the angles FDG, £DH are like- 
wise equal; and also^ by supposition^ FD being to DE as 
GD to DH, FD is to DG as DE to DH. The angle FGD 
is therefore equal to the angle EHD^ and FG is also to Elt, 
or to ItG^ as FD to DE, or as GD to DH. 

But if GL be drawn |>arallel to HD^ the angle KGL will 
be equal to the angle EHD^ diat is, to the angle FGD, and 
therefore the angle KGF to the angle LGD or GDH ; and 
it has been shown, that FG is to GK as GD to DH; there- 
fore the triangle FGK is similar to the triangle GDH, and 
b given in species. 

Drair GM perpendicular to CF, and GN making the 
angle MGN equal to the angle FGK or GDH, and let GM 
beto GN m the given ratio of FG to GK, or of GD to DH. 
Jom CN and NK. Then, because MG'.GNI IFGIGK, 
MG:FG::GN:GK; and the angle MGF being equal 
NGK, the triangles MGF, NGK are similar, and therefore 
GNK is a right angle. But since the ratio of MG to GN Is 
given, and also of MG to GC, the triangle CGM being 
given in species, the ratio of GC to GN is given, and CGN 
being also a given angle, because each of the angles CGM, 
MGN is given, the triangle CGN is given in species, and 
conaeqnently the ratio of CG to CN is given. The angle 
NCK is therefore given ; and the angle CNK is likewise 
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position, and will be such, that imuimerable qua^ 

drilaterals, similar to tlie saine given quadril*- 

. teral, may be described, having their angles plao- 

,,, ed, in the same order, on the four straight linei 

given in position. 

'"^ Let AD, BE, CF, be the three straight Uodi 
given in position, and able a given quadrilaten^ 
Let A be a given point in the line AD, and let 
ABLC be a quadrilateral, similar to the given qiii 
drilateral able, placed, so that the angles of the tri- 
angle ABC, similar to the given triangle abc, maj 
be, one of them, at the given point A, and t!if. 
other two, on the lines BE and CF. The pointe:^ 
B and C, and the triangle ABC, will therefore b|j 

}j 

given, each of the angles CNG, CNK being given, therefore 
the triangle CNK is also given in species. The ratio of CN 
to CK is therefore given, and since the ratio of CN to CG is 
also given, the ratio of CG to CK is given, and the triangle 
CGK given in species. The angle KGC is tlierefore given, 
and the angle KGF being also given, the angle CGF is given, 
and consequently the ratio of CG to CF. The ratios of the 
lines CG, CK and CF to one another, that is, of AD, BE 
and CF to one another, are therefore given. Q. E. D. 

Cor. Hence also it appears, how a triangle given in species 
may be described, having ita angles on three straight lines 
given in position, and one of the angles at a given point in 
one of the lines. The solution of this problem is therefore 
taken for granted, in the analysis of the Porism, though, for 
the sake of brevity, the construction is omitted. 
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number of sidesy as m, being given, and three 
straight lines being also given in position, m— 3 
straight lines may be foond given in position^ so 
that innumerable rectilineal figures may be describ- 
edt similar to the given rectilineal figure, and hav- 
ing their angles on the straight lines given in posi* 
tion.*' 

Hence also this theorem : ^^ If any two rectili- 
neal figures be described similar to one another, and 
if stnigfat lines be drawn, joining the equal angles 
of tihe two figures, innumerable rectilineal figures 
may be described, which will have their angles on 
these lines, and will be similar to the given rectili- 
neid figures ; and the segments of the lines given 
ki position, intercepted between any two of these 
C^^ur^ will have constantly the same ratio to one 
another/' 

As a LocuSf the same proposition admits of a 
very simple enunciation, and has a remarkable affi- 
nity to that with which Euclid appears to have in- 
troduced his first book of Porismsr ^ * If three of the 
angles of a rectilineal figure, given in speqites, be 
upon three straight lines given in position, the re- 
maining angles of the figure will als0 1^ pn straight 
lines, given in position/' 

If the rectili^eiil figures here referred to be such, 
as may be insfcribed in a circle, or in similar curves 
of any kind, agreeably to the hypothesis of the pro* 
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blem,* by which these last Porisms were si 
we shall have a number of other Porisms respecting 
straight lines given in position, which cut off, from 
innumerable such curves, segments that are given 
in species. A great field of geometrical investiga- 
tion is, therefore, opened by the two preceding 
propositions, which, however, we must at present 
be content to have pointed out. 

38. A question nearly connected with the origin 
of Porisms still remains to be resolved, namely, 
from what cause has it arisen, that propositions 
which are in themselves so impoitant, and that ao- 
tually occupied so considerable a place in the an- 
cient geometry, have been so little remarked in the 
modern ? It cannot indeed be said, that propositions 
of this kind were wholly unknown to the modenU 
before the restoration of vvliat Euclid had written 
concerning them ; for beside Boscovich's proposi- 
tion, of which so much has been already said, the 
theorem which asserts, that in every system of 
points there is a centre of gravity, has been shown 
above to be a Porism j and we shall see hereafter^ 
that many of the theorems in the higher geometry 
belong to the same class of propositions. We may 
add, that some of the elementally propositions of 
geometry want only the proper form of enunciation 
to be perfect Porisms. It is not therefore strictly 

• Prill. Math. Lib. I. I'rop. 39. 
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true, that none of the propositions called Porimvi 
have been known to the moderns ^ but it is certaaiiy 
that thef have not met, from them, with the atten* 
tion they met with, from the ancients, and that 
they have not been distinguished as a separate dass 
of pror'^tions. The cause of this difference is 
undoubte^y to be sought for in a comparison of the 
methods employed for the solution of geometrical 
problems in ancient, and in modem times. 

In the solution of such problems, the geometers 
of antiquity proceeded with the utmost caution, and 
were careful to remark every particular case, that is 
to say, every change in the construction, which any 
cJumge in the state of the data could produce. The 
difierent concUtions from which the solutions were 
derived, were supposed to vary one by one, while 
the others remained the same ; and all their posr 
sihle combinations being thus enumerated, a sepa- 
rate solution was given, wherever any considerable 
change was observed to have taken place. 

This was so much the case, that the Sectio Ra^ 
tionis, a geometrical problem of no great difficultyi 
and one of which the solution would be dispatched^ 
-accorcUng to the methods of the modem geometry^ 
in a single page, was made, by Apollonius, die sub* 
ject of a treatise consisting of two books. The first 
book has seven general divisions, and twenty-four 
cases ; the second, fourteen general divisions, and 
seventy-three cases, each of which cases is separata- 
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ly considered. Nothing, it is evident, that was any 
way connected with the problem, could escape a 
geometer, who proceeded with such minuteness of  
investigation. 

The same scrupulous exactness may be remarked 
in all the other mathematical researches of the an- 
cients ; and the reason doubtless is, that the geo- 
meters of tliose ages, however expert they were in 
the use of their analysis, had not sufficient experi- 
ence in its powers, to trust to the more general ap- 
plications of it. That principle which we call the 
law of continuity, and which connects the whole 
system of mathematical truths by a chain of insen- 
sible gradations, was scarcely known to them, and 
has been unfolded to us, only by a more extensive 
knowledge of the mathematical sciences, and by 
that most perfect mode of expressing the relations 
of quantity, which forms the language of algebra; 
and it is this principle alone which has taught us, 
that though in the solution of a problem, it may be 
impossible to conduct the investigation without as- 
suming the data in a particular state, yet the result 
may be perfectly general, and will accommodate it- 
self to every case with such wonderful versatility, as 
is scarcely credible to the most experienced mathe- 
matician, and such as often forces him to stop, in 
the midst of his calculus, and to look back, with a 
mixture of diffidence and admiration, on the un- 
foreseen harmony of his concluiiions. All this wt|S 
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unknoim to the ancients; and therefore they had 
no resource, but to apply their analysis separately 
to each particular case, with that extreme caution 
which has just been described ; and in doing S0| 
they were likely to remark many peculiarities, which 
more extensiTe views, and more expeditious me- 
thods of mvestigation, might perhaps have induced 
them to overlook. 

d9* Torest satisfied, indeed, with too general 
results, and not to descend sufficiently into particu- 
lar details, may be coi^dered as a vice that natu- 
rally arises out^ of the excellence of the modem ana- 
lyais. The effect which this has had, in concealing 
firoip us the class of propositions we are now consi- 
dering, cannot be better illustrated than by the ex- 
amj^e of tiie Porism discovered by Boscovich, in 
the maimer related above. Though the problem 
from whidi that Porism is derived, was resolved by 
several mathematicians of the first eminence, among 
whom also was Sir Isaac Newton, yet the Porism 
wfaidi, (IS it J^pp&Qs, is the most important case of 
it, was not observed by any of them. This is the^ 
more remarkable, that Sir Isaac Newton takes no- 
tke of the two most simple cases, in which the pro- 
4>lem obviously admits of innumerable solutions, viz. 
when the lines given in position are either all pa- 
rallel, or all meeting in a point, and these two hy- 
potheses he therefore expressly excepts. Yet he 
did not remark, diat there are other circumstances 
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which may render the solution of the problem inde- 
terminate, as well as these ; so that the porismatic 
case considered above, escaped his observation : 
And if it escaped the observation of one who was 
accustomed to penetrate so far into matters infinite- 
ly more obscure, it was because lie satisfied himself 
with a general construction, without pursuing it in- 
to its particular cases. Had the solution been con- 
ducted after the manner of Euclid or ApoUonius, 
the Porism in question must infallibly have been 
discovered. 

But I have already extended this paper to too 
great a length ; so that, leaving the use of algebra 
in the investigation of Porisms, to be treated of on 
another occasion, I shall conclude with a remark 
from Pappus, the truth of which, I would willingly 
flatter myself, that the foregoing observations have 
had some tendency to evince ; " Habent autem Po- 
rismata subtilem et naturalem contemplationem, ne- 
cessariam et maxime universalem, atque iis, qui sin- 
gula perspicere et investigare valent, admodum ju- 
cundam." 
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1. In the second volume of the Asiatic Researches, 
an extract is given from the Stirya Siddhanta, the 
ancient book which has been long, though obscure-* 
ly, pointed out as the source of the astronomical 
knowledge of the Brahmins. The Surya Siddhan- 
ta is in the Sanscrit language : It is one of the 
Sastras, or inspired writings of the Hindoos, and is 
called the Jyotisb, or Astronomical, Sastra^ It 
professes, as we learn from Mr Davis, the ingeni- 
ous translator, to be a revelation from heaven, com- 
municated to Meya, a man of great sanctity, about 
four millions of years ago, toward the close of the 
SatjB Jug, or of the Golden Age of the Indian 
mythologists ; a period at which man is said to have 
been incomparably better than he is at present ; when 

• FFom the Transactions of the Royal Society "of Edin- 
Imrgh, Vol. IV. <J798.)— Ed. 
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his stature exceeded twenty-one cubits, and liislife 
extended to ten thousand years. 

Interwoven, however, with all these extravagant 
fictions, tilts singular book contains a very sober 
and rational system of astronomical calculation; 
and even the principles and rnles of trigonometry, 
a science of all others the most remote from fable, 
and the least susceptible of poetical decoration. It 
is on the construction of the tables contained in 
this trigonometry, that I now beg leave to offer a 
few remarks. 

2. It is necessary to begm with observing, that 
the circumference of the circle is here divided into 
SGO equal parts, each of which is again subdivided 
into 60, and so on. The same division was follow- 
ed by the Greek mathematicians ; and this coinci- , 
dence is the more to be remarked, that it relates to . 
a matter of arbitrary arrangement, and one by no 
means necessarily connected with the properties of 
the circle. There are indeed some very obvious 
properties of that curve, that make it, though not 
necessary, at least convenient, that the number of 
pfti-ts, into which the circumference is divided, 
should be a number divisible both by 3 and by *, 
that is, that it should be a multiple of 12 ; but 
nothing more precise can be determined from the 
nature of the curve itself. The agreement of two 
nations, therefore, in dividing the circumference of 
the circle precisely ia the same manner, as it caiw J 
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not well be attributed to chance, must be supposed 
to result from some communication having taken 
place between them, if it were not that another 
very probable cause may he assigned for it* In 
Greece, and no doubt in every other country, the 
division of the circle, into equal parts, is of a much 
bldar date than the origin of trigonometry, and 
must be as ancient as the first circular instru* 
ments used for measuring angles in the heavens. 
Hie inventors of those instruments naturally sought 
to make the divisions on them correspond to the 
^pace which the sun described daily in the ecliptic ; 
and they could easily discover, without auy very 
precise knowledge of the length of the solar year, 
dutt this might be nearly effected by making each 
of them the d60th part of the whole circumference. 
Accordingly the- famous circle of Osymandias, in 
Egypt, described by Herodotus, was divided into 
360 equal parts. 

This principle may therefore have guided the 
astronomers, both of the East and of the West, to 
the same division of the circle, without any in^ 
teroourse having taken place between them. It 
has certainly directed the Chinese in their division, 
tiieugh it has led them to adopt one different from 
the Hindoo and Egyptian astronomers. They 
divide the^^drcle into 36^4 parts, which can have 
no other origin than the sun's annual motion: 
and some such division as this, may perhaps have 

VOL. III. R 
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H been the tirst that was employed by other natioov 

H *ho changed it however to the number 860, whiofc. 

H nearly answered the same purpose, and had besiddf 

H the great advantage of being divisible Into man^* 

H aliquot parts. The Cliinese, again, with whom th* 

H sciences became stationary almost from their birtfa^ 

H have never attempted to improve on the methotl 

H that first occurred to them. 3 

f 3. The next thing to be mentioned, is also ft 

matter of arbitrary arrangement, but one in whicS 

the Brahmins follow a metliod peculiar to themt 

selves. They express the radius of the circle it 

parts of the circumference, and suppose it equal M 

3438 minutes, or dOtiis of a degree. In this Umj 

are quite singular. Ptolemy, and the Greek mi^ 

thematicians, after dividing the circumference, U 

we have already described, supposed the radius fo 

be divided into GO equal parts, without seeking tit 

ascertain, in this division, any thing of the relattcft 

of the diameter to the circumference : and thui^  

throughout the whole of their tables, the chonb 

are expressed in sexagesimals of the radius, and the 

iirches iu sexagesimals of the circumference. Tliey 

had therefore two measures, and two units ; one for 

the circumference, and another for the diametob 

The Hindoo mathematicians, again, have but 

measure and one unit for both, viz. a minute of  

degree, or one of those parts whereof tlie circuift- 

ference contains 21600. From this identity of 
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measures, thej derite no inconsideraUe advantage in 
many calculations, though it must be confirasedt 
that the measuring of a straight line, the radius, or 
diameter of a circle, by parts of a curve line, name*- 
ly, the circumference^ is a refinement not at all oh* 
vioos, and has probably been suggested to them by 
some very particular view, which they have taken, 
of the nature and properties of the circle. As to 
the accuracy of the measure here assigned to the 
radius^ vis. 9498 of the parts of which the circum^ 
ference contains 21600, it is as great as can be at< 
tainedf without taking in smaller divisions than 
minutes, m 60ths of a d^ree. It is true to the 
nearest minute, and this is all the exactness aimed 
at in these trigonometrical tables. It must not how* 
ever be supposed, that the <iuthor of them meant to 
assert, that the circumference is to the radius, either 
accuratdy or even very nearly, as 21600 to 3438. 
I have shown, in another place,* from the Insti- 
tutes of Akbar, that the Brahmins knew the ratio 
of the diameter to the circumference to great exact- 
oe86f and supposed it to be that of 1 to 3.1416, 
which is much nearer than the preceding. Cal- 
culating, as we may suppose, by this or some other 
proportion, not less exact, the authors of the tables 
fiiundy that the radius contained in truth 3437^ 
44\ 48'% &c. ; and as the fraction of a minute is 

♦Psg«l6S, 
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H here more than a half, they took, as their constant 

H custom is, the integer next above, and called the 

H radius 3i3S minutes. The method by which they 

H came to such an accurate knowledge of the ratio 

 of the diameter to the circumference, may have 

 been founded on the same theorems which were 
subservient to the construction of their trigononw* 
trical tables.* « 

4. These tables are two, the one of sines, aaH 
the other of versed sines. The sine of an ardv 
they call cramqjya or jyapinda, and the versed, 
sine utcramajya. They also make use of the oat, 
sine or bkvjajya. These terms seem all to be deft' 
rived from the word j^a, which signifies the chorA 
of an arch, from which the name of the radius, ok> 
sine of 90°, viz. trijya, is also taken. This regW 
Jarity in their trigonometrical language, is a circuiDt 
stance not unworthy of remark. But what is <rf 
more consequence to be observed, is, that the use of 
sines, as it was unknown to the Greeks, who calcoP 
lated by help of the chords, forms a striking differ^ 
ence between the Indian trigonometiy and theinis 
The use of the sine, instead of the chord, is an itSf 
provement which our modem trigonometry owes, tA 
we have hitherto been taught to beHeve, to tbi}' 
Arabs ; and it is certainly one of the acquisition^ 
which the mathematical sciences made, when. 



• See Note 5 6. 
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tlieir expulsion from Europe^ they took refuge in 
the East. But whether the Arabs are the authors 
of this invention, or whether they themselves re* 
ceived it, as they did the numerical characters, 
from India, is a question, which a more perfect 
knowledge of Hindoo literature will probably enable 
US to resolve. 

No mention is made in this trigonometry, of 
tangents or secants ; a circumstance not wonderful, 
when we consider that the use of these was intro- 
duced in Europe no longer ago than the middle of 
the sixteenth century. It is, on the other hand, 
not a little singular, that we should find a table of 
versed sines in the Surya Siddhanta ; for neither the 
Greek nor the Arabian mathematicians, had any 
such, nor had we, in modem Europe, till afler the 
time of Petiscus, who wrote about the end of the 
century just mentioned. 

5. Next, as to the extent and accuracy of these 
tables. The first of them exhibits the sines to 
every twenty-fourth part of the quadrant, that is, 
the sine of 3^ 45^ and of all the multiples of that 
arch, viz. 7"" 30', 11^ 15', &c. up to 90\ The 
table of versed sines does the same. In each, the 
sine, or versed sine, is expressed in minutes of the 
drcumference, but without any fractions of a mi- 
nute, either decimal or sexagesimal ; and, agreeably 
to the observation already made, when the fraction 
that ought to have been set down is greater than 
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^, the integer next greater is placed in the tablci' 
Thus the sine 3° 43' being, when accurately ext' 
pressed in their way, 224.' 49", is put down ^25^. 
and so of the rest. The numbers, therefore, 
these tables, are only so far exact as never to differ 
more than half a minute from the truth, and thij 
very limited degree of accuracy gives no doubt tl 
their trigonometiy the appearance of an infant 
science : But when, on the other hand, we consida 
the principles and rules of their calculations, rathOT 
than the numbers actually calculated, we find tht 
marks of a science in full vigour and maturity! 
and we will acknowledge, that the Hindoo tnathor 
maticians did not satisfy themselves with the dfr' 
gree of accuracy above mentioned, from any inai> 
pacity of attaining to greater exactness. 

Their rules for constructing their tables of sine^ 
may be reduced to two, viz. the one for finding the , 
sine of the least arch in the table, that of 3" 45', 
and the other for finding the siucs of the multiples 
of that arch, its triple, quadruple, &c. Both of 
these Mr Davis has tmnslated, judging very right- 
ly, that it was impossible to give two more curious 
Bpecimens of the geometrical knowledge of the 
Hindoo philosophers ; the first is extracted from a 
commentary on the Surya Siddbanta; the other 
from the Surya Siddhanta itself. 

6. With respect to the first, the method pro. 
ceeds by the continual bisection of the arch of 30** 
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mA CiWre^OB^MA extrtptioDs of (be gq^nwre root, 
t9 find .ti»e one »pd cosine of the half, th» fmvth 
2Wrt« tbp eiglith p^it, aq^ m on, of thnt Arcb. 
Th§ rule^ vfkeu the auije of m arch is giyen, tP 
4lid tbiU; 9f half the arch, is precisely the «M»e 
/ifFith our own : ** The sine of w arch being givefiy 
Sod the Msine, and thence the versed 4ine, of tb^ 
i»me aroh : then multiply half the radius into tbe 
Fersed sine, and the square root of the product i/s 
the aine of half the given arch." Now, as th^ si^p 
of 30^9 vas well known to those mathematicians t9 
he hi^ the xiadius, it was of consequence given : 
thence by the rule just laid dowUj w^ found tj^e 
§i«9 erf 1$^, then of 7"" 90\ and Jastly of 9^ ^5', 
wlaiek is the ane nequired. Thus the sine ^^f 3^ 
i6' would be found equal to 9&M 4Vj as above ob^ 
served, and^ the sine of 7^ SO', equal to 448' .39% 
mudL taking the nearest integers, the fir^t was iQa^P 
equal to 225', and the second to 449'** 



* By such continual bisections^ the Hindoo mathemati- 
cians^ like those of Europe before the invention of infinite 
series, may have approximated to the ratio of the diameter 
to Ijie circumference^ and found it to be nearly that of 1 to 
3.1416 as above observed. A much less degree of geometri- 
cal knowledge than they possessed^ would inform them, that 
small arches are nearly equal to their sines, and that the 
smaller they are, the nearer is this equality to the truth. If, 
therefore, they assumed the radius equal to 1, or any num- 
ber at pleasure, after carrying the bisection of the arch of 



1 



264 ON THE TKICONOMETXty 

7. When, by the bisections that have just beett 
described, the sine of 3° 45' or of 225', was found 
equal to 225', the rest of the table was constructed 
by a rule, that, for its simplicity and elegance, as 
well as for some other reasons, is entitled to parti- 
cular attention. It is as follows : " Divide the 
first jyapinda, 225' by 225 j the quotient 1, de- 
ducted from the dividend, leaves 224', which added 
to the first jyapinda, or sine, gives the second, or 
the sine of 7° 30', equal to 449'- Divide the se- 
cond jyapinda, which is thus found, by 225, and 
deduct 2, the nearest integer to the quotient, from 
the former remainder 224', and this new remain- 
der 222', added to the second jyapinda, will give 
the third jyapinda equal to 67I'. Divide this last 
by 225, and subtract 3, the nearest integer to the 
quotient, from the former remainder 222', and 
there will be left 219', which, added to the third 



30'', two steps farther than in the above construction, they 
would tind the sine of the SS4th part of the circle, which, 
therefore, multiplied by 384, would nearly be equal to the 
circumference itself, and would actually give the proportion 
of I to 3.14159, as somewhat greater than that of the diame- 
ter to the circumference. By carrying the bisections ferther, 
they might verify this calculation, or estimate the degree of 
its exactness, and might assume the ratio of 1 to 3.1416 as 
more simple than that just mentioned, and SLifficieijtly near 
to the truth. 



^ 
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^(ipiiiday giTcs the fbarth; and ao oa unto the 
twenty-fiiiirth or kst'' 

It is not immediately obvious on what geometri'- 
cal principle this rule is founded, but a slight 
change in the enunciation will remove the difficul- 
ty. The remainder, it must be observed, from 
which the quotient is always directed to be taken 
away, is the difference between tha two sines last 
computed ; and hence the rule may be expressed 
miore generally: Divide any sine by 225, and 
subtract the quotient, or the integer nearest the 
quotient, fix>m the difference between that sine and 
the sine next less ; the remainder is the difference 
between the same sine and the sine next great- 
er; and therefore if it be added to the former, 
will give the hitter. If then, (fig. 19,) 6 A, GC, 
GE, be three contiguous arches in the table, of 
which the diflferences AC, CE, of consequence 
are equal, and of which the sines are AB, CD, and 
£F, die rule, as last stated, gives us CD — AB— 

— , for the difference between CD and EF, and 
therefore EF=CD+CD— AB— 2^=2CD— ^ 
— AB, and also EF+ AB=CD(2— g^)=CD 

(^)* ®^' ^^ ^ '^® ^^ ^^ *^^ *^^^ ^^ *^ • 
and 449 of twice that arch, as already shown ; and, 
therefore, according to this rule, if there be three 
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arches of which the common difference is 3° 45'^ 
the sine of the mean arch will always have to the 
sum of the sines of the extreme arches, a given ra- 
tio, that namely, which the sine of 3° 45' has to 
the sine of twice 3° 45', or of 7° 30' ; now, this is 
a true proposition j and therefore we are in pos- 
session of the principle on which the Hindoo ca- 
non is constructed. 

8. The geometrical theorem, which is thus shown 
to be the foundation of the trigonometry of Hia- 
dostan, may also be more generally enunciated. 
" If there be three arches iu arithmetical progres- 
sion, the sine of the middle arch is to the sum of 
the sines of the two extreme archea, as the sine of 
the difference of the arches to the sine of twice 
that difference." This theorem is well known in 
Europe ; it is justly reckoned a very remarkable 
property of the circle ; and it serves to show, that 
the numbers in a table of sines constitute a series, 
in which every term is formed exactly in the same 
way, from the two preceding terms, viz. by multi- 
plying the last by a certain, constant number, and 
subtracting the last but one from the product. 

9. Now, it is worth remarking, that this proper- 
ty of the table of sines, which has been so long 
known in the East, was not observed by the mathe- 
maticians of Europe till about two hundred years 
ago. The theorem, indeed, concerning the circle, 
from which it is ^uced. i«j<lfirone sbap? ©r w 
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^ther, has been known to them from uk eiily per 
rioAf Ad may be traced up to the writings of £u- 
didy where a proposition nearly related to it forms 
the 97tfa of the Data : ^^ If a straight line be drawn 
within a circle given in magnituda» cutting off n 
segment containing a given angle, and if the angk 
m the segment be bisected by a straight line pro* 
duced till it meet the circumference ; the strain^ 
lines, which contain the given an^e, shall both of 
them together have a given ntio to the straight 
line which bisects the angle." This is not precise- 
ly the same with the theorem which has been shown 
to be the foundation of the Hiddoo rale, but dif- 
fera from it only by a£Birming a certain relation to 
hdd among the chords of arches^ which the other 
affirms to hold of their sines. It i§ given by En- 
did as Qsefrd for the construction of geometrical 
prddems ; and trigonometry being then unknown, 
he probably did not think of any other application 
of it* But what may seem extraordinary is, that 
* when, about 400 years afterwards, Ptolemy, the 
asbrcmomer, ^constructed a set of trigonometrical ta- 
bles, he never ^^onsidered Euclid's theorem^ though 
he was probably not ignorant of it, as having any 
connection with the matter he had in hand. He, 
therefore, founded his calculations on another pro- 
position, containing a property of quadrilateral fi- 
guns inscribed in a cirde, which he seems to have 
investigated on purpose, and which is still distin- 
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gujshed by his name. This proposition compre- 
hends in fact Euclid's, and of course the Hindoo 
theorem, as a particular ca»c ; and though this case 
would have been the uiost useful to Ptolemy, of all 
others, it appears to have escaped his observation j 
on which account he did not perceive that every 
number in his tables might be calculated from the 
two preceding numbers, by an operation extremely 
simple, and every where the same ; and therefore 
his method of constructing them is infinitely more 
operose and complicated than it needed to have 
been. 

Not only did this escape Ptolemy, but it remain- 
ed unnoticed by the mathematicians, both Euro- 
peEins and Arabians, who came after him, though 
they applied the force of their minds to nothing 
more than to trigonometry, and actually enriched 
that science by a great number of valuable disco- 
veries. They continued to construct their tables 
by the same methods which Ptolemy had employed, 
till about the end of the sixteenth century, when 
the theorem in question, or that on which the 
Hindoo rule is founded, was discovered by Vieta. 
We are, however, ignorant by what train of rea- 
soning that excellent geometer discovered it ; for, 
though it is published in his Treatise on Angular 
Sections, it appears there not with his own demon- 
stration, but with one given by an ingenious mathe- 
matician of our o^vn country, Alexander Anderson 
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of Aberdeeb. It was then r^arded as a theorem 
entirely new, and I know not that any of the geo- 
meters of that age remarked its affinity to the pro- 
positions of Euclid and Ptolemy. It was sbcm aftet 
applied in Europe, as it had been so many ages be- 
fore in Hindostan, and quickly gave to the con- 
struction of the trigonometrical canon all the sim- 
plicity which it seem^ capable of attaining. Prom 
all this, I think it might fairly be concluded, even 
if we had no knowledge of the antiquity of the 
Surya Siddhanta, that the trigonometry c(mtained 
in it is not borrowed frpm Grreece or Arabia, as its 
fundamental rule was unknown to the geometers 
of both those countries, and is greatly preferable to 
that which they employed. 

10. Considerable light may perhaps hereafter be 
thrown on this argument, if it be found that the 
Surya Siddhanta contains a demonstration of this 
rule. It does not appear, however, from the fivg- 
ment we are in possession of, that any explanation 
of the rule is given, either in that work or in the 
commentary. Indeed, I am not certain that the 
Surya Siddhanta coptains any thing but rules and 
maxims, pr that the author of it condescends to 
give any demonstrations of the propositions which 
hei enunciates. He may have felt himself relieved 
irom the necessity of doing so, by his claim to in- 
spiration ; and as he probably valued himself more 
on the character of a prophet/ than of a geometeri 
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he may rather have inclined to exercise the faith, 
than the reason, of his disciples. 

However that be, by the rule above explained, 
the Brahmins have computed a set of tables, limit- 
ed, indeed, in their accuracy, but extremely simple 
and compendious. ITie rule is easily remembered 
by one whe has been accustomed to numerical cal- 
culation, and is such, that, by help of it, he may at 
any time compose for himself a complete set of 
trigonometrical tables, in a few hours, without the 
assistance of any book whatever. For the purpose 
of rendering it thus simple, the contrivance of 
measuring the radius, and all the sines, in parts of 
the circumference, seems to have been adopted: 
if we follow any other method, the rule, though it 
remain the same in reality, will assume a form 
much less easy to be retained in the memory. * It 

• This seems to me the most probable reason that can be 
Assigned for the measuring of the radius, and the other 
straight lines in the circle, in parts of the circumference. It 
is remarkable that the Hindoos should have been thus led, 
at so early a period, to put in practice a method, the same 
In the most material point, with one which has been but 
Ihtely suggested in Europe, as an important improvement in 
trigonometrical cklculatiou. In the Phil. Trans, for I78S, 
Dr Hutton of Woolwich propesed to divide the circumfier- 
ence, not into degrees, as is usually done, but into decimals 
of the radius ; and he has pointed out how the present tri- 
gonoraetrical tables might be accommonlated to this new di- 
vision, with the least possible labour, in a paper which dis- 
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has the appearance, like many 6ther things in thi) 
science of those eastern nations^ of being dnmis 
up by one who was more deeply rersed in the snb^ 
ject than may be at first imagined, and who knew 
much more than he thought it necessary to commuci 
niotite^ It is probably a compendium, fbiwed by 
seme anci^at adept in geometry, for the use of 
others who were merely practical calealatort^ 

Hi If we were not already acquainted with the 
h^h antiquity of the astronomjr of Hindostan^ 
nothing could appear more singular than to find a 
system of trigonometry, so perfect in its principles, 
in a book so ancient as the Surya Siddhanta. The 
antiquity of that book, the oldest of the Sastras, 
can scarce be accounted less than SOOO years before 
our era, even if we follow the very moderate sys- 
tem of In^an chronology laid down by Sir William 
Jones* * Now, if we suppose its antiquity to be no 

plays that intiinate acquaintance with the resources^ both of 
the numerical and algebraic calculus^ for which he is so 
much distinguished. His plan is^ in one respect^ the same 
with the Hindoo method^ for it uses the same unit to express 
both the circumference and the diameter ; in another respect 
it difibrs from it^ viz. in making the radius the unit^ while 
the other assumes for an unit the 360tih pairt of the circum- 
ference. Dr Htltton's plan has never been executed^ though 
it certainly wxmld be of advantage to have^ besides the ordi- 
nary trigonometrical tables^ others constructed according to 
that plan. 

* Asiatic Researches^ Vol. H. p. 111^ &c. 
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higher than this, though it bears in itself iatemal 
marks of an age still more remote, * yet it will suf- 
ficiently excite our wonder to find it contain the 
principles of a science, of which the first rudiments 
are not older in Greece than 130 years before om- 
era. The bare existence of trigonometrical tables, 
though they belong undoubtedly to a very elemen- 
tary branch of science, yet argues a state of greater 
advancement in the mathematics than may at first 
be imagined, and necessarily supposes the applica- 



• The obliquity of the ecliptic ia stated at 24" in the Su- 
rya Siddlianta, ag in all the other aetroiiomical tables o[ the 
Hindooi! which we are yet acquainted with. (P. 133.) Mr 
Davis concludes from this, (Asiatic ReaearclicB, Vol. II, p. 
2S8,) that if the obliquity diminish, at the rate of 50" in a 
hundred years, the Surya Siddhanta is at present about 3840 
years old, which goes back nearly 2000 years before the 
Christian era. But the diminution of the obliquity of the 
ecliptic, is supposed considerably too rapid in thU calcula- 
tion. According to Mayer it is 46 " in a century ; and ac- 
cording to Lagrange, (M6ni. Berlin, 17^2,) at a medium no 
more than 30". Thiq la«t is most to be depended on, as it 
proceeds on an accurate inquiry into t^e ^w of the secular 
variation frf the obliquity, that variation being by nq means 
uniform. Let us, however, take the mean, vis. 38", an4 the 
obliquity at ^e beginning of the present century having been 
23", 28', 41", we ahall have 5000 years for the age of the 
Surya Siddhanta, reckoned from that date, or about 330O 
years before Christ, vfhich is near the era of the CaJyoug- 
ham. 
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tion of geometrical reasoning to some of the more 
difficult jHToblems of astronomy and geography. 

As long. as the surveying of land, and the ordi- 
nary mensuration of surfaces and solids, are the 
only practical arts to which the geometer applies 
his speculations, he will naturally content himself 
with constructing his figures and plans by means of 
a scale, and an instrument for measuring angles, as 
by doing so he may attain to all the accuracy he 
can desire. But when, in the figui'es that are to 
be thus delineated, the sides happen to be extreme- 
ly unequal, and some of the angles very acute, or 
very obtuse, gi^phical operations become inaccu- 
rate, and a very small error in the measuring of 
one thing produces an enormous error in the esti- 
mation of some other. Lines, therefore, that ex- 
tend over a great tract of the earth's surface, and 
much more those that extend to the heavens, can- 
not be compared with the smaller lines, which we 
have an opportunity of measuring, by the bare con- 
struction of triangles and parallelograms; and when 
ever such comparisons are to be made, some other 
method must be sought for. It was precisely in 
such circumstances, that the inventive genius of 
Hipparchus suggested the application of arithme- 
tic to ascertain those ratios among the sides and 
angles of figures, which pure geometry afibrded no 
method of expressing. This union of geometry 
and arithmetic did not happen, however, till each 
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of these sciences separately had made great pro- 
gress ; for before the days of Hipparchus, Euclid, 
Archimedes, and Apollonius, had all flourished in 
succession, and had produced those immortal works, 
of which the lustre has not been obscured by the 
highest improvements of later ages. In the pro- 
gress of science, therefore, the invention of trigo- 
nometry is to be considered as a step of great im- 
portance, and of considerable dif&culty. It is ui 
application of arithmetic to geometry, with nhich 
we are now too familiar, to perceive all the merit 
of the inventor j but a little reflection will convince 
us, that he, who first formed the idea of exhibiting, 
in arithmetical tables, the ratios of the sides and 
angles of all possible triangles, and contrived the 
means of constructing such tables, must have been 
a man of profound thought, and of extensive know- 
ledge. However ancient, therefore, any book may 
be, in which we meet with a system of trigonome- 
try, we may be assured, that it was not written n 
the infancy of science. 

12. As we cannot, therefore, suppose the art of 
trigonometrical calculation to have been introduced 
till after a long preparation of other acquisitions, 
both geometrical and astronomical, we must reckon 
far back from the date of the Surya Siddhanta, be- 
fore we come to the origin of the mathematics 
sciences in India. In Greece, the constellations 
were first represented on the spliere, if we take* 
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dK draoQlogy of NewtMiw aad 
tint ulidi ii mam gemenUf nceiicd, iboul 1140 
jean heSmm fitt Ckriabm era ;* and Hii^ptidrat 
micBfted Ui|^iiotUj 190 years hebn die ttme 
en. Evoi ^ammg the Greeks^ lherefoie» in iatef^ 
¥al, ef at lean 1000 yeaia, elapsed from the fin* 
obMnationa ia antroncany* to the nuTentiott of tri* 
goManetiy; and we hate sordy no reason to sup- 
pose, that tlie progress of knowledge has been more 
rapid in etker coontries. 

A thaasand years therefinre must be added to the 
1^ of the Sorya SKddhanta, which we suppose here 
to be 4Q(X> before Christ, in wder that we may 
reach the origin of the sciences in Hindostan, and 
this brings va very nearly to the celebrated era of 
the Calyoogham, to which M. Bailly has already 
refisrred the construction of the astronomical tables 
of that country. And here, I cannot help obsorr- 
in^ in justice to an author, of whose talents and 
genius the world has been so unseasonably and so 
cruelly deprived, that his opinions, with respect to 
this era, aj^iear to have been often nusunderstood. 



* The sphere of Chiron and Museus was constructed, sc« 
Qordiiig to Newton^ about the year 936 before Christ (New« 
t<m'8 Chron. Chap. i. § SO.) According to the system gene- 
rally received^ the ancient sphere^ described by Eudoxusi 
was constructed about 1350 years before Christ (Dr Play* 
Chrcmology^ p. 37.) The medium is 1 1 43* 
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It certainly was not his intention to assert, that the 
Calyougham was a real era, considered with respert 
to the mythology of India, or even that at so re- 
mote a period the religion of Brahma had an exist- 
ence. The religious and civil institutions of Hin- 
dostan, as they now exist, may be all posterior to 
this date, and their antiquity is probably to be de- 
termined from principles that are not the objects of 
astronomical discussion. All, I think, therefore) 
that Bailly meant to affirm, and certainly all that 
is necessary to his system, is, that the Calyougham, 
or the year 3102 before our era, marks a point m 
the duration of the world, before which the foun- 
dations of astronomy were laid in the East, and 
those observations made, from which the tables of 
the Brahmins have been composed. 

On this, however, and on many more of the par- 
ticulars of the history of those remote ages, great 
additional light will undoubtedly be thrown, by the 
complete translation of the Surya Siddhanta. From 
the specimen which Mr Davis has given, we can 
neither doubt of the importance of such a work, 
nor of his abilities to execute it ; and we trust, that, 
to the zeal and liberality of our brethren of the 
Asiatic Society, the leanied world will soon be in- 
debted for the possession of this inestimable trea- 
sure. 
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L IHE observations which have been made to de- 
tennine the magnitude and figure of the earth, have 
QOt hitherto led to results completely satisfactory^ 
They have indeed demonstrated the compression 
Dr oblateness of the terrestrial spheroid, but they 
have left an uncertainty as to the quantity of that 
compression, extending from about the one hun- 
dred and seventieth, to the three hundred and 
thirtieth part of the radius of the equator. Be- 
tween these two quantities, the former of which is 
nearly double of the latter, most of the results are 
placed, but in such a manner that those best en- 
titled to credit are much nearer to the least ex- 
treme than to the greatest. Sir Isaac Newton, as 
18 well known, supposing the earth to be of uniform 
density, assigned for the compression at the poles 

^ nearly a mean between the two limits just 

• From the. Transaciifms of the Royal Society of Edhiii 
burgh, VoL V. (1 805.)— En. 
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mentioned ; and it is probable, that, if the com- 
pression is less than this, it is owing to the increase 
of the density toward the centre. Boscovich, tak- 
ing a mean from all the measures of degrees, so as 
to make the positive and negative errors, equal, 
found the difference of the axes of the meridian 
= -,-g. By comparing the degrees measured by 
Father Leisganig in Germany, with eight othen 
that have been measured in different latitudes. La- 
lande finds , and, suppressing the degree in 
Lapland, which appears to err in excess, -^ for the 
compression. Laplace makes it ^ ; Sqour x^, 
and, lastly, Carouge and Lalande ^^. I 

These results, which reduce the eccentricity (rf 
the meridians so much lower than was once sup- 
posed, agree well with the observations of the 
length of the pendulum made in difl^reat latitudes. 
Were the earth a homogeneous body. Sir Isaac 
Newton demonstrated, that the diminution of gra- 
vity under the equator would be =230' expressed 
by the same fraction with the compression at the 
poles. Clairaut made afterwards a very import- 
ant addition to this theorem i for he showed, 
that, if the earth be not homogeneous, but have a 
density that varies with any function of the dis- 



u 



THIS FIGURB OF THE EARTH. , 281 

tance from the centre, the two fractions, express- 
ing the compression at the poles, and the diminu- 
tion of gravity at the equator, when added together, 
must be of the same amount as in the homogeneous 

spheroid, that ifr, must be = r^ or - -, , Now, the 

seconds pendulum is concluded, from the best and 
most recent observations, to be longer at the pole 

than at the equator by — f and this, taken from 
jY^ leaves ^ for the compression at the poles. 

2. But though — , or some fraction not very 

different from it, should be admitted as the most 
probable value of the compression, or ellipticity, as 
it is called^ of the terrestrial spheroid, it still re- 
mains to be explained, why all the observations, 
considering the care with which they have been 
made, do not agree more nearly with this conclu- 
sion. Among the causes that may be assigned for 
this inconsistency, though unavoidable mistakes, 
and the imperfection of instruments, must^ome in 
for a part, there can be little doubt that local irre- 
guhuities in the direction of gravity have had the 
greatest share in producing it. Of these irr^u^ 
larities, that which arises from the attraction of 
mountains has had its existence proved^ and its 
quantity, in one case, ascertained, by the very ac-^ 
cwate observations of the present Astronomer-Royal 
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at Scheliallien in Perthshire. We may trace the 
operation of this cause in many of the degrees that 
have been actually measured. Thus, iu the degree 
at Turin, when divided into two parts, and each 
estimated separately, that which was to the north 
of the city, and pointed toward Monte Rosa, the 
second of the Alps in elevation, and the first per- 
haps in magnitude, was found greater in propor- 
tion tlian that toward the south, the plummet hav- 
ing been attracted by the mountain above mention- 
ed, and the zenith made of consequence to recede 
toward the sonth. There are no doubt situations 
in which the measurement of a small arch might, 
from a similar cause, give the radius of curvature of 
the meridian infinite, or even negative. 

But there is another kind of local irregularity in 
the direction of gravity, that may also have had a 
great effect in disturbing the accuracy of the mea- 
surement of degrees. The irregularity I mean is 
one arising from the unequal density of the mate- 
rials under and not far from the surface of the 
earth; and this cause of error is formidable, not 
only because it may go to a great extent, but he- 
cause there is not any visible mark by which its ex- 
istence can always be distinguished. The differ- 
ence between the primary and secondary strata is 
probably one of the chief circumstances on which 
this inequality depends. The primary strata, es- 
pecially if we include among them the granite, may 




inite, m ay " i 

I 



THE FIGURE OF THE EARTH. 28S 

often have three times the specific grarity of water^ 
whereas the secondary, such as the marly and ar- 
gillaceous, frequently have not more than twice the 
specific gravity of that fluid. Suppose, then, that 
a degree is measured in a country where the strata 
are all secondary, and happens to terminate near 
the junction of these with the primitive or denser 
strata, the line of which junction we shall also sup* 
pose to lie neariy east and west ; the superior at- 
traction of the denser strata must draw the plum- 
met towaiiL them, and make the zenith retire in the 
opposite direction ; thus diminishing the amplitude 
of the celestial arch, and increasing, of consequence, 
the geodetical measure assigned to a degree. From 
suppositions, no way improbable, concerning the 
density and extent of such masses of strata, I have 
found that the errors, thus produced, may easily 
amount to ten or twelve seconds. 

3. While we continue to draw our conclusions, 
about the figure of the earth, from the measure- 
ment of single degrees, there appears to be no way 
of avoiding, or even of diminishing, th§ effects of 
these errors. But if the arches measured are large, 
and consist each of several degrees, though there 
riiould be the same error in determining their ce- 
lestial amplitudes, the effect of that error, with re- 
spect to the magnitude and figure of the earth, 
will become inconsiderable, being spread out over 
a greater interval ; and it is, therefore, \ff the com- 
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parisou of t\vo such arcties that the most accurate 
result is likely to be obtained. But, in pursuing 
this method, since the arches measured cannot be 
treated as small quantities, or mere fluxions of 
the earth's circumference, the calculation must be 
made by rules quite different from those that have 
been hitherto employed. These new rules are de- 
duced from the following analysis. 

4. Let the ellipsis ADBE (fig. 20) repre- 
sent a meridian passing through the poles D and 
E, and cutting the equator in A and B. Let C ' 
be the centre of the earth, AC, the radius of the 
equator, =a, and DC, half the polar axis, =b. Let 
FG be any very small arch of the meridian, having 
its centre oi' curvature in H ; join HF, HG cut- 
ting AC in K and L. Let f be the measure of 
the latitude of F, or the measure of the angle 
AKF, expressed, not in degrees and minutes, but 
in decimals of the radius I ; then the excess of the 
angle ALG above AKF, that is, the angle LHK 
or GHF will be -?, and therefore FG=f xFH. 
Also, if the elliptic arch AF=z, FG=^33pxFH. 

But FH, or the radius of curvature at F, is = 

a-/r _» 
— — ii=a-H«^—a'.h\^p + 6'iin*p) ', aS 

is demonstrated in the conic sections. Therefore, 
if c be the compression at the poles, or the excess 
of a abov^ h, li'=a^—2ac+c^, or because c is small 
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ui comparbon of a^ if we reject its powers higher 
than the first, y=a*— 2ac, and FH=flf^(a-2c) 

But (a* — 2flC8in*f) ir=a'"^(l ^8in*p) i=fl~^ 



■'— 8in*f) nearly, 



Sc . 



that involve c*, &c. Hence FH=(a— 2c)(ih — sin>^) 

=11 — ^&-|-9ctin*f. 

Now zsrfXFH, therefore r=p(fl— 2c+8c8in*f) 



=:(« — 8i;)^Scf sin*^ But sin «p= — 2^-?, therefore 



r=(a — ^2c)f+3c^' — 3^0829, and taking the fluent 

tzz(a — |yp^-T-«in2p. To this value of z no con- 
stant quantity is to be added, because it vanishes 
when z =o. 

Therefore an arch of the meridian, extending 

from the equator to any latitude h is =:a(f>—^^<p+ 

3. This theorem is also easily applied to mea- 
sure an arch of the meridian, intercepted between 
any two parallels of the equator. 

Thus, if MN be any areh of the meridian, f the 
latitude of M, one of its extremities, and 9" that 
of N, its other extremity, we have  
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AN=flp''— ^( ^"+-sin2?>" V llierefore the arcli 

MN=a(»"—?'l— !({?''— p') + ^sin2r-^ain2p'). 

6. If, therefore, MN be an arch of several de- 
grees of the meridian, the length of which is known 
by actual measurement, and also the latitude of its 
two extremities M and N, this last fonnula gives 
us an equation, in which a and c are the only un- 
known quantities. In the same manner, by the 
measurement of another arch of the meridian, aa 
equation will be found, in which a and c are like- 
wise the only unknown quantities. By a compari- 
son, therefore, of these two equations, the values of 
a and c, that is of the radius of the equator, and its 
excess above the polar axis, may be determined. 

Thus, if I be the length of an arch measured, in 
the coefficient of a, and n of c, computed by the 
'last formula ; and if l be the length of any other 
arch, m' the coefficient of a, and n' of c, computed 
in the same manner, we have ma — nc=l, 

and m'a — n'c=l'. 

Whence a=— ; — -; c= — ; and-=-Tj — ?,. 

mn' — m'n mn' — m'n a n'l — nV 

It may be useful, in the numerical calculatioo, to ob* 
serve also that e= — ^. 

7< TI^ arch of the meridian, which was mea- 
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sured in Peru, compared wit& that measured in 
France, will aflbrd an example of the application of 
these formolas. 

Tlie amplitude of the arch measured in Peru 
was 3\ T- l'> and its length 17694O toises. To 
reduce this to the level of the sea, above which it 
was elevated 1S26 toises, 66 toises must be sub- 
tracted, and again 12 toises added to adapt it to 
the mean temperature of the atmosphere. Thus 
corrected it is I76886 toises. The arch measured 
begun 36' north of the equator, and extended to 
the parallel of 3"^. 6'. 25 south ; we shall suppose 
it to have b^un under the equator, and to have ex- 
tended to the parallel of 3^. 7* l'*^ supposition which 
can produce no sensible error, and will somewhat 
amplify die calculation. Thus p, in the preceding 
formula, is an arch of 3®. 7* 1' expressed in deci- 
mals of the radius 1, and so we have nt -.0544009f 
ii=.1086408, and /= 176886. 

Again, the amplitude o£ the whole arch measured 
in France from Dunkirk to Perpignan is S\ 20'. i'h 
and its length 475496 toises. The northern extre- 
mity of this arch is in latitude 5V. 2'. 1", and the 
southern in 42^ 41'. SS'i Hence r= .8907045, 
and ^^=.7452459, and therefore ni'=. 1454586, 
» =.0585735, /= 475496. 

Therefore, fl=^^J=^= 8273325 toises ; 



^=^^^= '^17 toi«s. 
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Wherefore also the longer axis of the meridiui i^ 
to its conjugate, or a is to i as 300 to 299. 

This proportion agrees well with that which was 
already pointed out as the most probable result, 
from the comparison of single degrees, and from 
observations of the pendulum. As these conclu- 
sions are obtained by different methods, they tend 
greatly to contirm one another. 

8. From this, too, it seems highly probable, that 
the uncertainty which yet remains with respect to 
the true figure of the earth will be entirely removed 
by the measurement of some other considerable 
arches of the meridian. Such an arch will be fur-' 
nished by the survey of Great Britain begun by 
General Roy, and still continued in a style of accu- 
racy so much superior to any other system of geo- 
metrical operations tliat lias ever yet been executed. 
In drawing the conclusions from observations made 
with such exactness, it may be necessary to employ 
a more accurate approximation than has been done 
in the preceding formUlce, by retaining the second 
power of c. The equations to be resolved will thus 
become of the second order, but as the unknown 
quantities can be nearly found by the solution of 
a simple equation, the farther approximation to 
their true values will be accompanied with no diffi- 
culty. 
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9. CoacerniDg this farther approximation^ it miSf 
be useful, however, to remark, that if c^ be retain- 
ed, its coefficient in the formula of § 4, will be tz 

10 

( ? + T ®'°^? ) y ^^^ therefore, in the formula of § 
5, it will be j^^Qp''— ^'+ ~ (sio^^"— sin^pO Y 

If then the quantity j4^(^9"— ^'+~(8»n49"— 
si^4f ) Y ootnpiited for any arch of the mendiin, be 

put zs^f and the same, computed fw any other 
arch, be =g\ the equations of § 6 will become 

ma^nc+^—z=:ij and 



it 

10. Here if we ptit rf for th6 talue of a, as given 
by the formula ^ ~ , ; and h for the value of c, 

te ^vtEffi by the fonnula ^^7— ^, e!t&o i) fot the 

correction to be made on d^ and u for the correc- 
tion to be made on A, so that a^d+v^ and (r=h+u^ 
by substitutmg these values of a and c in the two 

hBt dquatioiii^ we have ^n^-^.iitt+^^^=iO> and 

Heitoe, rejecting aU the terms that invdhre iii\ u% 
or t/p^ we have dnw-^-^dnu+gV+^ghv^O^ • 

and dm^v — drifu+^h^+^g^ko^O, 

TOL. III. T 
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Therefore, i>= .— ; - "^T"",*^ -' — tttt. also 

"^ da-idm+'2gli)~-^n(dm'+'2g'hy 
And, again, by rejecting those terms that are sm 

in comparison of the rest, i'= ' \'f,~'" ^' , , -, and 

h^'g'm—gm') 
- din'vi-n-m')' 

Thus V and u are found, and of consequence 
d+v and h + u, that is a and c, without neglectiog 
any terms that are not of an order less than - 

and when it is considered that — is less than ^^ 
it will readily be allowed that it is quite unnecessuf 
to carry the approximation farther. 

11. The same thing that renders the compai 
son of large arches of the meridian useful for let 
sening the effect of errors arising fi-om irregulan- 
ties in the direction of gravity, makes it serve to; 
diminish the effect of all the errors of the astroiUK 
mical observations at the extremities of the arche^. 
from whatever cause they arise. They are all ^ 
fused over a greater interval, and have an effect prti» 
portionally less in diminishing the accuracy of tbl 
last conclusion. 

12. The measurement therefore of large archai 
of the meridian, especially if performed in distant 
countries, is likely to furnish the best data for 
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certaining the true figure of the earth } and.on this 
account extensive and accurate surveys, such as that 
above mentioned, are no less interesting to science^ 
in general, than conducive to national utility. The 
survey of this Island, when completed, will furnish 
an arch of the meridian, banning at the same 
parallel where that measured in France terminates, 
and nearly of the same extent, so that die length 
of an arch of more than 16^, or almost a twentieth 
of the. earth's circumference, will becmne known. 
The different portions of this arch compared with 
one another, or with the arch measured in Peru, 
willaffiyrda variety of d^xte for determining the true 
Sgare of the earth« 

But surveys of the kind now referred to, aflbrd 
likewise other materials from which the solution of 
this great gec^raphical problem may be deduced. 
These are chiefly of two sorts, viz. the magnitude 
of arches, either of the curves perpendicular to the 
meridian, or of the circles parallel to the equator. 
Exam]^es of the first of these have been given by 
General Roy and Mr Dalby ; the observations 
which fdUow are directed toward both. 

13. With respect to the measurement of arches 
perpiendicular to the meridian, it may be observed, 
that the directions of gravity at different points of 
snch arches do not intersect one another at all, un- 
less the distances of those points from the said me- 
ridian be very small. On this account the measure* 
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ment of a large arch perpendicuJar to the in«:idMi] 
woald involve in it considerable difficulty ; to avoid 
which it is necessary that the arch measured be but 
small, or one that does not greatly exceed a single 
d^;ree. Such measurements are of course obnoxi- 
ous to all the errors that arise from the deflectioD 
of the plumb-line, and cannot therefore fiimish 
data for determining the figure of the earth, equally 
valuable with those which may be derived from 
large arches of the meridian. The method of d* 
termining the figure of the earth, from degrees tf 
the perpendicular to the meridian, is not howevn 
without its advantages, and in certain circumstancet 
is preferable to any other that proceeds by the me>i 
surement of arches equally small. This method is 
twofold ; as a degree of the meridian may be conW 
pared with a degree of the perpendicular to it JM 
the same latitude ; or two degrees perpendicular tl": 
the meridian, in dilferent latitudes, may be conte 
})3red with one another. The advantages peculiar V 
each will appear from the following investigation. 

\4t. Let it be required to find the axes of a 
elliptic spheroid, from comparing a degree of tlM 
meridian in any latitude with a degree of the curve, 
perpendicular to the meridian in the same lati^ 
tude. 

Let the ellipsis ADBE (fig. 20.) repres 
a meridian, of which a degree is measured at A 
Let the per{jendicular to the meridian in F 
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the le8B UI8 D£ in R. Then R will be tbe «eotre 
of curvature of the circle cutting the meridian at 
right angles in F ; for at any point in that circle in- 
definitely near to F, the direction of the plumb- 
line, or of gravity, as it always pataes through the 
axis D£^ will cut D£ in R i it will therefore also 
intersect FR in R, so that R is the centrci and 
RF the radius, of curvature of the perpendicular to 
<ihe meridian. Let H be the centre of curvature 
of the meridian itself at F : draw FO perpendicular 
to DEy and let the latitude of F, or the angle 
OFR=?. Also let AC=a, CD=Zf, and a—b=,c, 
as before. 

Then from the nature of the ellipsis, FO = 

,, "^rX,, , , and because sinFRO : 1 : : FO : FR, 

th^^ore, is the radius of curvature of the 
section of the spheroid perpendicular to the meri- 
dian at F. But the radius of curvature of the me- 

ridian at F, that is FH = , ^ ^ ,^ . ^ f therefore 
FR:FH:: ^ J. "^ ^, and di- 

viding both by ^ v?e have Fft : FH : : 

o*cos9*-f-6*8inp«:6«. 

1$. If then D be the length of a degree of the 
fl9«ndwi at F, and D' the length of » 49g««e of the 



2 

that is, ca8p:i::F0:FR, FR=-p===*^==?=; and 



circle at i%fat angles to it, D':d: ■.o'to6f'-+A*sinp*:*' 
•^0= ^? =¥^ 



- = -^ CT*f*+dBp*. Hence j 



y__ainp* 



Tim last formula, therefore, gives the ratio of a 
to b when D,D' and : are known. 

16. To find a and b themselves, if 171=51.^51, 
he or the number of degrees in the radius, so that 

niD'=:Fa= T, and since it has been 

^'  ^ 
already shown that p= . or 6-=^^^^!=!^ 



therefore mD'= 






4 and a=MD'cMyyi+ ^'°P' 



=r— Siof? 



therefore a= .*" ^^^ . 

17. This value of o is very convenient for la^- 
rithmical calculation y for if sinf ^/— he computed, 
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it will always be less than 1, because E/ is greater 
than D, and therefore may be taken for the sine 

of an arch >}., of which arch J\^^\ixf will of 
course be the cosine, so that g= ^ , P « 

COS-vJ/ 

The same method may be used for finding | 
from the formula in § 15. 

In the same manner that a has been found, we 

Will obtain h=r-- rr ^ r-. 

(l_sin^) ^- 

If we examine these formulas in the extreme 
crises, viz. when ^=90*, and when f=0, we shall 

liave in the former case a= >, because cosp=:0, and 

eJso D'= D, so that I7— TT7sin^f>=0. Here there- 

ibre a is indefinite, and may be of any magnitude 
yhatever ; and it is evident that this is the result 
¥hich the formula ought to give : because at the 
)ole, or when ^=90**, the perpendicular to the me- 
idian is itself a meridian, and therefore the mea- 
urement of the two degrees, D and IK, is but the 
ame with the measurement of one degree. 

When ?=0, that is at the equator, the circle per- 
^ndicular to the meridian is the equator itself, and 
ire have then a^mYX^ a being determined in this 
ase by the degree of the equator alonCi^ Here al- 

> we b^ve j=V|5-> which is known to be true. 
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L8. The preceding forniitlag may be rendered 
more simple, if we aim only at sn approximation, 
which indeed is all that is necessary in this inquiry. 
Since c denotes the compression, or since a—c=h, 
and therefore a^—^ac=b' nearly, consequently the 
radius of curvature of the meridian at F, that is 

-— sinf*), or mD=B — 2c+3c6inp*. In the same manner 
mD'=a-\-c&uif. From these equations we obtain, 
rejecting always the higher powers of c, 
„'L(LV_p) „^,p,_..(D--U).in.-^..j;^D;=!!., 
2cosp' 'iciiBp- a ZD'focf 

These fommlas may he transformed into others 
a Httle more convenient for computation, by put- 
ting secf* instead of ^— ;, and tanp* instead of 
-, ; we have then, 

«=mD'^|{D'— D)tanp', and 
-— 20' ^"' 

19* We may apply the^e formulas to the compu- 

tatiwi of -, fro. front the degrees of the mendiaa 

and perpendicular, measured in the south of Eng* 
land. We fhid, in one example, (Phil* Trass. 
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V795, p. 5370 th^ D=6085l fathoms, I/^ 
6U8^ ^ latitude, or f being = 50%41'. From 
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™" a"^2D'cos«9"" 2x61182(cos50^.41')2 ""148.4' 

which is nearly the same result with that deduced 
in the passage just referred to. Indeed, the solu- 
tion of this problem, contained in the Trigonome- 
trical Survey, is quite unexceptionable ; and the 
theorems here o£Pered are not given as containing a 
more acx^urate solution, but one that is in some re- 
spects more simple. 

The above compression, if the remarks already 
made be well founded, is much too great, being 
more than double of what was obtained from com- 
paring the whole arch of the meridian measured in 
France with the whole of that measured in Peru. 
At the same time it is right to observe, that all the 
other comparisons of the degrees of the meridian, 
with those of the curve perpendicular to it, made 
from the observations in the south of England, 
agree nearly in giving the same oblateness to the 
terrestrial Ispheroid. For this circumstance, it is 
certainly not easy to account ; the unparalleled ac- 
curacy with which the whole of the measurement 
has been conducted, makes it in the highest degree 
improbable that it arises from any error ; and even 
if errors were to be admitted, it is not likely that 
they should all fall on the same side. The authors 
of the Trigonometrical Survey seem willing, there- 
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fore, to give up the elliptic figure of the eartli, 
(^Jbid. p. 527 but before we abandon that very 
natural and simple hypothesis, it may perhaps be 
worth while to attend to the following considera- 
tions. 

20. In the part of England where the measures 
we are now treating of have been taken, the strata 
are of clialk, and though of great extent, are bor- 
dered, OD all sides that we have access to examine 
by strata much denser and more compact. Toward 
the west, the chalk is succeeded by limestone, and 
that limestone by the primitive schistus and granite 
of the west of Devonshire and of Cornwall. On 
the east we may suppose tiiat something of the 
same kind takes place, though the sea prevents us 
from observing it, as the chalky and argillaceous 
beds extend in this direction to the coast, and pro- 
bably to some distance beyond it. Now the meri- 
dian of Greenwich may be considered as dividing 
the tract of country occupied by these lighter strata, 
into two parts, in such a manner, that the plummet 
being carried to a distance from it, either east or 
nest, approaches to the denser strata, and is of 
course attracted by them, so that the zenith is 
forced back, as it were, to the meridian of Green- 
wich, and does not recede from it, in the heavens, 
at so great a rate as the plummet itself does on the 
earth. Hence the longitudes from this meridian, 
estimated by the arches in the heavens, intercepted 
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between the zenith and the said meridian, will ap- 
pear less than they ought to do ; and too much 
space on the surface of the earth will, of conse- 
quence, be assigned as the measure of a degree. 
In this way D' is made too great ; and we may 
suppose the circumstances such that D, on going 
north or south, is not enlarged in the same propor- 

tionj hence —57-- will be augmented, and of 

course - will be represented as too great. This ex- 
planation may perhaps appear very hypothetical, 
and it is certainly proposed merely as a hypothesis. 
It is a hypothesis, too, that lays claim only to a 
temporary induljgence, as it is proposed at the very 
moment when it may be brought to the trial, and 
when, by a further continuation of thp survey to- 
ward the north, it will probably be determined how 
ftr the distribution of the strata of this country af- 
fects the direction of gravity. It will, indeed, be 
curious to remark what irregularities take place on 
advancing into the denser strata of the north. The 
limestone and sandstone strata of the middle part 
of the island will succeed to the chalk of the south, 
the primitive and denser strata still occupying the 
west, at least at intervals, as in Wales, Cumber- 
land, and Gralloway. Further to the north, that 
is, beyond the Tay, the strata become entirely pri- 
piitive, most of them of the densest l^nd, and in 
the interior of the island, with a very few excep- 
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tionSi coDtinue the same to its most northern ex- 
tremity. In the survey of Britain, ther^ore, seve- 
ral situations must occur where the plummet, pass- 
ing from lighter to denser strata, ought to give in- 
dications of some irregularities in the direction of 
the gravitating force. It will be seen hereafter 
how far these conjectures are verified by experience. 
21. A remark, that is in no danger of being 
reckoned hypothetical, is, that the conclusion de- 
rived from the comparison of degrees of the meri- 
dian, with degrees of the circle perpendicular to it, 
becomes of necessity more liable to error as we ad- 
vance into higher latitudes. The reason is, that 
whatever error is committed in determining the 
magnitude of D"— D, must be multiplied into the 
square of the secant of the latitude, in order to 
give its full effect in changing the value of the 

Auction -. For it has been shown, that - = = 
jT— ^} ^ Jsec^P ; now, if we suppose the error com- 
mitted in ascertaining D' — D to be in all cases the 
same, the error of the fraction —^7- will also be 

in all cases nearly the same, the denominator D' 
being but little affected either by the supposed error, 
or by the change of latitude. But this error, which 
may thus be considered as a constant quantity, 

when multiplied into - sec*? , gives the variation or 
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CtTGt in -, vAiich error therefore increases, cofteris 

pariduSfBstlie square of the secant of the latitude, so 
that, on approaching the pole, it increases without 
limit, and is ultimately infinite. Comparisons of this, 
kind may therefore be expected to gire results the 
more accurate the nearer they are to the equator, 
under which, circle they will be the most accurate 
of all. Here^ again, however, another circumstance 
must be taken into consideration, viz. that the me- 
thod of ascertaining the differences of longitude by 
the convergency of the meridians, so convenient in 
surveys of this kind, is applicable only in high lati- 
tudes. In a trigonometrical survey, therefore, of a 
country lying much farther south than Britain, a 
different method of ascertaining the longitudes of 
places must necessarily be adopted. 

22. The theorems, which v^rere next proposed to 
be considered, are those that determine the figure 
of the earth from the measures of degrees of the 
curve perpendicular to the meridian, in different 
latitudes. For this purpose let D' be a degree of 
one of these curves, in the latitude 9', and D" a 
degree of one of them, in another latitude 9^". 
Then c being the compression, as before, we have 
by § 18, mD'=a+csmV, 

and also iwD"=fl^+csinV. 

Hence m (D'— D")=c(sinV'— sin^^O* ^^^ 
therefore c=: ^; ,~. / . 
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sin'is". Now, if we suppose ?" the quantity sought 
and add eosV to both sides of the preceding equa- 
tion, then 3cosV=sin-ij'4cos-a' — sin-f"— I — sin'f' 
=co8*p". The latitude i^" therefore must be such, 
that 008?'= V3 X cosp'. If, therefore, p' be such that 
cos^— -jz, the cosine of p" will be = 1 and f " there- 
fore =^0. Now, 54° 44' is the arch of which the 
cosine = — nearly, therefore, if a degree of the 

meridian, and of the perpendicular to it, be mea- 
sured in latitude 54° 4r4', the comparison of these 
with one another will give a result as accurate as if 
the degree of the perpendicular, in that latitude, 
were compared with the degree at the equator, 
and more accurate of consequence than if any 
Other degree of the perpendicular to the meri- 
dian, were to be compared with IV. 

26. Hence, also, the comparison of the degree 
of the meridian, and of the perpendicular to it, in 
the south of England, is better than if a degree of 
the perpendicular measured in that latitude were 
compared with a degree at the equator. For if, in 
the equation cosi»"=(c08^')V3, we make P'^SO' 
41', (or any tiling less than 54i°.44') P" will come 
out impossible. 

27. It may be shown, too, nearly in the same 
manner, that if a degree of the perpendicular tft 
the meridian were measured in Siberia, as far north 
as the latitude of 70°, supposing that to be pos- 
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sible, and compared with a degree in latitude 45% 
or even considerably farther south, it would not 
give a result so exact as the degree of the meridian 
and perpendicular measured in the south of Eng- 
land. This shows, that the method of ascertain- 
ing the figure of the earth, proposed by the au- 
thors of the Trigonometrical Survey, (Phil. Trans, 
ibid. p. 5^9$) as a subject of future inquiry, is less 
exact than that which is founded on their own ob- 
servations. 

28. We may also ascertain, by the same means, 
the relative accuracy of the method of finding the 
figure of the earth, from the comparison of a de- 
gree of the meridian with a degree of the perpen- 
dicular in the same latitude, and of the method of 
resolving the same problem by the comparison of 
two degrees of the meridian in different latitudes. 

If, then, D be a degree of the meridian, and 
D' of the perpendicular, in latitude f>, and if a be 
a degree of the meridian in a different latitude f^ 
it is required to find whether the most accurate 

value of -will be found, by comparing D and D', 

or D and a. 

Since we have, by what has been already ^stated, 

§4, 

niD=a — 2c+3csin*^, and 

m A =a— 2c+3csinV, we have also 

— =H — (sin*f — sinV) and therefore, 

VOU III. u 
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a 3 a («m*f— 8in*f') 

Now, it has been already shown, thaty by com- 
paring D and D' we have ^=^p^- SuppooBi^ 

therefore, equal errors to be committed in the de- 
termination of D — A, and of D^ — D, and also 
paying no regard to the inequality of a and IV 
in the denominators of these fractions, as it is not 
so great as materially to affect the quantity that is 

sought for here, we shall have the errors in - near- 
ly the same in both formulas, when ^ and f/ are 
such that 2cos*fni3sin'f — Ssin*?', or when -cosf^s 
sin'f— sin^f ', that is, adding cos^f to both sides, 
^50S*f=:sinV+cos'f — sinV, and, therefore, ^eo^^ 

1— sinV=cos'f', or cos^'=i(cos?) V-, 

29. If, therefore, cos,2'— V-, cos9'=:l, that is ^'=0, 

5 

so that A, the second of the degrees of the meri- 
dian, must in this case be under the equator. But 

V7 is the cosine of 39^ 14', in which latitude 

o 

therefore if D and D' be measured, the result, 
by comparing them with one another, is as exact 
as if D were compared with the degree under the 
equator. Hence, if D and D' are measured in a 
lower latitude than the above, the result will be 
more exact, than if D were compared with the 
degree at the equator. 
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If wt suj^poie D wd D', measured in the south 
of Englandt so that 9=50* .4*1 ' ; then we will have 
f9=S5^J7'f to that D must be eompared with a de^ 
pM of the meridian as far south as S5\7\ in or- 
dfsr that the result may be as good as when D and 
Df ave compared with one another. 
' Kojn this it is evident, that the method of com- 
paring degrees of the meridian, and perpendicu- 
lar in tbe same latitude, has even an advantage 
mer the comparison of degrees of the meridian in 
different latitudes, unless these last are taken at a 
oiinsiderable distance from one another. 

In this way may -many useful conclusions be de- 
rived concerning the degree of credit due to mea- 
ini^ments already made^ as well as with respect to 
dift selection of the places where they are to be 
made hereafter. On these I shall enter no fur- 
ther at present, and shall only add, that, besides 
tii^ advantages or disadvantages which the method 
of comparing together degrees of the meridian 
Old perpendicular in the same latitude has, and 
iiliich are subjects of calculation, it has another 
advantage, which in the case of the British survey 
10 muloubtedly very great, riz. that all the data 
Wtt fnmished from one system o£ trigonometrical 
eperations ; executed according to the same plan, 
wtk the same instrum^its, aad by the same ob- 
iBwers. 

80. One other application of gecmietrical mea- 

11 
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surements to discover the figure of the earth yet 
remains to be considered. This is the comparison 
of an arcli of the meridian with an arcli of a pa- 
rallel of latitude which crosses it. The measure 
of a parallel of latitude can be executed re: 
and is not confined to a small arch as in the 
of a perpendicular to the meridian. The pluml]> 
line, while it is carried along the circumference of 
a parallel to the equator, tends continually to the 
same point in the earth's axis, so that thereiil 
no difficulty in ascertaining the amplitude of 
arch measured, providing there be no unusual 
turbance of the direction of gravity. As 
of a parallel to the equator, however, is not tlic 
shortest line between two points on the surface of 
the spheroid, the measurement along that surface 
will not give the length of the arch truly. To ob- 
viate this difficulty, it is only necessary to follow 
the method so properly introduced into the Trigo- 
nometrical Survey, of reducing the measures, both 
of lines and angles, to the chords and to the planes 
of the rectilineal triangles contained by them. In 
this way, the chord of an arch of a parallel of la- 
titude may be determined, however great the arch ; 
and it is worthy of being remarked, that, whatever 
he the deflections of the plumb-line at the inter, 
mediate stations, when the reductions are all pnir 
perly made, the length of the chord measured mv^ 
not be affected by them ; the amplitude of the arch 



J 
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indeed may be affected by such deflections, if they 
happen at its extremities ; but the effect of this 
error will be rendered the less, the greater the arch 
ihat is measured. We may suppose, thereforCf 
that the chord of a large arch of a parallel of la- 
titude is measured, and the amplitude of the arch 
itself at the same time accurately ascertained. 
This last may be done, either by measuring the 
convergency of the meridians, if it be in a high 
latitude, or by any other method of ascertaining 
differences of loi^gitude which admits of great 
accuracy. The chord being thus given in fathoms, . 
and the arch subtended by it being given in de- 
grees aijid minutes, the radius of the parallel itself 
becomes known. 

SI • Now, if we would compare the radius of a 
parallel thus found, with a large arch of the meri- 
dian, we shall have by that means a determination 
of the figure of the earth, not less to be relied on 
than that given in the beginning of this paper. 
The investigation is easy by help of «the theorems 
in § 5 ai^d 6. Let FO be the radius of a paral- 
lel to the equator, which passes through F, the 
latitude of which is ^, and is supposed known ; 
and let FO found by the method just described 

be =r, then, as in § 4, r= , ^ "1 . ^^- # = 
" ^ , according to the method of redu<?- 
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tiofi fc^lowed ia the preceding articles of this pi^MAr. 
Then, because J\ ^giDf*=i + *sinp* nearly, mi , 



i 



have r= cosp(l+ -«inf*)=flcosir+c«in^eoB^, or if lA 

^  I 

divide by owft^— =fl-|-cBifif*. Let ^^=/, th«B \ 

33. Again, if ip- and ^ are the latitudes of tilt 
extremities of an arch of the meridian, the length ef 
which has been measured, and found =/, then, ae> 
cording to § 5, we have /■=a(f"— c'j— ^ ({^•' — p'|+~ 
(sine?" — sin3p') \. If, therefore, m be the coefficieol 
of a, in the former equation, and n the coefEcieol 
of c J and if tw' be the coefficient of a, in the tattef 
equation, and n' of c, we have, as in § 6, 



, and L=- 



=^rr;;^,^ ; also - =^^;^-^. 



33. In this way of determining a and c, the 
parallel of latitude may either intersect the arch 
of the meridian measured or not. If it intersect 
that arch, this method may have the same advu- 
tage that was taken notice of in another solutioiii 
viz. that the whole of the data may be furnished 
irom the same system of trigonometrical operations. 
Thus, in the survey of Great Britain, an arch of j> 
or 6 degrees of a parallel to the equator might be 
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meararedy and compared with the whole length of 
the meridian, comprehended between the northern 
and southern extremities of the Islandi amounting 
neariy to 9 degrees. 

It is plain, from what has already been said, that 
die result deduced from this comparison would pos- 
sets every advantage, and would be entitled to 
mote credit, than any determination of the figure 
of the earth that is yet known. 

S4p« On the supposition that, in the survey of a 
country, the measurement is made along a series of 
triangular planes, all given in position and magni- 
tude, there is yet another method of determining 
the figure of the earth, more general than any of the 
former. On the supposition just mentioned, it is 
evident, that the length of a straight line, or chord, 
drawn from a given angle of any one of these tri- 
angles, to a given angle of any other of them, may 
be found by trigonometrical calculation. Let the 
latitudes be observed at the extremities of this 
diord, and also the difiPerence of longitude ; then, 
finom the nature of an ellipsoid, the length of this 
same chord may be expressed, in terms of the axes 
a and &, together with the latitudes of the extremi- 
ties of the chord, and the difference of longitude 
between them ; and this expression being put equal 
to the length of the chord measured, will give an 
eqnation, in which all the quantities are known, ex- 
cept a and b. Further, i{a=^b+ c, and if the said 
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expression be reduced ioto a series, with the powers 
of c ascending, that series will converge very rapid- 
ly, because c is small in respect of a ; then, for a 
first approximation, we may reject all the terras 
that involve the powers of c higher than the first, 
by which means we shall have a simple equation of" 
the form ma+nc^l, where m and n are functions 
of the latitudes tnd difference of longitude, and / is 
the length of the chord. 

Now, if a similar equation be derived fixim the 
measurement of any other chord, these two equa- 
tions will give a and c in the same manner as in 
§ 6 ; and thus, from the measurement of any two 
chords, the figure of the earth will be determin- 
ed. 

35. The length of the chords, thus measured, 
should be great, so that they may, if possible, sub- 
tend angles of several degrees, and their position 
will be most favourable when one of them is in the 
plane of the meridian, and the other nearly at right 
angles to it. The numerical computation will be 
found less laborious than might be imagined ; but 
the complete solution of the problem, and the full 
detail of the investigation, I am under the necessity 
of delaying to some future communication. 

There seems to be but one difficulty of any con- 
sequence that stands in the way of this method of 
determining the figure of the earth. Jt arises from 
this, that the ascertaining the position of the sup. 
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posed series of triangular planes relatively to one 
another, involves in it the allowance to be made for 
the terrestrial refraction, which it must be confeissed 
is not accurately known, and is the more difficult to 
determine, that it is unavoidably combined with 
the irregularities in the direction of gravity. It is 
possible, indeed, to separate these- two sources of 
error,, but not without a system of escperiments in- 
stituted directly for that pui*pose. 
. 36. The determination of the difference of lon- 
gitude, which enters necessarily into this problem, 
except in the case when both chords are in the di- 
rection of the meridian, must also be performed 
with great accuracy. Among the different ways 
of doing this, that which proceeds by observing 
the convergency of the meridians, though the best 
accommodated to the nature of a trigonometrical 
survey, is not the least liable to objection. For, 
not to mention that it is only practicable in high 
latitudes, we must observe, that it always implies a 
correction on account of the ellipticity of the me- 
ridian, which is therefore necessarily hypothetical, 
and depends on the very thing that is to be found* 
This inconvenience, however, may be obviated by 
repeated approximations, and by an accurate solu- 
tion of spheroidal triangles. On this latter sub- 
ject it was my intention to offer to the Society some 
theorems, that contain more direct and fuller rules 
for this kind of trigonometry than any that I have 
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yet met with. I am under the necessity, however, 
of reserving these, as well as the solution of the 
problem above mentioned, for the subjects of some 
future communication. In the mean time, I think 
it is material to observe, that the principle laid 
down by Mr Dalby, viz. that in a spheroidal tri- 
angle, of which the angle at the pole and the two 
sides are given, the sum of the angles at the base 
is the same as in a spherical triangle, having the 
Bame sides, and the same vertical angle, Is not 
strictly true, unless the eccentricity of the spheroid 
be infinitely small, or the triangle be very nearly 
isosceles. The application of the principle may 
therefore lead into error, unless it be made with 
due attention to these restrictions. Tlie gentle- 
man just named will forgive a remark, which I 
certainly shoidd not have made, if I had been less 
interested for the success of the work, in which he 
has assisted with so much ability. 
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The investigations which I have at present the 
honour of submitting to the Royal Society, were 
9iggested by the experiments which have been 
made of late years concerning the gravitation of 
terrestrial bodies, first, by Dr Maskelyne, on the 
Attraction of Mountains, and afterwards by Mr 
Cavendish, on the Attraction of Leaden Balls. 

In reflecting on these ejqperiments, a question 
naturally enough occurred, what figure ought a 
given mass of matter to have, in order that it may 
attract a particle in a gitien Erection, with the 
greatest force possible 7 This seemed an inquiry 
iMXt of mere curiosity, but ooe that might be 
^> use in the further prosecution of such experii- 



* From the Transactions of the Royal Soaeiy of Edin- 
ufgh. Vol. VI. (1809.)— Ed. 
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ments as are now referred to. On considering th^ 
question more nearly, I soon found, though it be — 
longs to a class of problems of considerable diffi- 
culty, which the Calculus Variationum is usually 
employed to resolve, that it nevertheless admits of 
an easy solution, and one leading to results of re- 
markable simplicity, such as may interest Mathe- 
maticians by that circumstance, as well as by their 
connection with experimental inquiries. 

In the problem thus proposed, no condition vm 
joined to that of the greatest attraction, but that 
of the quantity of homogeneous matter being given. 
This is the most general state of the problem. It 
ia evident, however, that other conditions may !« 
rombined with the two preceding ; it may be re- 
quired that the body shall have a certain figure, 
conical, for example, cyiiudric, kc. and the pro- 
blem, under such restrictions, may be still more 
readily applicable to experiments than in its nH»t 
general form. 

Though the question, thus limited, belengi to 
the common method of Maxima and Minima, it 
leads to investigations that are in reality consider!- 
*bly more difficult than when it is proposed in its 
atmost generahty. 

Among the following investigations, there an , 
also some that have a particular reference to the 
experiments on SchehalJien. A few years ago, an 
attempt was made by Lord Webb Seymour and 
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myadC toward such a survey of the rodks whicli 
compoae that mountain, as might afford a tolerable 
ertimatc of their specific gravity, and thereby serve 
to correct the conclusions, deduced from Dr Mas* 
kelyne's observations, concerning the mean dendity 
of the earth« The account of this survey, and d( 
the conclusions arising from it, belongs naturally 
to the Society under Whose direction the original 
experiment was made ; what is offered here, is m 
investigation of some of the theorems employed in 
obtaining those conclusions. When a new ele** 
ment, the heterogeneity of the mass, or the un* 
equal distribution of density in the mountain, was 
to be introduced into the calculations, the ingeni- 
ous methods employed by Dr Hutton could not aU 
ways be pursued. The propositions that relate to 
the attraction of a half, or quarter cylinder, on 4 
particle placed in its axis, are intended to remedy 
this incfonvenience, and will probably be found 0f 
use in all inquiries concerning the disturbance of 
the direction of the plumb-line by inequalities* 
whether in the figure or density of the exterior 
erust of the globe. 

The first of the jMroblems here resolved, hasi 
been treated of by Boscovich ; and his solution isi 
mentioned in the catalogue of his works* as pub-< 
Ushed in the Memoirs of a Philosophical Society at 
i^isa. I have never, however^ been able to procure 
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a siglit of these memoirs, nor to obtain any accounfll 
of the solution just mentioned, and therefore am- ' 
sensible of hazarding a good deal, when I treat oF 
a subject that has passed through the hands of so 
able a mathematician, without knowing the con- 
clusions which he has come to, or the principles . 
which he has employed in his investigation. In 
such circumstances, if my result is just, I cannot 
reasonably expect it to be new ; and 1 should, in- 
deed, be much alarmed to be told, that it has not I 
been anticipated. The other problems contained 
in this paper, as far as I know, have never been 
considered. 

1. To find the solid into which a mass of ho- 
mogeneous matter roust be formed, in order to at- 
tract a particle given in position, with the greatest 
force possible, in a given direction. 

Let A (Fig. 21) be the particle given in posi- 
tion, AB the direction in which it is to be attract- 
ed ; and ACBH a section of the solid required, by 
a plane passing through AB. 

Since the attraction of the solid is a maximum, 
by hypothesis, any small variation in the figure of 
the solid, provided the quantity of matter remain 
the same, will not change the attraction in the di- 
rection AB. If, therefore, a small portion of mat- 
ter be taken from any point C, in the superficies of 
the solid, and placed at D, another point in the 
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aue superficies, there will be no variation produc • 
^ in the force which the solid exerts on the par- 
ticle Ay in the direction AB« 

The curve ACB, therefore, is the locus of all 
tlie points in which a body being placed, will at- 
tract the particle A in the direction AB, with the 
same force* 

This condition is sufficient to determine the na- 
ture of the curve ACB. From C, any point in 
that curve, draw CE perpendicular to AB ; then 

if a mass of matter placed at C be called m^ -— ^ 

will be the attraction of that mass on A, in the di- 

rection AC, and j^^^ ^iU be its attraction in 

the direction AB. As this is constant, it will be 

fit 
equal to -^^, and therefore AB*xAE=AC'. 

All. the sections of the required solid, therefore, 
by planes passing through AB, have this property, 
tha^ AC?= AB^ x AE ; and as this equation is suf- 
ficient to determine the nature of the curve to 
which it belongs, therefore all the sections of the 
solid, by planes that pass through AB, are similar 
and equal curves ; and the solid of consequence 
may be conceived to be generated by the revolution 
of ACB, any one of these curves, about AB as an 
axis. 

The solid so generated may be called the Solid 

VOL. III. X 
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of greatest Attraction ; and the line ACB, the 
Curve q/'equal Attraction. 

2. To find the equation between the co-onlinatM 
of ACB, the curve of equal attraction. 

From C (Fig 21.) draw CE perpendicxdar to 
AB i let AB=a, AE=^, EC^^. We have found 

AB*xAE=AC\ that is, a' j-=(,r»+j,") ^, or «**'= 
{x' + y^fj which is an equation to a line of the 6lli 
order. 

To have y in terms of *■ x'-\-y*=a- a: *, 5'=(i^ *' 

— x',and^=-<-'^o^_-;r'. j 

Hence ^—0, both when x—0, and when s~a. 
Also if i' be supposed greater than a, y is impossi- j 
hie. No part of the curve, therefore, lies beyond A 
B. ' 

The parts of the curve on opposite sides of the 
line AB, are similar and equal, because the positive 
and negative values of ^ are equal. There is also 
another part of the curve on the side of A, oppo- 
site to B, similar and equal to ACB ; for the 
values of y are the same whether x be positive or 
negative. 

3. The curve may easily be constructed without 
having recourse to the value of ^ just obtained- 

Let AB=a, (Fig 21,) A.C=z, and the aqgle 
BAC — p. Then AE=AC x cosf=£cos?, and 
so a*«cos?' = js', or a'cos?= z' ; hence z = a^cosf. 
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From this formula a value of AC or z may be 
ound, if p or the angle BAG be given ; and if it 
be required to find j^r in numbers, it may be con- 
veniently calculated from this expression. A geo* 
metrical construction may also be easily derived 
from it. fbr if ivith the radius AB, a circle BFH 
be described from the centre A ; if AC be pro- 
duced to meet the circumference in F, and if FG 

AG 

be drawn at right angles to AB, then ^ = <^os ft 

AG , 

and SOr = av55=VABxAG=AC. 

Therefore, if from the centre A, with the dis- 
tance ABi9 a circle BFH be described, and if a^cir- 
de be also described on the diameter AB, as A KB, 
^n drawing any line AF from A, meeting the 
circle BFH in F, and from F letting fall FG per. 
pendicular on AB^ intersecting the semicircle AKB 
in K ; if AK be joined, and AC made equal to 
AK, the point C is in the curve. 

For AK=VABxAG, from the nature of the se- 
micircle, and therefore AC=vaBxAG, which has 
been shown to be a property of the curve. In this 
way, any number of points of the curve may be de- 
termined ; and the Solid of greatest Attraction 
will be described, as already explained, by the re- 
volution of this curve about the axis AB. 

4k To find the area of the cui*ve ACB. 

1. Let ACE, AFG (Fig. 22,) be two radii, in- 
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definitely near to one another, meeting the curve 
ACB in C and F, and the circle, described with 
the radius AB, in E and G. Let AC=s as be- 
fore, the angle BAC=?, and AB=a. Then GE= 
op, and theareaAGE=^a*f, and since AE': AC:: 
Sect.AEG : Sect.ACF, the sector ACF=j^f. 
But jz'^a'cos;, (§ 3,) whence the sector ACF, 
or the fluxion of the area ABC^^a'fcosft 
and consequently the area ABC=^(rsini?, to 
which no constant quantity need be added, because 
it vanishes when ?=0, or when the area ABC 
vanishes. 

The whole area of the curve, therefore, is iff', 
or ^ AB" ; for when p is a right angle sinf=l. 
Hence the area of the curve on both sides of AB 
is equal to the square of AB. 

9. The value of x, when y is a maximum, is 
easily found. For when y, and therefore ^ is i 
maximum,3 a'x ~ '=2*, or 3a^=.a', that is. 

Hence, c^ling b the value of y when a maxi- 
mum, o*=«'— ^ =fl'i — — j_ i=__, and so 

27* 2:* ^ 27" '^ •^^' 

6=11^, and therefore a : 6 : : V27 : V*, or as 
U : 7 nearly. 
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S. It is material to observe, that the radius of 
curvature at A is infinite. For since ^*=fl «^— * ' 



S 4 

^ == -jr-^' X ^w* when x is very small, or y inde- 

jfinitely near to A, ^- becomes the diameter of t;he 
circle having the same curvature with ACB at A, 



s 



and when s vanishes, this value of ^' or 
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air 
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becomes infinite, because of the divisor x^ being 
in that case = 0. The diameter, therefore, and 
the radius of cujrvature at A are infinite. In other 
words, no circle, having its centre in AB pro- 
duced, and passing through A, can be described 
with so great a radius, but that, at the point A, it 
frill be within the curve of equal attraction. 

The solid of greatest attraction, then, at the ex- 
tremity of its axis, where the attracted particle is 
placed^, is exceedingly flat, approaching more near- 
ly to a plane than the superficies of any sphere can 
do, however great its radius. 

4. To find the radius of curvature at B, the 

Other extremity of the axis, since y^=a^x^ — a?, if 

we divide by a — x^ we have t^=^— • But 

at B, when a^^x^ or the abscissa reckoned from B 
vanishes, -^ is the diameter of the circle having 
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the same curvature with ACB in B. But when 

I a — x=0, or a=x, both the numerator and deno- 
minator of the fraction vanish, so that its 

ultimate value does not appear. To remove this 
difficulty, let a — x=z, or x—a — z, then we have 

y-=a^{a — zY — (a — s)'. But when z is extreme- 
ly small, its powers, higher than the first, may be 

rejected; and therefore (a— *)^ — a'(i — - J*=;ii* 

(1—-^, Ac.)' Therefore the equation to the curre 

becomes in this case, 3=a'a^ (\—^\ — o*+2at 

3 3 

Hence — , or the radius of curvature at B =-* 

2s A 

The curve, therefore, at B falls wholly without the 
circle BKA, described on the diameter AB, as its 
radius of curvature is greater. This is also evident 
from the construction. 

5. To find the force with which the solid above 
defined attracts the particle A in the direction 
AB. 

Let h (Hg. 22,) be a point indefinitely near to 
B, and let the curve Ach be described similar to 
ACB. Through C draw CcD perpendicular to 
AB, and suppose the figure thus constructed to re- 
volve about AB J then each of the curves ACB, 
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Acb will gaierate a solid of greatest atti^tioii j 
aad the excess of the one of these solids above the 
other, wiU be an indefinitely thin shell, the ^attrac- 
tion of which is the variation of the attraction of 
the solid ACB^ when it changes into Acb* 

Again, by the line DC, when it revolves along 
with the rest of the figure about AB, a circle will 
be described ; and by the part Cc, a circular ring, 
oil whiohi if we suppose a solid of indefinitely smdl 
altitude to be constituted^ it will make the element 
of the solid shell ACc. Now the attraction exert- 
ed by this circular ring upon A, will be the same 
as if all the matter of it were united in the point C, 
and the same, therefore, as if it were all united 
in 13. 

But the circular ring generated by Cc, is =^* 
(DC*— DO=2^DC X Cc. Now 2DC x Cc is the 
variation of ^» or DC% while DC passes into Dc, 
ind th^ curve BC A into the curve be A ( that is 

«DC X Cc is the fluxion of ^*, or of a^x^—a^j taken 
oil the supposition that x is constant and a variable^ 

7n%^ 1*^ «> Hierefore the space generated by 

If this expression be multiplied by x^ we have 
the element of the shell = 'j'^ * ^'' 

In order to have the solidity of the shell ACB^c, 
the above expression must be integrated relatively 
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to X, that is, supposing only x variable, and it is 
then f(^"''«^'') + C- But C=0, because the 
fluent vanishes when x vanishes, therefore the por- 
tion of the shell ACc =-x^a^a. and when j?=a, the 

whole shell = -^a*<i. 

Now, if the whole quantity of matter in the shell 
were united at B, its attractive force exerted on A, 
would be the same with that of the shell ; there- 
fore the whole force of the shell = -^a. The 
same is true for every other indefinitely thin shell 
into which the solid may be supposed to be divid- 
ed ; and therefore the whole attraction of the solid 
is equal to / ~a, supposing a variable, that il 



Hence we may compare the attraction of this solid 
with that o£ a sphere of which the axis is AB, fat 
the attraction of that sphere ^^a^-j- — -^n. The 
attraction of the solid ADBH', (Fig. 21,) is there- 
fore to that of the sphere on the same axis as 

— a to -:ra, or as b to 5. 

6. To find the content of the solid ADBH', we 
need only integrate the fluxionary expression for 

the content of the shell, viz. -r"*"- We have thaB- 
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■^(0?:=: the content of the solid ADBH'. Since 

15 

the solidity of the sphere on the axis a is =ga , the 
content of the solid ADBH' is to that of the sphere 
on the same axis as ^a to fa : that is. as t^ tp 

ID O \0 

-^ or as 8 to 5. 

7* Lastly, To compare the attraction of this so- 
lid with the attraction of a sphere of equal bulk, 

let ^n = any given mass of matter formed into the 
solid ADBH' ; then for determining AB, we have 

this equation, '^a:=m ^ and €k=m v — j and there- 
fore also the attraction of the solid, (which is -^a) 

Again, if i;i' be fSrmed into a sphere, the ra* 

/ 3 
dius of that sphere '=^^y —^ and the attraction of 

it on a particle at its surface = — ^ q \ & =^*- — r^- 

- '"'(^)* 9* 

Hence the attraction of the solid ADBH', is to 
that of a sphere equal to it, as vn\^ } to ^ 
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(^)''; tliatia, as (27)' to (25)*, or us S to the 
cube-root of 25. 

The ratio o£ 3 to V 23, Ii nearly tliat of 3 to 

3 — ^, or of 81 to 79 » and this is therefore also 

nearly equal to, the ratio of the attraction of the 
Eolid ADBH' to that of a sphere o£ equal magni- 
tude. 

8. It has been supposed in the preceding investi- 
gation, that the particle on which the solid of great- 
est attraction exerts its force is in contact with that 
solid. Let it now be supposed, that the distance 
between the solid and the particle is given j the 
solid being on one side of a plane, and the particle 
at a given distance from the same plane on the op- 
posite side. The mass of matter which is to com- 
pose the solid being given, it is required to con- 
struct the solid. 

Let the particle to be attracted be at A (Fig. 
33,) from A draw AA' perpendicular to the given 
plane, and let £F be any straight line in that plane, 
drawn through the point A' ; it is evident that the 
axis of the solid required must be in A A' produced. 
Let B be the vertex of the solid, then it will be 
demonstrated as has been done above, that this so- 
lid is generated by the revolution of the curve of 
equal attraction, (that of which the equation is 
^*=<i'«'— ^'), about the axis of which one extremity 
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is at A» and of which the length must be found 
from the quantity of matter in the solid. 

The solid required^ then, is a s^ment of the 
solid of greatest attraction, having B for its vertex, 
and a circle, of which A'£ or A'F is the radius, 
for its base. 

To find the solid content of such a segment, CD 

4 2 

being =y, and AC=*, we have ^=fl^x*— a*, and 
«^*d?=Ta^x^jp — wr*dr= the Cylinder which is the ele- 
ment of the solid s^ment. 

Therefore Jiey^x, or the solid segment intercept. 

ed between B and D must be -^a^o?^— g*af^+C. 
iThis must vanish when a? = ^, or when C comes to 
B, and therefore C= — j^'. The segment, there- 
fbre, intercepted between B and C, the line AC 
being 0?, IS j5«— 5^ * +3*3' 

This also gives j^^* for the content of the whole 

solids when x=:0, the same value that was found 
by another method at § 6. 

Now, if we suppose a; to be = A A^, and to be 
given =&, the sohd content of the segment be* 

comes — o'-^^a'^^ +zJ^f which must be made equal 

15 5 S * 

to the given solidity, which we shall suppose =:i»^ 
and fipom this equation, a which is yet unknown, is 
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to be determined. If then, for a'we put?*, we have 
'(^"•-5''-+5'")=--'>'-S---5''"'='?-^" 

The simplest way of resolving this equatioD, 
would be by the rule of false position. In some 
particular cases, it may be resolved more easily ; 
thu., if !f^-]|6"=o,..-24*.-=o, and.==?S», 

4 V*/ 64 

9. If it be required to find the equation to the 
superficies of the solid of greatest attraction, and 
also to the sections of it parallel to any plane pass- 
ipg through the axis ; this can readily be done by 
help of wliat has been demonstrated above. 

1. Let AHB (Fig. 2*,) be a section of the so- 
lid, by a plane through AB its axis. Let G be 
any point in the superficies of the solid, GF a per- 
pendicular from G on the plane AHB, and FE a 
perpendicular from F on the axis. Let AE=j-, 
EF=3, FG=f, then x, z, and v are the three eo. 
ordinates by which the superficies ig to be defined. 
Let AB=a, EH=^, then, from the nature of the 
curve AHB, ^'=a'*' — 4^. But because the plane 
GEH is at right angles to AB, G and H are in 
the circumference of a circle of which E is the 
centres so that GE=EH=^. Therefore EF+ 
FG''=EH^ that is, z^+v^^y^, and by substitution 
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for If* in the fonner equaticm, s^+tf=^a^x^ — ^ar*, or 

(ar*+;s'+i7^)'=aV, which is the equation to the su- 
perficies of the solid of greatest attraction. 

2. If we suppose £F, that is z^ to be given —b, 
and the solid to be cut by a plane through FG and 
CD, (CD being parallel to AB,) making on the 
surface of the solid the section DGC ; and if AK 
be drawn at right angles to AB, meeting DC in K, 
then we have, by writing 6 for z in either of the pre- 
ceding equations, b^+v'^^a^x^—j^f and v*=a^x^ — 
«'— A* for the equation of the curve DGC, the co- 
ordinates being GF and FK, because FK is equal 
to AE or X. 

This equation also belongs to a curve of equal 
attraction ; the plane in which that curve is being 
parallel to AB, the line in which the attraction is 
estimated, and distant from it by the space b. 

Instead of reckoning the abscissa from K, it may 
be made to begin at C. If AL or CK=^, then 
the value of h is determined from the equation, 

B^^a^h^-^h^ and if x-h+u, u being put for CF, 

v'=za^(h+u)^-(h+uy—Jh^+h\ or v*+ (A+ w)*+ 

b*=a\h+uy, or (xf+(h+uy+l^y=aXh+uy. 

When b is equal to the maximum value of the 
ordinate EH, (§ 4. 2,) the curve CGD goes away 
into a point ; and if 6 be supposed greater than 
this, the equation to the curve is impossible. 
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10. The solid of greatest attraction may be 
found, and its properties investigated, in the way 
that has now heen exemplified, whatever be the law 
of the attracting force. It will be sufficient, in 
any case, to find the equation of the generating 
curve, or the curve of equal attraction. 

Thus, if the attraction which the particle C 
(fig. 21,) exerts on the given particle at A, be in- 
versely as the m power of the distance, or as — -^» 
then the attraction in the direction AE will be 
— ~, and if we make this = , we have tt 

= — -, or making AE=x, EC=^, and AB=a, aa 

before, s+T=~S^> ora"jz:(i'+y) - .and 

am s gw a 

If »i=l, or m+l=:% this equation becomes 
y*=ax — x^i being that of a circle of which the dia- 
meter is AB- If, therefore, the attracting force 
were inversely as the distance, the solid of greatest 
attraction would be a sphere. 

If the force be inversely as the cube of the dis- 
tance, or m— 3, and m+1— 4, the equation is 
j^—^x^ — x^, which belongs to a line of the 4th 
order. 
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K»i=4, and i»+l=5, the equation is y*=a^xi 
-— or* ; which belongs to a line of the 10th order. 

In general, if m be an even number, the order 
of the curve is (wi+ 1)2 ; but if m be an odd num- 
ber, it is m+ 1 simply. 

11. In the same manner that the solid of great- 
est attraction has be^n found, may a great class of 
similar problems be resolved. Whenever the pro- 
perty that is to exist in its greatest or least degree, 
belongs to all the points of a plane figure, or to all 
the points of a solid, ^ven in magnitude, the ques- 
tion is reduced to the determination of the locus of 
a certsSn equation, just as in the preceding ex« 
ample. 

Let it, for instance, be required to find a solid 
given in magnitude, such, that from all the points 
in it;, straight lines being drawn to any assigned 
number of given points, the sum of the squares of 
^1 the lines so drawn sh^U be a minimum. It wiU 
be found, by reasoning as in the case of the solid 
of greatest attraction, that the superficies bounding 
the required solid must be such that the sum of 
the squares of the lines drawn from any point in it, 
to all fhe given points, must be always of the same 
magnitude. Now, the sum of the squares of the 
lines drawn from any point to all the given points, 
may be shown by plane geometry to be equal to the 
square of the lii^e drawn to the centre of gravity of 
these given points, multiplied by the number of 
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points, together with a given space. The lin^ 
therefore, drawn from any point in the require^" 
superficies to the centre of gravity of the givent 
points, is given in magnitude, and therefore th&l 
superficies is that of a sphere, having for its centre < 
the centre of gravity of the given points. 

The magnitude of the spliere is next detenninei'4 
from the condition, that its solidity is given. 

In general, i£ x, y, and z, are three rectangular . 
co-ordinates that determine the position of any point" J 
of a solid given In magnitude, and if the value of » 
certain function Q, of x, y, and z, be computed for J 
each point of the solid, and if the sum of all these 
values of Q added together, be a maximum or a 
minimum, the solid is bounded by a superficies in 
which the function Q is every where of the same 

magnitude. That is, if the triple integral/ r/jf* . 

/ 0^2 be the greatest or least possible, the superfii 

cies bounding the solid is such that Q— A, a coQr 
stant quantity. 

The same holds of plane figures ; the proposition . 
is then simpler, as there are only t>vo co-ordinate%. 

so that /r/Qy is the quantity that is to be a maxi. 

mum or a minimum, and the line bounding the fi- 
gure is defined by the equation Q=A. 

All the questions, therefore, which Come unde 
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this description, though they belong to an order 
of problems which requires, in general, the applica- 
tion of one of the most refined inventions of the 
New Geometry, the Calculus Variationum, form a 
particular division admitting of resolution by much 
simpler means, and directly reducible to the con- 
struction of loci. 

In these proUems, also, the synthetical demon* 
stration will be found extremely simple. In the 
instance of tiie solid of greatest attraction, this holds 
remarkably. Thus, it is obvious, that (fig. 21,) 
any particle of matter placed without the curve 
ADBH', will attract the particle at A in the direc- 
tion AB, less than any of the particles in that 
curve, and that any particle of matter within the 
curve, will attract the particle at A more than any 
particle in the curve, and more, d fortiori^ than 
any particle without the curve. The same is true 
of the whole superficies of the solid. Now, if the 
figdre of the solid be any how changed, while its 
quantity of matter remains the same, as much mat- 
ter must be expelled from within the surface, at 
some one place C, as is accumulated without the 
surface at some other point H^ But the action of 
anyquantityof matter within the superficies ADBH^ 
on A, is greater than the action of the same with- 
out the superficies ADBH . The soUd ADBH' 
therefore, by any change of its figure, must lose 
more attraction than it gains } that is, its attraction 
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M its vertex* 

It is known, if ^ be the semidreumfetence of 
the drcle of which the radius is 1, that is, if 4r^ 
S.\4i\S9f kci thtik the attraction of die c6r^ AflC, 
on the partide A, in the Erection At), is =:^ 

^AD— ^g- J. (Simpson's fluxions. Vol* IL Art, 

3770 
Let AD-<r^ ABt^z^ the solid eeateOt of tie 

cone rr^n', and its attraction =±:A. 
Then ArsS^f # j, and M^^—x^^sm^. 

V ^ ^ • •  • t . »• 

. 10 ..!! .J'^ / 
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The ipm thy « f » to be a maximum, and 



iba^ore, i ^ — ?=o, or 2«_2x2+jr« ^' ^ =0. 

^Igaia, fingm the equation ^4;(«'.^*)=8/m\ wo 
W toi+A— SA=o, and "=2^-'?, andbysul). 

m 

ititntmg this value of ' in the former equation, wo 

X 

Aadus equation is homogeneous, if wc make 

-j^i^ we will obtain an equation involving u only, 

and therefore determining the ratio of z to x, or of 
AB to AD. Substituting, accordingly, uz for x in 

the last equation, we have z^—^uz* +^'uh*=: o, and 

This equation is obviously divisible by t^-— 1, 
and wtien so divided, gives ~u*+-tf— i=o» or u*+it 



^ whence u =— i ± V j^^ 



This is the value of -, and as - must be less than 

z z 

unity, because AB is greater than AD, the nega- 
tive value of f^, or — -— ^ --, is excluded ; so that 

«=— 1+ Vy2=«'*5761 nearly. 
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Now K= 

half the angle of the cone ; therefore that angle 
—62'' 46' nearly. 

As the tangent of 6S** ^S* is not far from being 
double of the radius, therefore the cone of greatest 
attraction has the radius of its base nearly double 
of its altitude. 

To compare the attraction of this cone with that 
of a sphere containing the same quantity of matter, 
we must express the attraction in terms of 11, the 
ratio of X to z, which has now been found. 

Because ff^(=' — ^)=Sm^, and 1=-, *jf -7 — 3^1= 

V H* / ^r^l—u') 

Now, we have h=%'x(x — —J, and since -=», 

t^ntu^jZ^ and A = 2.(m.i/^ 



»*) 



fore, a'=8^»^(i_«)^x-J^=24^/n'.^!^^1:=:^ 

But if A' be the attraction of a sphere of which 
the mass is rr^, on a particle at its surface, A'= 

mV-g". and A"=m'.-^. Therefore A'; A":: 
— 1-fM 9" "gT i +«) ' ™° consequently 



^\ 
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If, in this expression^ we substitute .45761 for 
fly we shall have A:A'::.8294i:], so that the at« 

traction of the cone^ when a maximum is about ^ 

of the attraction of a sphere of equal solidity. 

13. Of all the cylinders ^ven in mass» or quaa- 
tity of matter, to find that which shall attract a 
particle, at the extremity of its axis, with the 
greatest force. 

Let DF (Fig. 26,) be h cylinder of which the 
axis is AB, if AC be drawn, the attraction of the 
cylinder on the particle A is 2<AB+BC— AC),* 
and we have therefore to find when AB+BC~ 
AC is a maximum, supposing AB«BC* to be equal 
to a given solid. 

., Let AB=a?, BC==y, then AC=V?+p, and the 
quantity that is to be a maximum is x+y— v^4^* 

We have therefore i+y—^^^=o, and {x+y) 



X / X 

• But since my'sm^ 9xysr+y'd?=0, or ixyzi*-^yx^ 






* Prind^. Lib. I. Prop. 9X. Also Simpeon's Fluxions, 
VoL II. § 379- In the form^, the constant multiplier S^r is 
omitted, as it is in some other of the theorems relating to 
the attraction of bodies. This requires to be particularly 
attended to, when these propositions are to be employed for 
onnparing the attracticm of solids of different species. 



^ 
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lliferefbre (»-^) (■«'+/)*=^— >/£. or (2*-^) 

As this equation is homogeneous, if we make 
"=a, br j(=Mj, both I and ^ may be extenninated. 
For we hate by substituting ux for ^, (2j— ui)(^+ 

i*V)''=2i:-— bV, or (2j;=-_B*»)(i4.uS)i-.2j'*— u*^, and 
dividing by^*, {2—u){i+u=y=2—u'i whence squar- 
ing both sides, (4— 4a+;!-)(l+w=)=4— 4u'+«'». 

From this, by multiplying and reducing, we get 
iu'-9u=~i. or u^-lu=-i; and .=9-^^'^. 

S. The two values of w in this formula create an 
ambiguity which cannot be removed without some 
farther investigation. If A be the attractiMi of 
the cylinder, then A=8^x+f/— -/^M^") into which 
expression, if we introduce w, and exterminate both 
jiahdy, "by help of the equations ^x^^=m\ and 



1, we get A= 



1 + 1^-Vl4 



J 

Notwithstanding the radical sign in this fonu^a, 
there is but one value of A, corresponding to each 
value of w, as the positive root of •Ji—u' is nol ap^ 
plicable to the physical problem. This is evident, 
because the attraction must vanish both when y=0, 
and when x=0 j that is, both when u is nothing, 
and when it is infinite. This can only happen 
wlten Vi+u* is negative. 
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Farther^ the valune ^f A lis always positive, (as it 
ought to be») 1+1^ being greater tlian Vi+m% be- 
iqau$M3 it U the square-root of l+9u+t^. 

3. We may conceive the relation between A and 
U ngi9«t fslear }yf by supposing A to be the ordinate 
of a curve in which the abscissae are represented by 
^ sttooewve values of u. Thus, if OP (fig. 27i) 
=^Uf and FM= Ay the locus of M is a curve of the 
figure OMM'y intersecting the axis at O, and ap- 
^pnMhmg ppn(/i4Uf^lly tp the line of the abscissas, 
OB, as an fwymptote, when OP or u increases be- 
yon^ a .g^^ifm m^nitude* This curve will have 
bfftb 1^ pQiiM:, m M where PM th^ ordinate is a 
n>winfmra» And ^ ppint M' of contrary flexure. At 
li^ ofH^hfi^ik^ fluji^iQH of the ordinate is equal to 
nothing, and this is the reason of the two values of 
A that have just been found. For as u increases 
from nothing, A or PM also increases from no- 
thing till it become a maximum, which happens 

when tf= ^~y . As u continues to increase, A 

9 

diminishes ; when m= j , the curvature chan- 

ges its direction, and as u increases from thence to 
infinky, A diminishes continually^ 

The attraction is a maximum, therefore, when 

11= g , that is, when ^ is to .r, or the radius of 
the base of the cylinder, td its altitude, as 9 — v^l7 
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^ 



to 8, or as 5 to 8 nearly. Tlierefore also the dia- 
meter of the base is to the altitude, when the attrac- 
tion of the cylinder is greatest, as 9 — ^/17 to 4, or 
as 5 to 4 nearly. 

4. It may be obsei'ved, that the curve OMM', 
by which we have expounded the attraction of the 
cylinder, is but a branch of the curve, which is the 

complete locus of the equation a^r'™/ g J 

= A. The other branch corresponds to i+u-i-^n'+u', 
and has the ordinate infinite, both when u~0, and 
when u= inlinity. The curve has also two other 
branches corresponding to the negative values of u. 

5. The attraction of the cylinder, when a maxi- 
mum is now to be compared with that of a sphere 
of equal solid content. 



First, to compute the quantity 



l+»— Vl4? 



when u=^^—=.6096, since ti^=.37l6i, !+«*= 

1.37161, and Vi+"*=I-I7li6; so that i+w—^T+iri- 
.4.3844. 

Also, because m*=.37161 m^=.718945; and 

I ^a—Jl+u-' 4.384 ,„ 

therefore ^ — Tlsg* Therefore A= 

, $ /14m_J1+u^\ „ I 4384 

Now, if A' be the attraction of a sphere of the 
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solidity «!, A'=^«(^)*, and a: A': :%^^: 

(¥)'• 'Tll'^'^^^*' ^^ ^ ^*^® ^ 1211.4; 80 
that the attraction of the cylinder, even when its 
form is most advantageous, does not exceed that of 
a sphere, of the same solid content, by more than a 
hundred and eighty-third part. 

6. In a note on one of the letters of G. L. Le- 
sage, published by M. Prevost of Geneva,* the fol- 
lowing theorem is given concerning the attraction of 
a cylinder and a sphere : If a cylinder be circum* 
scribed about a sphere, the particle placed in the 
extremity of the axis of the cylinder, or at the point 
of contact of the sphere, and the base of the cylin- 
der, is attracted equally by the sphere, and by that 
portion of the cylinder which has for its altitude 
two-thirds of the diameter of the sphere, and of 
which the solidity is therefore just equal to that of 
the sphere. 

We may investigate this theorem, by seeking the 
altitude of such a part of the circumscribing cylin- 
der i)s shall have the same attraction with the 
sphere at the point of contact. If r be the radius 
of the sphere, the attraction at any point of its sur* 



4«^T 



face, is -j- 1 and if a? be the altitude of the cylinr 

• Notice de la Vie de G. L. Lesage de Geneve, par P. 
Prevoflrt^ p. S91 • 
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der, and the radius of its base r, then its attiw- 
tion on a particle at the extremity of its axis u 
a^K^+r — ^jf»+,* ) Since these attractions are sup- 
posed equal, 2«(*+r— ^**+r» ) = -^ and *+r— 



The altitude of the cylinder is therefore 3 of the 

radius, or ^ of the diameter of the sphere, which 

is Lesage's Theorem. 

This cylinder is also known to be equal in isolt- 
dity to the sphere ; but its attraction is not greater 
than that of the latter, because the proportion of 
its altitude to the diameter of its base is not that 
which gives the greatest attraction. Its altitude is 

to the diameter of its haee, as - r to 2 r, or 4 to 6 ; 

in order to have the greatest effect, it must be as 
4 to 5 nearly, (§ 3.) 

Notwithstanding, therefore, that the form of the 
one of these cylinders is considerably diflFereut from 
that of the other, their attractions are very neariy 
equal ; the one of them being the same with that 
of the sphere, and the other greater than it by 
about the 183d part. On each side of the form 
which gives the maximum of attraction, there may 
t>e great variations of figure, without much change 
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in the attracting force. A similar property be- 
longs to all quaiitities near their greatest or least 
state, but seems to hold especially in what re^ds 
the attraction of bodies. 

i4. In Considering the attraetion of the Moun- 
tain SchehaUieui in such a manner as to make a due 
allowance for the heterogeneity of the mass, it be- 
oame necessary to determine the attraction of a 
tuif cylinder^ or of any wctot of a cylindeiv on a 
point situated in its axis, in a given direction, at 
light angles to that axis. The solution of this pro- 
blem is much connected with the experimental in- 
quiries cbiiceming l^e attMictioii of mountains, and 
ajBR)i-ds examples of maxima of the kind that form 
the principal object of this paper. The following 

tetttoa U tieioeMty u the ttolutioni 

I^tt the qUdhilafieitel 0G (i%. S8^) 1(6 ^ ift*. 
definitely iMnall base of a edttmn DH, mhidh has 
etei^here the same dectiob^ ^and is perpendicular 
to its base DG. 

Let A bf^ a point at a gll^en iiisltattce fMM !D> in 
Oib ^liMs XXj ; it is i^iiH^ ^ fifid the fcftio^ 
with whfeb file c^Min DH lAttBtita a pilticit at 
A» In the ^^ri^Mi AD. 

(Let Ate 4iMan^ AD=rir, «!be «igle DAE^f, 
Jt>lB <«up|M«d vafiai^) ±=^, MdTtet £F 'b^ a aee^ 
^m 6f ^ iH)lid, paraHd ^«i eqtktA to the Ame 
PG ; «id let the ai^a of JXSf^i^^ 

The etement of the solid DP is *f*y ; and since 



r 
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1 



DE, or^=rtanf,y — rmnfir^r — ^, SO that the ele- 

meat of the solid =wV. -^— . 

This quantity divided by AE», that is, since 



of the attraction in the direction AE equal to 
.!^_!!^j{S£^=!ii'. Xo reduce this to the directiot 
AD, it must be multiplied into the cosine of the 
angle DAE or P, so that the element of the attrao- 

tion of the column in the direction AD is — pcosj, 

and the attraction itself=— /pcos?:;=— sinp. 

When p becomes equal to the whole angle sub- 
tended by the column, the total attraction is equal 
to the area of the base divided by the distance, an4 
multiplied by the sine of the angle of elevation (rf 
the column. 

If the angle of elevation be 30°, the attraction of 
the column is just half the attraction it would havci 
supposing it extended to an infinite heiglit. 

In this investigation, m" is supposed an infim* 
tesimal ; but if it be of a finite magnitude, pro- 
vided it be small, this theorem will afford a suffi- 
cient approximation to the attraction of the column^ 
supposing the distance AD to be measured from 
the centre of gravity of the base, and the ang,Ig 9 t^i 

k^ m 
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be that which is subtended by the axis of the 
columny OF by its perpendicular height above the 
base. 

,^15. Let the semicircle CBG (Fig. 290 having 
the centre A» be the base of a half cylinder stand- 
ing perpendicular to the horizon, AB a line in the 
pbme of the base, bisecting the semicircle, and re- 
prosentingthe direction of the meridian ; it is re- 
quired to find the force with which the cylinder 
attracts a particle at A, in the direction Afi, sup- 
posing the radius of the base, and the altitude of 
the cylmder to be given. 

Let DF be an indefinitely small quadrilateral, 
contuned between two arches of circles described 
firom the centre A, and two radii drawn to A } and 
let a column stand on it of the same height with 
the half cylinder, of which the base is the semi- 
circle CBG. Let z= the angle BAD, the azi- 
muth of D ; Vzz the vertical angle subtended' by 
the column on DF ; a= the height of that column, 
or of the cylinder, AD = <r, AB, the radius of the 
haae,=r. 

By the last proposition, the column standing on 
DF, exerts on A an attraction in the direction 

ADf which IS = j^jy x smp. 

Now Dd=i, !)/?=«;, andDrfxiysi^ir. There^ 
fore the attraction in the direction AD is — x sin 
v:sxxm»9 and reduced to the direction AB, it is 
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This is the element of the attraction of the cy. 
lindric shell or ring, of which the radius is AD or 
s, and the thickness x ; and therefore integrated 
on the supposition that s only is variable, and a Mid 
V constant, it gives isinty jcofz=jwiDcxsin2 for the 

attraction of the shell. When ri:90, and sim 
= 1, we have the attraction of a quadrant of the 
shell =.rsint', and therefore that of the whole semi- 
circle =2j8in&. 

Next, if ^ be made variable, and consequently P, 

we have s/isin^ for the attraction of the semi^y- 

linder. 

Now the angle » would have a for ita sine if tht 

radius were V'**+*', and so slnii=-7==i ; where- 

fore the above expression is / .-^ - ^ = 2aL (j: + 

Va*+>)+C; and as this must vanish whcsi ^=0» 
2aLa+C=0, and C=—2aLa, so that the 4ii€»t u 

2ai f , which, when x=r, gives the attrac- 

tion of the serai-cylindM* =goL l^ - " '^ —. 

This expression is very simple, and yofj coare- 
nient in calculation. It is probably needless to re- 
mark, that the logarithms meant are the hyperbo- 
lic. 

l6. Let it lie rec^ired to find the figiifie of a 



^ 
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8emi-€ylinder given in magnitude» which ahall at- 
tract a particle situated in the centre of its base 
with the greatest force possible, in the direction of 
a line bisecting the base. 

The attraction of the cylinder, as just demon- 
strated, is 2a{ J^ "^^ ; and because the solid is 

a 

supposed to be given in magnitude, we may put 
«r*cs:m*, or«=p J SO that the formula abovfe be- 



r« 



Now we may suppose 9?i=l, and then the attrac- 
tion of the cylinder = ^L(r« + V»^ + • 

This formula vanishes whether r be supposed 
infinitely great or infinitely small, and, therefore, 
there must be soiiie magnitude of r in which its 
value will be the greatest possible. 

K r is very small in respect of 1, Vi+r*=i+Y» 
and so i^+ V 1 +'*= i + *^+y ®^ simply = 1 +r». But 

L(l+f^), if r is very small in respect of 1, isV,; 
and therefore the ultimate value of the formula, 

when r ii nfinitely small, m -^xr's^, whieh is al- 
so infinitely small. 

Again, let r be infinitely great ; then JF+i=r^p 
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and so the formula is -jtSr', or —p^lsr. But the 
logarithm of an Infinitely great quantity r, is an in- 
finite of an order incomparably less than r, as is 
knovra from the nature of logarithms, (Grreg. Fon- 
tanse Disquisitiones Phys. Math, de Infinito L(^- 

rithmico, Theor. 4;) so that -^L2r is less than 
^, or than 1 But - is infinitely small, r being in- 

finitely great, and therefore, when the radius of the 
cylinder becomes infinitely great, its solid content 
remaining the same, its attraction is less even than 
an infinitesimal of the first order. 

The determination of the maximum, by the or- 
dinary method, leads to an exponential equation of 
considerable difficulty, if an accurate solution is re- 
quired. It is, however, easily found by trial, that, 

when the function _L(r'+Vr+^0 is a maximum, r 
is nearly =-. Therefore, because a=-^=-^ r is 

nearly to a as - to ^, or as 216 to 125 j and this, 

of consequence, is nearly the ratio of the radius of 
the base to the altitude of the half-cylinder, when 
its attraction, estimated according to the hypothe- 
sis of the problem, is the greatest possible. 

17- To determine the oblate spheroid of a given 
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solidity which shall attract a particle at its pole 
with the greatest force. 

Let there be an oblate spheroid generated by the 
revolution of the ellipsis ADBE, (fig. 30,) about 
the conjugate axis AB, and let F be the focus ; 
then if AF be drawn, and the arch CG described 
from the centre A, the force with which the sphe- 
roid draws a particle at A, in the direction AC, is 

"^'^Cpf^' iCF-CG*). (Maclaurin's Fluxions, § 

6500 
Let this force =F, AC=a, CD=&f the angle CAF 

=p ; then CF=:atanp, and F= 3— ^^Unf— 9)a=— - . 
tanp — (p ' 

Now if fs' be the solidity of the spheroid, since 
that solidity is two-thirds c£ the cylinder, having 
CD for the radius of its base, and AB for its alti- 

tude; therefore w^=-xfl'^x2a=-«^fl**; so that *•= 



= Tz:% and-r= 



But because af: Ac: : v.co%<f, or b\a\ : 1 :cotf, &«= 
and — = 



co?f^ a cosp** 



a« , i_. ,• Sm« 



Now since **= -^ and also **= t— , we have 



* The molliplier 2r» omittod by MacUrorin^ u restored as 
above^ ) 15. 
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i^ 


_Smf 


and »■= 


3m' 


0,/, 


or If? 


n'co 


^.and 


a=ncos^ 









Hence, aa -= —,, — =: — v= ,- 

a. iiai<p'>^ a cos^> ^^^^^ 

By substituting this value of — in the value of R^ 
we have F= -^. x -J'--"^-, and because tanp'= 

sin p* S-rn (tan p — <p) COR^ _ 2ir»(fanp — p)coap* 

25rn(tonf — p)(;osp*ainp . 

Now, when the product of any number of factws 
is a maximum, if the £uxion of each factor be di- 
vided by the factor itself, the sum of the quotients 
is equal to nothing. Therefore 'H 

cos^ Scoap^cogp S&m(f> giny _- 

^ ^ Scosp* sin^"' 

p(I— coap*) 5yainp 3fcos ^_ . Binp* 

C08p*(tanp — p)"~Sco8p wnf ~" ' caBifr'{ianip~-f) 

5sinp ScoB^ sin^ _*j.9*^'^^ i1 



txap _ 
Uiop — p~ 



wDp cosp(unp — f|~ 

- +bcotf. 



Hence — "^  3 = tany — f, aDd'p=Unp_ 

3tanp _ 5tany-f-9tanpcolp' — Stanp _SUmf +9cotp 
+9cotp*~ 5+9cotp* S+9coie» ' 
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2/4-- 

Let tanp=/. then ^—l-^^^ii^pp. 

irUch, therefore, is the value of f when F is a 
maximum. 

The value of ^ now found, is remarkable for 
being a near approximation to any arch of which t 
is the tangent, provided that arch do not exceed 
i5^. The less the arch is, the more near is the 
approximation; but the expression can only be 
considered as accurate when ^=0. 

This will be made evident by comparing the 

fraction ^f^^^ with the series, that gives the arch 

fS f5 f 

in terms of the tangent /, vw. <p=t—- + 5—=+. &c. 

The fraction J^i-J=/_5+ ~_^+, ^. 

The two first terms of these series agree ; and in 
the third terms, the difierence is inconsiderable, 
while t is less than unity ; but the agreement is 
never" entire, unless /=0, when both series vanish. 

The attraction, therefore, or the gravitation at 
the pole of an oblate spheroid, is not a maximum, 
until the eccentricity of the generating ellipsis va- 
nish, and the spheroid pass into a sphere. 

From the circumstance of the value of ^ above 
found, agreeing nearly with an indefinite number 
of arches, we must conclude, that when a sphere 
passes into an oblate spheroid, its attraction varies 



r 
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at first exceeding slowly, and continues to do so 
till its oblateness, or the eccentricity of the gene- 
rating ellipsis, become very great. This may be 
shown, by taking the value of F, and substituting 
in it that of f, in terms of tan^. ^ 

We have F=: — ^x , ^ - ./ ■', and since f^iaoa- 
tana* tana' „ , 




&C., taaip — Iflz 



(tanp°' tanp* tanp'\ 1 i'XTi 
-3 s-^-J-Jtliuf—^, 



-+'^y When,=o,: 






V-^> which is the attraction at the surface of > 
sphere of the solidity m\ as was already sbovm. 
This last is the conclusion we had to expect, the 

spheroid, when it ceases to Lave any oblateness, 
becoming of necessity a sphere. 

It is evident also, that the variations of p will but 
tittle affect the magnitude of F, while e and tan; 
are small, as tlie least power of tan? that enters 
into the value of F is the square. 

For, instead of cosf % we may, when ? is vetj 
small, write i+-tHnp*; so that v=i:^nfi+-taaf\ 
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If the oUateness of a spheroid diminish, while 
its quantity of matter remains the same, its attrac- 
ition will increase till the oblateness vanish, and the 
spheroid become a sphere, when the attraction at 
its poles, as we have seen, becomes a maximum. 
If the polar axis continue to increase, the spheroid 
becomes oblong, and the attraction at the poles 
again diminishes^ This we may safely conclude 
fropi the law of continuity, though the oblong sphe- 
roid has not been immediately considered. 

18. To find the force with which a particle of 
matter is attracted by a parallelepiped, in a direc- 
tion perpendicular to any of its sides. 

First, let EM (Fig. 31,) be a parallelepiped, 
liaving the thickness C£ indefinitely small. A, a 
particle situated any where without it, and A6 a 
perpendicular to the plane CDMN. The attrac- 
tion m the direction AB is to be determined. 

Xiet the solid EM be divided into columns per- 
pendicular to the ,plane NE, having indefinitely 
small rectangular bases, and let CG be one of those 
columns. 

If the ai^^ GAB, the azimuth of this columb 
relatively to AB, be called z, CAD, its angle of 
elevation from A, e, and m\ the area of the little 
rectangle CFj then, as has been already shown, 
the attraction of the column CG, in the direction 

AC, is -j-Q^lne; und that same attraction, reduced 



r 
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to the direction AB, is ^sineeosi. This is tbe ele- 
ment of the attraction of the solid, and if we cai! 
that attraction /, /= . ,,«iiec(»«. 

Now, if AB=a, because Kcob:;: :aci ab, ac= 

-^-i 80 that/;=^^ir«co«.'. 

But BC=atan« ; and therefore KC, the fluxion 
of BC, is =''^^i if, then, CE=n, m'=Cl-xCK= 

na— -;t;, and substituting this for m', we get/=''»'n'- 

Next, to express sine-, in terms of z, if we make 
E^BAL, the angle subtended by the vertical co- 
lumns, when it is greatest, or the inclination of tlie 
plane ADM, to the plane ACN, then we may con- 
sider the angle CAD, as measured by the side of a 
right angled spherical triangle, of which the other 
side Is 90 — z, and E the angle, adjacent to that 
8ide,andthereforetan(?=sin(90 — r)tanE=cos;tanE. 



But tanE=taDBAL=|^^, suppoaing BL, or 



DC=i. 

Therefore une= -cose, or 



Hence ^, = -^ *^°""' or "'": ^ = -" cot,*", and 
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8iiie'=: -rco82^— buo^-tcom* ; and therefore 8ine= 

or «' 



h 

— C082 



a* 



If this value of sine be substituted for it, we 

nave f=MBnDe::i — ; A 

or 

Let ii=8iiiz, then tf=zcosz, and cos«*=:i — u* ; where- 
fore, agam, by substitution, /^ — ^" 



a' 






, , °T ^ . Let «»+*». or AL»=c*, then /= 
If» therefore^ ^ be.sach an arch, that -^=sin^, 



*»_;Uw.« ««^ ./i_*!„» — ^« ♦i.or. *?!i. 



™ sfcosf, and VI — jEU*=:co8p, then — ^ — j, 

c* 

m 

!LP?^=:if9. Thus, y=»p, and/=»p+B, B being a 

COBf> 

constant quantity. 

Now, since 6109= — :=z-reinz, f is nothing when z 

is nothing ; and as f may be supposed to begin 
when z begins^ we have likewise B=0 \ and^«p=« 
multiplied into an arch, the sine of which is to the 
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.. Or / is I 

P iT 1 ' 



sine of z, in the given ratio of c to A. 
such that sin - = - X -ry. = T ' X  

Hence this rule, multiply the sine of the great- 
est elevation, into the sine of the greatest azimutt 
of the solid j the arch of which this is the sine, 
multiplied into the thickness of the solid, is equal 
to its attraction in the direction of the perpendicu- 
lar from the point attracted. 

The heighth and the length of the parallelepip- 
ed, are, therefore, similarly involved in the expres- 
sion of the force, as they ought evidently to be from 
the nature of the thing. 

19- Thistheorem leads directly to the determina- 
tion of the attraction of a pyramid, having a rectan- 
gular base, on a particle at its vertex. For if we 
consider EM (Fig. 31,) as a slice of a pyramid 
parallel to its base, A being the vertex, then the 
slice behind EM subtending the same angles that 
it does, will have its force of attraction=n'?', n 'being 
its thickness, and so of all the rest ; and, therefore, 
the sum of all these attractions, if p denote the 
whole height of the solid, or the perpendicular from 
A on its base, will be pf. But as np is only the 
attraction of the part HB, it must be doubled to 
give the attraction of the whole solid EM, which is, 
therefore, ^np ; and this must again be doubled, to 
give the attraction of the part which is on the side 
of AB, opposite to EM i thus the element of the 
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attraction of the pyramid is 4n?, and the whole at- 
traction corresponding to the depth p, is 4tpp. 

If* the solid is the frustum of a pyramid whose 
depth is p\ and vertex A, the angle <p being deter- 
mined as before, the attraction on A is 4/^^ • 

If we suppose BC and BL to be equal, and there- 
fore the angle BAL= the angle BAC, calling 
either of them % then sinf=:sini}^ by what has been 
already shown ; and from this equation, as 9} is sup- 
posed to be given, <p is determined. 

This expression for the attraction of an isosceles 
pyramid, having a rectangular base, may be of usef 
in many computations concerning the attraction of 
bodies. 

If the solidity of the pyramid be given, from the 
equations f—A^p^j and sin?^=sin?j2, we may deter- 
mine-^, and p, that is, the form of the pyramid 
when/ is a maximum. 

Let the solidity of the pyramid =m^ then p, 
being the altitude of the pyramid, and ^ half the 
angle at the vertex, pt^nnzi half the side of the 
base, (which is a squiare,) and therefore the area of 
the base =4p'tan'i', and the solidity of the pyra- 

Urid rp'Uinij^; 80 that -^ftSLnrF^mK 
3 

" f 

Now tmffz=L—\. and sinf =«iiiJi«, also 1— »inf:sl— 

COSfT 

w^jj5=co8?5, therefore ^°'»'=f3j;^ i «> t^* ^i^^gP'' 
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V  ~^'"^J J we have, therefore, Ji that is *;*?= 



impl/ — *'°L . This last is, therefore, a maximum 
by hypothesis ; and, consequently, its cube, or Gini^f 
X   ~^^ , or omitting the constant multipliers, 

a* { JZ^'H J must be a maximum. 
\ sinp / 

ii we take the fluxion of each of these multi- 
pliers, and divide it by the multiplier itself, and 

put the sum equal to nothing, we shall have - ? — 

jJcoB^ ^cosp _ 3 cos^ cogp _ 

1 — sinjB Htnp ' ip 1 — siop sinp 

these fractions |= ^ - '" ^.^'"^^ =tany(i— sinp), oriE= 

3taiif(l_siii?). 

The solution of this transcendental equation 
may easily be obtained, by approximation, from 
the trigonometric tables, if we consider that I — sinp 
is the coversed sine of p. Thus taking the loga- 
rithms, we have Lf=L34-Ltanp-f-Lcoversp. From 
which, by trial, it will soon be discovered, that p is 
nearly equal to an arch of 48^. To obtain a more 
exact value of ft let f=arc(+8"+^), ^ being a num* 
ber of minuteii to be determined. Because arcis''^:.. 
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^377580, and arc(48"+i8)=.8877580+.ooo«909ft there- 
fore logArc(48o + /3)=9.923 1 1 86+-000 1 506)8. 

In the same manner, 

LtaD(48'' +^)=: 0.0455626 + .OOO254O/0> 

and Lcover8(48''+/8)=9.4(^6883— .0008292^ 

L3=: 0.4771213 

Sum=9-9S23722 — 0000752/8 

Subtract log^c(48^+/8)= 9.9231 186+.0001506/8 

Remainder = .o'6925S6— .0002258/8=^5. 

Whence /8=^^=4r nearly^ 

A second approximation will gi?e a correction =: 

2 

— 20^, so that p=arc.48°40'- ; and since $in(pzz8iQr?, 

smn=ij»it\<p, so that 97=76''.30', and 2n, qt th# whole 
angle of the pyramid =153% 

An isosceles pyramid, therefiire, with a square 
baae» will attract a particle at it8 vertex with greatr 
est force, when the inclination of the opposite 
planes to one another is an angle of 153\ 

SO. To return to the attraction of the parallelepi- 
ped, it may be reiparked, that the theorem concern- 
ing this attraction already investigated, § 1 8, though 
it applies only to the case when the parallelepiped 
is indefinitely thin, leads, nevertheless, to some 
very general conclusions. It was shown, that the 
attraction ^hich the solid £L (Fig. SI) exerts on 
the particle A, in the direction AB, is nf, f being 
an arch, such that sin^=sinBACxsinBAL=sin;a; 
sin£ ; and, therefore, if B be the centre of a rect» 
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angle, of which the breadth is SBC, and the height 
9BL, the attraction of that piane, or of the thin 
solid, having that plane for ila base, and n, for Its 
thickness, is 4n?. Now, ?. which is thus propor- 
tional to the attraction of the plane, is also propor- 
tional to the spherical surface, or the angular space, 
subtended by the plane at the centre A. 

For suppose PSQ (fig. 32.) and OQ to be two 
quadrants of great circles of a sphere, cntting one 
another at right angles in Q; let QS=E, and 
QR=z. Through S, and O the pole of PSQ, 
draw the great circle OST, and through Pand R, 
the great circle PTR, intersecting OS in T. The 
spherical quadrilateral SQRT, is that which the 
rectangle CL (fig. 31) would subtend, if the 
sphere had its centre at A, if the point Q was in 
the line AB, and the circle PQ, in the vertical 
plane ABL. 

Now, in tite spherical triangle PST, right 
angled at S, cosT=cosPSsinSPT— sInQSsinQR= 
ainEsin^. But this is also the value of sinf, and 
therefore p is the complement of the angle T, of 
p=90— T. 

But the area of the triangle PQR, in which 
both Q and R are right angles, is equal to the 
rectangle under the arch QR, which measures the 
angle QPR, and the radius of the sphere. Also 
the area SPT=ai-c(S+T+P— 180°)r ; that is, be- 
cause S is a right angle, =arc(T+P— 90j»-= 
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an (T+QRr*-90)r ; and taking this away from the 
triangle PQR, there remains the area QSTR= 
arc (QR—T— QR+90^)r=r90'~T)r=?r. The 
arch (pj therefore, multifdied into the radius, is 
e^a]' t^ the spherical quadrilateral QSTR, sub- 
tend^ h% the rectangle BD. 

This proposition is evidently a^licable to all 
fectangles whatsoever. For when the point B, 
where the perpendicular from A meets the plane 
of the rectangle, falls anywhere, as in fig. 35, then 
\t may be diiown of each of the four rectangles 
BD, BM, BM , BI>, which make up the whole 
rectangle DM', that its attraction in the direction 
AB is expounded by the area of the spherical 
quadrilateral subtended by it, and, therefore, that 
tJie attraction of the whole rectangle MD', is ex- 
pounded by the sum of these spherical quadrila- 
terals, that i^ by the whole quadrilateral subtend* 
ed by MD'. In the same manner, if the perpen- 
dicular from the attracted particle, were to meet 
the plane without the rectangle MD , the differ- 
ence between the spherical quadrilaterals subtend- 
ed by MC and M'C, would give the quadrilateral, 
subtended by the rectangle MD', for the value of 
the attraction of that rectangle. 

Therefore, in general, if a particle A, gravis 
iate io a rectangular plane^ or to a solid indefi^ 
nitely thirty contained between two parallel rect" 
angular planes, Hs gravitation, in the line per^ 
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pendkular to those planes, •will be equal to the 
thickness of the solid, multiplied into the area of 
the spherical quadrilateral subtended by either of 
those planes at the centre A. 

The same may be extended to all planes, by 
whatever figure they be bounded, as they may all 
be resolved into rectangles of indefinitely small 
breadth, and having their lengths parallel to a 
straight line given in position. 

The gravitation of a point toward any plane, in 
a line perpendicular to it, is, therefore, equal to n, 
a quantity that expresses the intensity of the at- 
traction, multiplied into the area of the spherical 
figure, or, as it may be called, the angular space 
subtended by the given plane. 

Thus, in the case of a triangular plane, where 
the angles subtended at A, by the sides of the 
triangle, are a, b, and c ; since Euler has demon- 
strated* that the area of the spherical triangle con- 
tained by these arches, is equal to the rectangle 
under the radius, and an arch a, such that 

cos ^A= ' trsfo^oBlttg^r'' ' if ^ be computed, the 
attraction =nA. 

In the case of a circular plane, our general pro- 
position agrees with what Sir Isaac Newton has 
demonstrated. If CFD (fig. 33,) be a circle, BA 

' Nov. Acta Petrop. 1792, p. 47. 
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a line perpendiculair to the plane of it from its 
centre B j A, a particle anywhere in that line ; the 
force with which A is attracted, in the direction 

AB, is 2flr A— ^Y* in which the multiplier ««• 

is supplied, being left out in the investigation re- 
ferred to, where a quantity only proportional to 

the attraction is required. Now -^ is the cosine 

of the angle BAD, and, therefore, l— Tn ^^ ^^ 

versed sine ; and, therefore, if the arch GEK be 
described from the centre A, with the radius 1, 
and if the sine 6H, and the chord EG be drawn, 
HE is the versed sine of BAD, and the attraction 
=2^EH. But 2EH=EG% because 8 is the dia- 
meter of the circle GEK ; therefore the attraction 
= flrEG'= the area of the circle of which EG is the 
radius, or the spherical surface included by the 
cone, which has A for its vertex, and the circle 
CFD for its base« 

SI. From the general proposition, that the at- 
traction of any plane figure, whatever its boundary 
may be, in a line perpendicular to the plane, is ait 
any distance proportional to the angular space, or 
to the area of the spherical figure which the plsoae 
figure subtends at that distance, we can ea^ly de- 



Princip. Lib. i. Prop. 90. 
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duce a demonstration of this otlier proposition, that 
whatever be the figure of any body, its attraction 
will decrease in a ratio that approaches continually 
nearer to the invei-sc ratio of the squares of the dis- 
tances, as the distances themselves are greater. In 
other words, the inverse ratio of the squares of the 
distances, is the limit to which the law by which j 
the attraction decreases, coDtinually approaches at 
the distances increase, and with which it may be 
said to coincide when the distances are infinitely, 
great. 

This proposition, which we usually take (ca 
granted, without any other proof, I believe, thai:^ 
some iudistinct perception of what is required by 
the law of continuity, may be rigorously demon- 
strated fiom the principle just established. 

Let B (fig. 3t,) be a body of any figure whatsiK 
ever, A a particle situated at a distance from B 
vastly greater than any of the dimensions of B, so 
that B may subtend a very small angle at A ; 
from C, a point in the interior of the body, sup- 
pose its centre of gravity, let a straight line be 
drawn to A, and let A' he another point, more re- 
mote from B than A is, where a particle of matter 
is also placed. 

The directions in which A and A' gravitate to 
B, as they must tend to some point within B, must 
either coincide with AC, or make a very small 
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ingle with it^ which will be always the less, the 
greater the distance. 

liet the body B be cut by two planes, at right 
angles to AC, and indefinitely near to one another, 
BO as to contain between them a slice or thin sec- 
lion of the body, to which A and A' may be con- 
odered as gravitating, nearly in the direction of the 
line AC perpendicular to that section. 

The gravitation of A, therefore, to the aforesaid 
section, will be to that of A' to the same, as the 
angular space subtended by that section at A, to 
the angular space subtended by it at A'. But 
these angular spaces, when the distances are great, 
aHi inversely as the squares of those distances, and 
therefore, also, the gravitation of A toward the 
section, will be to that of A' inversely as the squares 
of the distances of A . and A' from the section. 
Now these distances may be accounted equal to C A 
and CA", from which they can differ very little, 
wherever the section is made. 

The gravitations of A and A' toward the said 

section^ are, therefore, as ^^ to ;^^2* And the 

same may be proved of the gravitation to all the 
other sections, or laminas, into which the body can 
be divided by planes perpendicular to AC ; there* 
fore the sums of aU these gravitations, that is, the 
whole gravitations of A to B, and of A' to B, will 
voii. III. A a 



I 



370 ON THE SOLIDS OF 

bo in that same ratio, that is, as ^^ to ^^;. or 

inversely as the squares of the distances from C. 
Q. K. D. 

It is evident that the greater the distances AC, 
A'C are, the nearer is this proposition to the truth, 
as the quantities rejected in the demonstration, 
become less in respect of the rest, in the same pro- 
portion that AC and AC increase. 

It is here assumed, that the angular space sub- 
tended by the same plane figure, is inversely as the 
square of the distance. This proposition may be 
proved to be rigorously true, if we consider the in- 
verse ratio of the squares of the distances, as a limit 
to which the other ratio constantly converges. 

It is a proposition also usually laid down io op- 
tics, where the visible space subtended by a surface, 
is the same with what we have here called the 
angular space subtended by it, or the portion of 
a spherical superficies that would be cut off hy a 
line passing through the centre of the sphere, and 
revolving round the boundaiy of the figure. The 
centre of the sphere is supposed to coincide with 
the eye of the observer, or with the place of the 
particle attracted, and its radius is supposed to be 
unity. 

The propositions that have been just now de- 
monstrated concerning the attraction of a thin 
plate contained between parallel planes, have an 
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immediate application to such inquiries concerning 
the attraction of bodies, as were lately made by Mr 
Cavendish. 

In some of the experiments instituted by that 
ingenious and profound philosopher, it became ne- 
cessary to determine the attraction of the sides of 
•a wooden case, of the form of a parallelepiped, on 
a body placed anywhere within it. (Philosophical 
Transactions, 1798, p. 523.) The attraction in 
the direction- perpendicular to the side, was what 
occasioned the greatest difficulty, and Mr Caven« 
dish had recourse to two infinite series, in order to 
determine the quantity of that attraction. The 
determination of it, from the preceding theorems, 
is easier and more accurate- 
Let MD' (Fig. 35,) represent a thin rectangular 
plate, A a particle attracted by it, AB a perpendi- 
eular on the plane MD', NBC, LBU, two lines 
drami through B parallel to the sides of the rect- 
angle MD\ Let AC, AL, AN, AL' be drawn. 

Then, if we find p such that sin^s. — x -xr> ^^^ 

attraction of the rectangle CL is nf, n denoting the 
of the plate. 



So also, if **°?'= AL ^ AN* ^^^ attraction of LN 
is =»f'. 

If ginf" = ^ X jp> the attraction of NL' is 



=jif' 
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Lastly, if sinip"-= ^, x 77. the attraction of L'C 

Thus the whole effect of the plane MD', otJ= 
"(H-P' +?"+?"')■ 

We may either suppose 9. ?', &c. defined as abovei 
or by the following equations, where n, v', n". it 
denote the angles subtended by the sides of the 
rectangles that meet in B, beginning with BC, and 
gMOg round fay L, N and L' to C. 

sinp =810)) sini)' 
aiop' ^sinT]' sinij" 
sinp" ^siiH)" sinii"' 
sin p"'nrsini)"ain i|. 

If the computation is to be made by the natural 
sines, it will be better to use the following for- 
mulie : 

tmp =gCOs(ij —r: )— ^os(i +1' ) 
einp' =:~coi(ji' —r,- )_^os()j' +)j") 
flinp"=^os(fl"— )j'")— gCosCij" +V") 

Bmp'"= -C08{>!'"~^ )_-COS(>!"' + »l ). 

By either of these methods, the determination 
of the attraction is reduced to a very simple trigo- 
nometrical calculation. 

22. The preceding theorems will also serve to 
determine the attraction of a parallelepiped, of any 
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giTen dimennons, in the direction perpendicukir to 
its sides. 

Let BF (i%. 36) be a parallelepiped^ aad A 
a point in BK, the intersection of two of its sides^ 
where a particle of matter is supposed to be placed ; 
it is required to find the attraction in the direction 
AB. 

Though the placing of A in one of the inter- 
sections of the planes, seems to limit the inquiry, 
it has in reality no such effect ; for whereyer A be 
with respect to the parallelepiped, by drawing from 
it a perpendicular to the opposite plane of the so« 
lid, and making planes to pass through this per- 
pendicular, the whole may be divided into four 
parallelepipeds, each having AB for an intersec- 
tion of two of its planes ; and being, therefore, 
related to the given particle, in the same way that 
the parallelepiped BF is to A. 

Let 6H be any section of the solid parallel to 
EC, and let it represent a plate of indefinitely 
small thickness. * 

Let AB'sx, B'b, the thickness of the plate=x. 
Then ? being so determined, that sin^zsslaB'AH 
sinB'AG, the attraction of the plate GH ii fur, 
which, therefore, is the element of the attraction 

of the solid. If that attraction =?, then F=/f «. 

But /(px=i(px^Jxf> ', and the determination of F 
depends, therefore, on the integration of xf* 
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Now p co32=sinf, and, therefore, xf= t— r- 
If BG=*, and BH=3, then slnBAG=xg= 
■■JW+y »'"' «™BAH =^= ;^, i so that m 



Hence, ■^"■f'^'— '"»'=■- («.+,.) (3.+^ = 
^(f+y+J) ^ ^„ ■'-"•+^'+''  

■Again, h«ause.inf=(;;;jij,)(-;j^), E;?= 
Hence 'J^ or ?= 

COS? 

— bfixx li$xx I 

/( t'+j'|''(8'+j')' \_ iSJ 



Therefore j;f = 
Oi'+^)(o>+i')4" 



, c' being put for i*+3*- 



(I'+.'K.'-I^)'' 
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(Harmonia Mensurarum, Form, ix.) ; and 



Now, /- 
Jib 






i=siog*±^£l^+c. 



y(a*+*»)(c*-M^* V/3»+** 

Therefore A=6Iogi?^S?+/3log*±^+ 

C, and /ft;=px^Aiog ^+^^^ ^fflog ^+V?p _C. 

If, then, we determine C, so that the fluent 
may begin at K, and end at B ; if, also, we make 
9} the value off, that corresponds to A B or a ; and 
9f% the value of it that corresponds to AK or a', we 
have the whole attraction of the solid, or 

If, in this value of F, we invert the ratios, in 
order to make the logarithms aflfirmative, and write 
like quantities, one under the other, we have 

The first two terms of this expression deserve 
particular attention, as i} is an arch, such that sinijzz 
sinBAEsinBAC ; therefore, by what has been before 
demonstratedf i is the measure of the angular space 



r 



I 




37O or THE SOLIDS OP 

subtended at A by the rectangle BD. The first 
term in the value of F, therefore, is the product of 
the distance AB, into the angular space subtended 
by the rectangle BD. Iii like manner, the second 
term, or li'n', is the product of the distance AK, in- 
to the angular space subtended by the rectangle 
KF. 

The relation of tlie quantities expressing the ra- 
tios, in the two logarithmic terms, will be best con- 
ceived by substituting for the algebraic quantities 
the lines that correspond to them in the diagram. 
Because c*=;6H3*=EB'+liC^=EC*, therefore <:=:EC 
or IID. So also, c*+n-=lJD-+BA*=Al>*, because 
ABO is a right angle, &c. Thus, 



^(AD + !)C)A.\r 

This expression for the attraction of a parallel- 
epiped, though considerably complex, is symmetri- 
cal in so remarkable a degree, that it will probably 
be found much more manageable, in investigation, 
than might at first be supposed. That it should 
be somewhat complex, was to be expected, as the 
want of continuity in the surface by which a solid 
is bounded, cannot but introduce a great variety of 
relations into the expression of its attractive force. 
The farther simplification, however, of this theorem, 
and the application of it to other problems, are sub- 
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jects on which the limits of the present |iaper will 
not pennit us to enter. The determinations of cer- 
tain mojnma depend on it, similar to those already 
investigated. It points at the method of finding 
the figure, which a fluid, whether elastic or un- 
elastic, would assume, if it surrounded a cubical or 
prismatic body by which it was attracted. It gives 
some hopes of being able to determine generally 
the attraction of solids bounded by any planes what- 
ever ; so that it may, some time or other, be of use 
in the Theory of Crystallization, if, indeed, that 
theory shall ever be placed on its true basis, and 
founded, not on an hypothesis purely Geometries^, 
or in some measure arbitrary, but on the known 
Principles of Dynamics. 
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I. Ak aigoment agMOifc the hypothesis of centnl 
heat has been stated by an ingenious author as car- 
rying with it the evidence of deiBonstnition« 

** The essential and characteristic property of 
the power producing heat» is its tendency to exist 
ererywhere in a state of equilibrium, and it cannot 
hence be preserred without loss or without di& 
fiudon# in an accumulated state# In the theory of 
Httttimt the existence of an intense local heat, 
acting for a long period of timei is assumed. But 
it is impooiSile to procure caloric in an insulated 
state. Waring every olijeetion to its productioni 
and supposing it to be generated to any extent, it 
cannot be continued, but must be pr^agated to 
the coiitigiious nuttter* If a heat, therdTore, exist- 



* Fnm file TnimucAism <Mf ths Royil SodeCy of Edin- 
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cd in the central region of the earth, it must be 
difiused over the whole mass j nor can any ar- 
rangement effectually counteract this diffusion. It 
may take place slowly, but it must always continue 
progressive, and must be utterly subversive of that 
system of indefinitely renewed operations which ig 
represented as the grand excellence of the Hut- 
tonlan Theory."* " Again," heobserves, in giv- 
ing what he says appears to him a demonstration 
of the fallacy of the first principles of the Hut- 
tonian System, *' it will not be disputed, that the 
tendency of caloric is to diffuse itself over matter, 
till a common temperature is established. Nor 
will it probably be denied, that a power constantly 
diffusing itself from the centre of any mass of 
matter, cannot remain for an indefinite time local- 
ly accumulated in that mass, but must at length' 
become equal or nearly so over the whole." t 

2. I must confess, notwithstanding the respect 
I entertain for the acuteuess and accuracy of the 
author of this reasoning, that it does not appear to^ 
me to possess the force which he ascribes to it ;• 
nor to be consistent with many facts that fall every: 
day under our observation. A fire soon heats ft 
room to a certain degree, and though kept up ever' 
so long, if its intensity, and all other circumstance^' 
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remain the same, the heat continues very unequal- 
ly distributed through the room ; but the tempe- 
rature of every part continues invariable. If a bar 
of iron has one end of it thrust into the fire, the 
other end will not in any length of time become 
red-hot ; but the whole bar will quickly come into 
such a state, that every point will have a fixed tem- 
perature, lower as it is farther from the fire, but 
remaining invariable while the condition of the 
fire, and of the medium that surrounds the bar, 
continues the same. The reason indeed is plain : 
the equilibrium of heat is not so much a primary 
law in the distribution of that fluid, as the limita- 
tion of another law which is general and ultimate, 
consisting in the tendency of heat to pass with a 
greater or a less velocity, according to circumstan- 
ces, from bodies where the temperature is higher, 
to those where it is lower, or from those which 
contain more heat, according to the indication of 
the thermometer, to those which contain less. It 
is of this general tendency, that the equilibrium or 
uniform distribution of heat is a- consequence, — 
but a consequence only contingent, requiring the 
presence of another condition, which may be want- 
ii^, and actually is wanting, in many instances. 
This condition is no other, than that the quantity 
of heat in the system should be given, and should 
ncri; admit of continual increase from one quarter, 
nor diminution from another. When such in- 
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crease and diminution take place, what is usually 
called " the equilibrium of heat" no longer exists. 
Thus, if we expose a thermometer to the sun's 
rays, it immediately rises, and continues to stand 
above the temperature of the surrounding air. 
The way in which this happens is perfectly under- 
stood : the mercury in the thermometer receives 
more heat from the sohtr rays than the air does ; 
it begins therefore to rise as soon as those rayi 
fall on it ; at the same time, it gives out a portion 
of its heat to the air, and always the more, the 
higher it rises. It continues to rise, therefore, till 
the heat which it gives out every instant to the 
air, be equal to that which it receives every instant 
from the solar rays. When this happens, its tem- 
perature becomes stationary ; the momentary in- ' 
crement and decrement of the heat are the same, 
and the total, of course, continues constant. The 
thermometer, therefore, in such circumstances, ne- 
ver acquires the temperature of the surrounding ' 
air ; and the only equilibrium of the heat, is that 
which subsists between the increments and the de- ' 
crements just mentioned : these indeed are, strict- 
ly speaking, in equiUbrio, as they accurately ba- 
lance one another. Tliis species of equilibrium, 
however, is quite different from what is implied in 
the uniform diffusion of heat. ' 

3. In order to state the argument more gene- 
rally, let A, li, C, ]), &c. he a series of contigu- 
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and let us suppose that A receives, from some; 
cause, ioto the wtera ef wlit^h WQ adq wt here to 
inquire*, a etMkaiifc wd «iii^»»i Wfth ^i 1^0^ 
Ifc ia ipimp tikat hMt wiU flew cQ«ti«iial}y irmt A 
taB^ from B to C» &e.( and in avdep (hat thia 
may take place, A must be hoti^e tikm J9^ B theiii 
Q aad m ont;^ so thel no uoilbnft iyiAriimt«m of 
heat ean ner take pleee«» Th» itete, Ivmei^iV to.^ 
which die sjFstem wiU teo^d, aod at wfaftrh, after «i 
certaiiL time, it must. arriye» ii oiie m whklb dn^ 
Baomentary.incrBase. of the hmt of each body ia 
j»t equal to iia momeutary dseieiise } so that the 
tnnperature. iof eaeh individual bp^ beoemea fimd^ 
dl these temperatures together forfliiog a scriea 
decmii&g firom A dowuwarda. To be convinced 
that ^hia is the atate which the system must assume^ 
Mppoaa any .body D, by aeme meana or other, to 
get »ere heat than ^t which ia required to make 
the poillen of heat which it receives every mei» 
ment iBram C, juat equal to that which it ffife^ (mt 
every mement to £ ^ aa its excess of tevofev^ioiiH 
above £ is increased, it wiU give out more beat 
to E| and aa the excess of the temperafeme of 
C above dkat of D is diminished, D will recetve 
.less heet from C; therefore, for both reasioii^ 
D miist become colder, and thti^ will be^ w> 
stop to the redttctiMi of its temperature, till tM 
rou in. , eh 
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increments and decrements become equal as be- 
fore. 

4. If, therefore, heat be communicated to a so- 
lid mass, like the earth, from some source or reser- 
voir in its interior, it must go off from the centre 
on all sides, toward the circumference. On arriw 
ing at the circumference, if it were hindered from 
proceeding farther, and if space or vacuity preset^ 
ed to heat an impenetrable barrier, then an accu-' 
mulation of it at the surface, and at last a uniform 
distribution of it through the whole mass, would 
inevitably be the consequence. But if heat may 
be lost and dissipated in the boundless fields of va- 
cuity, or of ether, which surround the earth, no 
such equilibrium can be established. The tempi»^ 
rature of the earth will then continue to augmelH 
only, till the heat which issues from it every mo- 
ment into the surrounding medium, become equal 
to the increase which it receives every moment 
from the supposed central reservoir. When this 
happens, the temperature at the superficies can un- 
dergo no farther change, and a similar effect must 
take place with respect to every one of the sphe» 
cal and concentric strata into which we may cov 
ceive the solid mass of the globe to be divided. 
Each of these must in time come to a temperaturB^ 
at which it will give out as much heat to the con- 
tiguous stratum on the outside, as it receives from 
the contiguous stratum on the inside i and, when 
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this happens, its temperature will remain invari- 
able* 

5. That we may trace this progress with more, 
accuracy, let us suppose a spherical body to be 
heated from a source of heat at its centre ; and 
let A, ^, hff be the temperatures st the surfaces of 
two contiguous and concentric strata, the distances 
firom the centre bdng «r, af^ of' \ and let it also be 
siq^posed, that the thickness of each of the stratfi, 
to wit, of — yr, and a?" — ^^ is very small. 

Then supposing the body to be homogeneous, 
tibe quantity of heat that i^ows from the inner 
stratum into the outward, in a given time, wiU be 
proportional to the excess of its temperature above 
that of the outward stratum multiplied into its 
quantity of matter, that is, to (*— ^0 (j?'^— a?'). 

6. In the same manner, the heat which goes off 
from the second stratum in the same time, is pro- 
portional to (A'— ^") («"*— d?'^) } and these two quan- 
tities, whea the temperature of the second stratum 
becomes constant, must be^ equal to one another, &t 

But because ^— A', and j?'-^ are indefinitely 
smaU, A-r*'s5:*, and o/^— aj'srSdf*^?; therefore * x ^x 
±i a given quantity} which quantity, since « is 

p«n. w. m., rep«.nt by ..i", «, tl»t *=^ 

=^^ or because h is negative in respect of x, be- 



^^^^^^^ 
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iag a decrement, while the latter is an increment 
A=: — — , and therefore A— c+—  

7> To deteiinine the constant quantity C, let ussi^ 
pose that the temperature at the surface of the inte» 
nal nucleus of ignited matter is =H, and r= radiw 
of tliat nucleus. Then, in the particular case, whsS' 
x—r and k^H, the preceding equation gives 11—^, 
4-5-i so that Csrll——, and consequently A=:H*». 

8. It is evident, from this formula, that M 
every value of x there is a determinate valne of %, 
or that for every distance from the centre there ^ 
a fixed temperature, which, after a certain ti 
must be acquired, and will remain invariable as lofl^ 
as the intensity and magnitude of the central Biff 
continue the same. 

9. It remains for us to determine the value ^^^ 
a^, which, though constant, is not yet given, Of 
known from observation. * 

At the surface of the globe we may suppose tW' 
mean temperature to be known : let T be that tem*' 
perature, and let R= the radius of the gh 
Then, when x=:B., h=T, and by substituting at 
the general formula, we have T=M+3^(-n — ^V 
and „._='<T-H)_ 3R>-(H- T)^ 



L 
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-n.- .=H+ii:^)(i_i)=„_!r(ga 

0-0- 

Hence abo by reduction *=  J^ + --?5 — x • 

or *=5i- (RT_rH) + '^^"~'^ . 

From this equatumi it is evident^ that 

, RT— rH 



^ ^ ^ 9 or the excess of the temperature at 

any distance x from the centre, above a certain 
given temperature, is inversely as w. But the con- 
struction of the hypeibola which is the locus of the 
preceding equation, will exhibit the relation be- 
tween the temperature and the distance, in the way 
of all others least subject to misapprehension. 

Let the circle (Fig. 87,) described with the radius 
AB^ represent the globe of the earth ; and the 
circle described with the radius AH an ignited 
mass at the centre. Let HK, perpendicular to 
AB, be the temperature at H, the surface of the 
ignited mass ; and let FD be the temperature at 
any point whatever, in the interior of the earth, 
BM representing that at the surface. Then AB 
being =rR in the preceding equation, AH=r, 
HK=H, BM?=T ; AFrr^;*, and FD=:A, these two 
last being variable quantities ; since 

(^ jj^~-^a?==--'|£=^ we have, (taking AE 
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sr — g — ^ y and dmnii|[ ELpanfln to iLB^ 
ing HK Id N, and FD in O.) ODxOE 

®A*AH|HK*"*w30 , , ,1 * 111 • _ -* - ,1 i*i 

sr »| ^p Wmat M S glteB tJIMilllBJ* 

Thenefiire D if in s ifrtangnlar fajpetboht of 
wbieb the entre if £» the afjmptotet EG wd 
EI^ andtheiffrtang^gftheciMiidinrtc^eqiiilto 

BA.AHX '- j^ — , oTf fdndi l uo imte to Uie wame, 

toKNJNE, 

bif endmt ftom tiiii^ that if die wfben ime 
inde6pit<iy eitendeJ^ the taofenixae at die poiat 
B and all odier thingi rewainmg tlie aanaa^ tbe 
temperatafe at itf foperfidef wobU Dot be leM dua 

AE, or dian the quantity ^^^^ 

KT— rH 

The quantity AE, or -rr— — , is supposed here 

to be subtracted ; if RT be less than rH, it will 
change its sign, and must be taken on the other 
side of the centre A. 

10. The results of these deductions may be 
easily represented numerically, and reduced into 
tables, for any particular values that may be as- 
signed to the constant quantities. Thus, if the 
radius of the globe, or R=: 100, that of the ignit- 
ed nucleus or r=l ; the temperature of the nu- 
cleus, or H— 1000, and T the temperature at the 

lO 



SPHERICAL BODISg. 391 



surface =( 


}0, the fonnula 


becomes A=:5C 


94.9.494 

• 

X 






- 


Values of x 


Values of A 




JO 


145^.454 




20 


98 .428 




30 


82 .599 




40 


74 .686 




50 


69 .988 




60 


66 .330 




70 


63.926 




80 


62.361 




90 


61 .055 




100 


60. 



11« Other things remaining as beforei if we 

. . .». . ..-.-. 10444 



LUCU n 


"■*" 


* X 


X 


h 




20 


477^5^6 




30 


303 


.556 




40 


226 


.556 




50 


164 


.556 




60 


145 .556 




70 


104 


.556 




80 


85 


.056 




90 


64 


.556 




100 


60 


.000 
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1 


-• 


lfR=10,7-l, 


H 


= 10000, and T= 60, 

1 1044.44 






7i = — 104-1.44. 


+ — ; — 




^ 


Value! of J 




Values of h 






1 


lOOOO'.OO 




^^^^^^ 


2 




4477 .70 




^^^^^^^^ 


_ 3 




2637 -04 


^^^^^^^H 


K 




1716 .67 


^^^^^^^H 


B 




1164.4.4 


^^^^^^^H 


F « 




796.30 


^^^^^^^H 


 7 




533 .S3 


^^^^^r 


8 




S46.1G 


^^^^H 


9 




182 .72 


^^^^ 


10 




60 .00 


1 



i 



U 



13. 1. The general conclusions which result 
from ail this are, that when we suppose an ignited 
nucleus of a given magnitude, and a given intensity 
of heat, there is in the sphere to which it commu- 
nicates heat a fixed temperature for each particu- 
lar stratum, or for each spherical shell, at a given 
distance from the centre ; and that a great inten- 
sity of heat in the interior, is compatible with a 
very moderate temperature at the surface. 

2, However great the sphere may be, the heat 
at its surface cannot be less than a given quantity ; 
R, r, H and T, remaining the same. It must be 
observed, that though R is put for the radius of the 
globe ; it signifies in fact nothing, but the distance 
at which the temperature is T, as r does the difr j 
tance at which the temperature is H. 

Therefore, were the sphere indefinitely _e3 




iPHBaiCiX MiM(B(|» SO^ 

edf tW Imfenitttre at its iuperfides wo^ld .not be 

l6SS diaft tb^ quantity  'j^_^ > that is, not lessthan 

50.5 in the first of the preceding examples, than 
— 44.4 in the second, or — -1044.4 in the third. 

14. In all this the sphere is supposed homogene- 
ous ; but if it be otherwise, and vary in density, in 
the capacity of the parts for heat, or in their power 
to conduct heat, providing it do so as any function 
of the distance from the centre, the calculus may be 
instituted as above. For example, let the density 

be suf^osed to vary as ^— , then we have as before 

ik^k')(!K^^a?}l^—£or the momentary increment of 
kNt in a itratusD placed at the distance s from the 
c61itr6, or A X s^i X jj--= *<> * given quantity, dr 






S 2 

Htnce Aa:C4-|-— ^logii. Suppose that when 

ir=r the radiiid df the heated nucleus, %=H; 
<hen1i!= 

C+-gj;-*-|- logr, and C= 

H— - — }-4-logr; therefore A== . 

or o 

In thife tSKpression a' wiU be d^tennined^ if the 
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temperature at any other distance R from the 
centre is known. Let this he T; then by substi- 
tution we have 



^ 



and a 



rr+3E + T"'eR- 
T— H 



- 3K-s;+i'°8R 
" Hence l=H+/-j 3i=i! \x 

This is given merely as an example of the 
method of conducting the calculus when the varia- 
tion of the density is taken into account, and not 
because there is reason to beUeve that the law 
which that variation actually follows, is the same 
tliat has now been hypothetically assumed. 

16. The principle on which we have proceeded^ 
applies not only to solids, such as we 8upp<^e the < 
interior of tlie earth, but it applies also to fluid* 
like the atmosphere, provided they are supposed to i 
have reached a steady temperature. The propaga- 
tion of heat through fluids is indeed carried on by 
a law very different from that which takes place 
with respect to solids ; it is not by the motion of' 
heat, hut by the motion of the parts of the fluid it- 
self. Yet, when we are seeking only the mean re- 
sult, we may suppose the heat to be so difiused,^ 
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that it does not accumulate in any particular stra- 
tum^ but is limited by the equality of the momen- 
tary increments and decrements of temperature 
which that stratum receives. This is conformable 
to experience ; for we know that a constancy, not 
of temperature, but of difference between the tem- 
perature of each point in the atmosphere, and on 
the surface, actually takes place. Thus, near the 
surface, an elevation of 280 feet produces, in this 
country, a diminution of one degree. The strata 
of our atmosphere, however, differ in their capacity 
of heat, or in the quantity of heat contained in a 
given space, at a given temperature. Concerning 
the law which the change of capacity follows, we 
have no certain information to guide us ; and we 
have no resource, therefore, but to assume a hypo- 
thetical law, agreeing with such facts as are known, 
and, after deducing the results of this law, to com- 
pare them with the observations made on the tem- 
perature of the air, at ^ different heights above the 
surface of the earth. 

17* Let us then^'suppose, that the strata of the 
atmosphere have a capacity for heat, which increases 
as the air becomes rarer, so as to be proportional to 

r 

mb 'x^ X denoting, as before, the distance from the 

centre of the earth, r the radius of the earth, 
m and h determinate, but unknown quantities, 

such that »i6"" or p expresses the capacity of air 
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H for heat, wheo of its ordlnaiy density, at the sur- 

 face of the earth. The formula thus assuiaed, 
I agrees with the extreme cases ; for, when •v=^r, the 

 capacity of heat = r » a finite quantity ; when J 

increases, - diminishes, and so also does fi^, \( bis 

greater than unity, and therefore — increases con- 

tinually. It does not, however, increase beyond a 
certain limit, for when a: is infinite -f becomes 

r or ra. 

18. Hence, by reasoning as in § 6, the moment- 
ary increment of the temperature, or sensible 

heat, of any stratum, is as — ^ directly, and its 
capacity for heat, or mb ^ inversely, that is, *=— 



Let -=:y, then - 
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19. To determine C^ if T be the temperature 
of the air st the surface, when x=r, T=C-| — , 

Smriogb 

and C=T— — -5.— . 

Smriogb 



r f 



. Hence A=T--^*-.+ -f^LT_2fc*l). 

3mriogo Smriogb Smriogb 

This formula, when jr=r, gives A=T, and when 
a: is infinite, it gives A=T— |^jq — l. In all inter- 

r 

mediate cases, as <r is greater than r, b^ is less than 
b, (p being a number greater than 1,) and there* 

r 

fore b — If is positive, so that h is less than T, as 
it ought to be. 

^. We may obtain an approximate value of this 
formula, without exponential quantities, that will 
apply to all the cases in which x and r difier but 
little in respect of r, that is, in all the cases to 
which our observations on the atmosphere can pos- 
sibly extend. 

r 

If, in the term A* we write r+x for ar, z bi^ng 
the height of any stratum of air above the surface 

ft 

r r 

of the earth, we have ft*= &''+«. 
SI* But, from the nature of exppn^tialii vre know 
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2(r+.l' + 

Now - 
the higher powers of 2, we have nearly 

r= , 2. 



Therefore, by substitution, we have 6'" 



+('^)'°^'+('-?)' 



(log^)' 



+, &c. = 



fi+i«EHafi+™:+,*c, 1 

|_i,„s6-i,,„ss,'-i(&aa'),.=. J 

Now, from the nature of expooeotials. 



a (log&/ 



And -log6-i-^{iog6)»- 



therefore 



when z is very small, fi'+'=i— — iog4, and therefore 
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(^6^+*f!^*\ 



CS 191 A^^^'^-a^ ^ '^^^ -''"^ i hence 

when z is very small, A=T — |-^, 

SS. Therefore when 2, or the height above the 
surface is small, h diminishes in the same propor- 
tion that the height increases, which is conformable 
to experience. 

In our climate, when z=280 feet, ^ J^^ =si^ ; 
so that the co-efficient ^— ^= r^:;> and therefore 

When the constant quantities are thus determin- 
ed, the formula agrees nearly with observation. In 
the rule for barometrical measurements, it is im- 
plied, that the heat of the atmosphere decreases uni- 
formly ; but the rate for each particular case is de- 
termined by actual observation, or by thermometers 
observed at the top and bottom of the height to be 
measured. 
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LITHOLOGICAL SURVEY 



OP 



SCHEHALLIEN.* 



1 HE astronomical obsenrafdoDS made on the moun« 
t^iin Schehallien, in V77^f were confessedly of great 
importance to science. They ascertained the power 
of mountains to produce a sensible disturbance iit 
the direction of the plumb-line ; of consequence^ 
they proved the general diffiision of gravity through, 
terrestrial substances, and afforded daltSL for deter- 
mining the medium density of the earth, compiure4 
with that of the bodies at ita aurface. 

The skill with which this very delicate experi- 
ment was conducted by. Dr Maskelyne, and the 
ingenuity with which the results were deduced by 
'Dr Hutton, were worthy of the objects in view^ 
and of the reputation which these distinguished 
men have acquired in their respective departments 
of the mathematical sciences. 

• From the Philosophical TraiiBactions of th^ Boyfil So- 
<»^y of Londoiv Vq). CI. (ISII.^^Ed, 
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One thing only seemed wanting to give to the 
determination of the earth's density all the accuracy 
that couid be obtained from a single experiment 
namely, a more precise knowledge of the specific 
gravity of the rock which composes the mountatD, 
as being the object with which the mean density of 
the earth was immediately compared. The specific 
gravity of that rock was assumed to be to that of 
water as 5 to 2 ; which, though it be nearly a me- 
dium, when stones of every kind, from the lighted, 
to the heaviest, are included, is certainly too smilT; 
for Schehallien, the rocks of which belong lo v 
class of a specific gravity considerably above the 
mean. The uncertainty arising from this som 
might not be of great amount, yet it was desiral 
that the quantity, or, at least, the limits of it shoi 
be accurately ascertained. In this light I knei 
from repeated conversations, that the matter 
regarded by both the gentlemen above named. 

I had therefore long wished to attempt such a 
survey of the mountain as might aflEbrd a satisfac- 
tory solution of this difficulty ; and having men- 
tioned the circumstances to the Right Honoiurable 
Lord Webb Seymour, he entered readily into a 
scheme, which, without the assistance of his skill 
and activity, I should have been quite unable to 
carry into execution. 

Accordingly, in June 1801, we took up our re- 
sidence in a small village, as near as we could to 
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the bottom of the mountain, and began our min^r- 
alogical survey, the result of which we think it our 
duty to submit to the Society, under the auspices 
of which the original experiment was undertaken* 

It was obvious, that our first object must be to 
obtain specimens of all the varieties of rock in the 
mountain, which had any considerable difference 
in their external characters. These specimens 
must be such as had not been exposed to the action 
of the weather, were perfectly sound, with a fresh 
fracture, and taken from the living rock. In or- 
der to procure these, we soon found that it was 
not necessary to dig into the mountain or to blast 
the stones with gunpowder, for the native rock 
breaks out <m the bafe and rugged surface in abun- 
dance of places, and is so deeply intersected by the 
streams that it was easy, by the assistance of the 
hammer only, to procure specimens haying all the 
conditions requisite for our purpose. 

Supposing, however, that all this was accomplish- 
edy it would be insui^cient to determine the m^an 
density of the mountain, unless the quantity of rock 
of each paiticular kind could also be estimated ; at 
least nearly. It was necessary, therefore, to know 
what proportion of the mountain consifited of one 
species of rock, and what of another, without which 
the average could not be determined. 

Had the mean density been the only thing 
wantedi it would have been sufficient to know 



1 
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the quantity of each variety of rock ; but in the 
search we were engaged in, it was necessary to 
know not only the quantity, but the position d 
each of these varieties, relatively to the obsern* 
tones on the south and north faces of the 
tain. This will be evident, when it is considenp 
that it was the effect of each portion of the iticfe 
on the plumb-line in these observatories, that w# 
the thing to be found, and that this efl'ect 
vary not only with the density of the rock, bdk 
with its distance from the observatory, and its ol 
quity in respect of the meridian. The mean d( 
sity would therefore be insufficient for estimate! 
the attraction of the mountain, could it be fouBl 
ever so exactly ; and it is easy to show, that w] 
the mean density of a heterogeneous mass, ani 
also its magnitude and figure remain the sai 
its attractive force at a given point may be grei 
changed by a different distribution of the matei 
it consists of, relatively to that point. In ordet 
then to form an estimate of this attraction, we mi 
know, at least nearly, these three things, the varill 
ties of rock composing the mountain ; the quantifj 
of each variety j and, lastly, the position of each 
latively to the observatory. Fortunately the geti( 
metrical survey of the mountain, which had 
ready determined not merely its superficial extenl^ 
but its solidity, taken in combination, with som4 
peculiarities in its structure, has enabled us to ttfi 
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{NTOximabe^ I hope widi some tolerable exactness, 
to the knowledge of all these three circumstances. 
The plan^ then, which we proposed to fbllotr^ 
and which was necessary to be pursued if our litho** 
logical sunrey Was to correspond in any degree to 
the sccuTBef of the geometrical survey, made under 
the direction of the Astronomer Royal, was to try 
to recognise the chain of stations which had been 
eniployed in that survey, in order that^ by refer- 
ence to diose stations, we might be able to deter- 
udne the points on the surface of the mountain 
from which our different specimens were collected. 
After these stations were discovered, we meant to 
traverse the mountain in varbus directions, and at 
Mty point where a ^edmen was taken, to deter- 
mine our position by the bearings of any two of the 
stations that might be in sight, or by taking angles 
to three of them^ or such other methods as occa» 
abn and eircumstanoes might suggest. This was 
to be done where considerable variations in the ex«- 
temal characters 0£ the rocks gave reason to look 
for constdecdlde teriations of specific gravity^ It 
was an operatiim that could not be necessary for 
every individual specimen^ but it w^ one which 
must be necessary for determining the district ovtr 
which stone of a particular character prevailed^ In 
this part of the woik, we wite to employ a theodoi- 
lite, a sextant, w a compate^ according as more or 
less accuraey seemed requisite. 
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As the marks of these stations were all effaced 
except some traces of the observatories, (or rather 
the huts in which Dr Maskelyne had lived,) and 
the two cairns on the top of the mountain, the dis- 
covery of the whole chain was a matter of some diffi- 
culty. By means, however, of the bearings, as 
given in Dr Hutton's paper, and the assistance of 
one of the guides who had been employed about 
the survey, we succeeded in finding out the sta- 
tions ; and as tliey were mostly on elevated points, 
we could distinguish them at a distance with suffi- 
cient exactness. 

Schehaliien belongs to one of the central ridges 
of the Grampians, which, stretching here from about 
SE- to N\V. divides the vallies of the Tummel and 
the Tay. Though it be a part of this chain, it 
stands considerably separate from the rest on a base 
of a form somewhat oval, and having its figure dis- 
tinctly defined by two streams that run, the one tm 
the south, and the other on the north side of it. Thfr 
lowest point in this base, which is on the NE. it 
2467 feet below the summit of the mountain, ami 
about 1094 above the level of the sea. 

At the NW. extremity, Schehaliien adheres to 
the main chain by means of a high ridge, depress- 
ed at its lowest point. Utile more than 1500 feet 
under the summit. On the opposite sides of thil 
neck the streams rise, which were before said to de^ 
termine the base of the mountain ; these streann. 
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however, do not unite at the eastern extremity of 
the base, for there also a sort of neck, though very 
low in comparison of the former, connects Schehal- 
lien with the hills to the eastward. 
< Beyond the streams just mentioned, a tange of 
inferior hills, some of them very low, springing 
from the main ridge on the NW. encompasses the 
mountain, forming as it were a line of circum valla- 
tion round it, and on these were the stations which 
Mr Burrows, under Dr Maskelyne's direction, had 
chosen for the survey. Beyond these hills the 
ground falls down into a sort of plain of great ex- 
tent on the north ; on the south, less considerable 
and more uneven, yet such as to leave Schehallien 
very free and open in the direction of the meridian, 
and adapted by that means to show the full amount 
of its action on the plummet. From the base its 
sides rise with a rapid, though unequal acclivity, 
and terminate not in a point, but in a ridge or nar- 
row plane of a waving form, about a mile in length, 
and sloping regularly to the east, where it is 480 
feet lower than at the western extremity. Though 
the sides are very ru^ed, they are less broken by 
deep ravines or bold projections, than the other 
mountains of the same elevation in this quarter of 
the Grampians ; for, beside the high neck which 
has been idready mentioned as uniting Schehallien 
to the mountains on the west, it has only one other 
salient ridge, ^hich runs out to the N£. and over- 
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looks the plain with a very steep and precipitous 
aspect. In some directions, and when viewed from 
a considerable distance, the harsh features of the 
mountain are wonderfully softened j it acquires 8 
very beautiful conoidal shape, and from thence de- 
rives the name by which it is known among the 
inhabitants of the low country. 

The rock of Schehallien, like that of all the 
mountains in its vicinity, is of the class called pri- 
mitive ; and is disposed for the most pait in great 
parallel plates, or strata, nearly vertical, stretching 
from SE. to N\V. They are indeed so nearly ver- 
tical, that a deviation of 15" from the perpendicu- 
lar is rarely to be met with, except toward the base 
of the mountain, when it is sometimes greater, and 
is subject to considerable intiqualities. The strata 
on the north side of the mountain lean a little to- 
ward the north, and those on the south toward the 
south. All these variations, however, are inconsi* « 
derable, and in general the strata may be set down < 
as nearly vertical. i 

But though in their disposition all the rocks 
of Schehallien agree pretty nearly, they differ con- 
siderably in their mineralogical characters. A 
large proportion of tlie mountain, and that which 
constitutes the most elevated part, u formed of a . 
granular quartz, extremely hard, compact, and < 
homt^neous. The whole mass from about the 
level of the two observatories up to tlie summit of 
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the mountain^ is of this stone. Lower down, 
again, on every side, the rock is a schistiis con«- 
taining much mica and hornUende ; and the divi« 
ision into parallel and vertical plates is more obvi- 
ous than in the granular quartz. This last, how- 
ever, is sometimes fimnd in the lower parts, form- 
ing thin, vertical plates, interstratified with the 
hornblende and mica slate, and all t(^ether preserv- 
ing their parallelism with a neatness and accuracy 
vrinch a work of art could hardly exceed. This 
ia particularly to be observe in the bed of the 
bum oi Glenmore, the stream that defines the 
base of the mountain on the south, ahd which to- 
ward the lower part of itis course intersects the 
strata to a great depth.  

Beades these two kinds of rock,' we meet in se- 
veral places toward the base of the mountain with 
a granular and micaceous limestone, highly C17S- 
tallized, vrfaich, in one or two places, ascends to a 
considerable he^ht. All these rocks are ds^osed 
in strata J but there are also veins or dikes of 
poi^yry and griinsteiii) which traverse the moun- 
tain in. di&rent directbns ; one of the former 
kmd, of great breadth, cuts it right across .from 
N£. to SW,, not far from the point of its greatest 
elevation. There is nowhere any appearance of 
nietallic veins. 

The quartzy rock of Schehallien is extremely 
hard aiid homogmeous, and by its slow and uni- 
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fonn decay, has no doubt given rise to that mas. 
sive shape, and comparatively unbroken surface, 
which have been already remarked. Yet even here 
the work of time is abundantly evident ; for the 
rock being much cut by fissures tranverse to its 
stratification, it separates and falls down in large 
prismatic fragments. Some of these are of a vast 
size, and being extremely durable, the accumula- 
tion of them where the ground is not too steep to 
permit them to lie, is very great, so that large 
tracts of the sides of the mountain are covered 
with cubical blocks of granular quartz, resting on one 
another, and steadied only by their own weight. 

It is remarkable of the quartzy stone, that when 
exposed for some lime to the weather, it acquires 
the lustre and appearance of white enamel, so that 
the old weather-beaten surface is more clear and 
shining than that which is immediately produced 
from a fresh fracture. The reason seems to be, 
that the stone does not consist of pure quartz, but 
along with the grains of quartz has a great num- 
ber of grains of feldspar intei-spersed, which, when 
it is first broken, give it an opaque and earthy ap- 
pearance. These are soon dissolved by the action 
of the weather ; and there is then left over the 
surface a coat of pure quartz, which has the semi- 
transparency and vitreous gloss belonging to ena- 
lel. 
The feldspar which enters into the composition 
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of the rock here described, is not always in grains, 
but in some specimens is found regularly crystal- 
lized. The crystals, however, are small, and very 
thinly disseminated i were they in more abundance, 
this stone might be accounted a granite, as Pro^^ 
fessor Jameson has remarked of a stone of the same 
kind which he found in the island of Jura. 

From the vertical position of the strata we may 
infer with some probability, that the rock which 
breaks out anywhere at the surface, continues the 
same through the interior of the mountain, in the 
direction of a perpendicular plane, down to its 
base, or perhaps to an indefinite depth. The same 
stratum usually remains of the same nature to a 
great extent, whenever we have an opportunity of 
examining it, whether in a horizontal or a perpen- 
dicular direction ; and it is not to be doubted that 
the same holds when no such opportunity occurs. 
When, therefore, we have on the surface a bed of 
mica slate, or of granular limestone, or of granu- 
lar quartz, the probability is, that the whole stra- 
tum all through the mountain is composed of the 
same materials. I must, however, confess, that I 
do not think that this probability is as strong with 
respect to granular quartz, as it is with respect to 
the inicaceous rocks. These last compose the 
great mass of the Grampians ; and their charac- 
ters, though not everywhere the same, change very 
slowly, and pass from one to another by impercept- 
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ibie gradattona. To the granular quartz tliis rule | 
does not equally apply ; it is not general among 
the mountains of this tract ; it sometimes breaks 
off suddenly, and is replaced by rocks of a very 
different nature. We cannot, therefore, with the ' 
same confidence assume the existence of this rock 
in intermediate points, when we only see it in the 
extremes. This much, however, we know with 
certainty, that the whole of the upper part of the 
mountain, from about the level of the south obser- i 
vatory to the summit, consists of granular quartz, 
as no other stone is to be met with anywhere in 
that tract. This is the part above O, in the sec- 
tion of the mountain ; and the only question is, 
whether we shall consider the part in the interior 
of the mountain, immediately under this mass, as 
consisting of the same rock. When we first exa- 
mined Schehallien, Lord Webb Seymour and I 
were both of opinion that this was the most pro- 
bable supposition. Since that time, however, hav- 
ing had an opportunity of examining some other 
of the Grampians where granular quartz is found 
at the summit, and where, nevertheless, it is cer- 
tain that the same rock does not go down into the 
interior, there has appeared some reason to suspect 
that this may be true of Schehallien. As the re- 
sult of the calculus with regard to the earth's den- 
sity is materially affected by these suppositions, I 
hftve given the result as I had first deduced it on 
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the hypothesis, that the interior of the mountain * 
is of granular quartz ; and also on the hypothesis 
that the quartz is confined to the uj^r part ; and 
that the lower part is entirely composed of mica 
and hornblende slate. 

In the computation which Dr Hutton made of 
the attraction of Schehallien, he supposed its mas» 
divided into 960 vertical columns, and he com- 
puted the force with which each of these columns 
disturbed the direction of a plummet suspended in 
either observatory, supposing them all homogene- 
ous, and two and a half times as dense as water. * 
Now, knowing from our survey, and the combina- 
tion of geometrical with mineitdogical observa- 
tions, the specific gravity of each of these columns 
at the surface, and conceiving (what we have shown, 
with one exception,' to be probable) that the co- 
lumn remains the same through its whole length, 
we^ can compare the real attraction with that as« 
signed to it in Dr Hutton's calculation. The at- 
traction of any column computed on his hypo- 
thesis being divided by 2.5, and multiplied by the 
true specific gravity, will give the real attraction, 
or effect in disturbing the plumb-line. It is on 
this principle that our correction is formed, though ' 
simplifications occurred that very much diminish- 

* PhU. Trans. Vol. LXVIII. (1778,) p. 689, &c. 
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ed the labour of the computation, the nature of 
the rock leading us in the end to distinguish only 
two differences of specific gravity ; and the inge- 
nious deductions of Dr Hutton, together with the 
excellent order that prevails in his computation, 
having made it easy to follow a route which he bad 
cleared of all its greatest difficulties. 

However, as it was impossible to determine be- 
forehand how much the specific gravity of these 
rocks might differ, it was necessary to conduct the 
survey so that every individual column, had it been 
necessary, might have had its specific gravity de- 
fined. For this purpose the mountain was tra- 
versed in various directions, and the points at 
which a transition was made from rocks of one 
character to those of another were carefully noted, 
and their position ascertained. In selecting the 
specimens which were to represent the rocks of 
the several districts into which the mountain thui 
became divided, attention was paid both to the 
prevailing stone, and to that which was least com- 
mon, in order that we might, if possible, get pes* 
session both of the mean and the extremes. Thil 
Was in general the principle that guided our choice 
of specimens, but the application of it in detul to 
particular instances does not admit of being ex* 
plained. The reasons in every such case that de- 
termined us to take one stone and reject another, 
could only be perceived by an observer on the 
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spot, whose eye was accustomed to judge of the 
varieties, the plenty or the rarity of the minerals 
that passed in review before him, by indications 
which it is impossible to describe in words. We 
are here 4lierefore with reluctance compelled to 
request from the reader more credit than we are 
able to prove to him that we deserve. We know, 
that in doing this, we are craving an indulgence 
which no wise and candid observer ever wished to 
possess ; we sincerely regret that the nature of the 
subject forces us to m'ake this demand, and that 
the part of our work which it was most difficult to 
perform to our own satisfaction, is quite incapable 
of being explained to the satisfaction of others. 

Catalogue qf Specimens from SchehalUen. 

The roek of the mountain nsy be divided^ as 
already remarked, into three classes; grtnular 
quartz; miea and hornblende sbte ; granular lime- 
stone. The qiecific gravities were ascertained by 
the late I> Kennedy, and it is theref<»^ unneces- 
sary to add that their accuracy m«^y be perfectly 
rriied on. The pieces weighed were between 1 000 
and 4000 grains : most commofily between 9000 
and dOOO. Different pieces of the same specimen 
were often examined. The water used was dis* 
tilled, and always of a temperature betwera 60 and 
61 degrees. 

VOL. III. D d 
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Quartz. 



I. Grey sandstone, containing mica in thin lay- 
ers. Specific gravity =S.64i35. 

 2. White quartz, veiy pure. Fracture vitreoust 
Occurs in beds chiefly on the NE. side of the 
mountain. Specific gravity ^2.6437- 

3. Quartzy sandstone, of a whitish grey coIodT) 
with thin layers of mica. Specific gravity =2.6296. 

4. Quartzy sandstone. White colour, with lay- 
ers of mica. Much indurated. Somewhat ferru- 
ginous. Specific gravity =2.fi5367- 

5. Indurated sandstone, with spiculae of miot 
interspersed. Specific gravity —2.6460. 

6. Sandstone, much indurated, vitreous shine, 
interspersed with mica. Specific gravity =2.6369. 

7. Granular quartz from near the summit j con- 
tains grains of feldspar. Specific gravity =2.627^ 

8. Granular quartz, nearly the same with the 
preceding. Specific gravity =2.6109- 

9. Sandstone, fine grained, slightly marked wili 
iron veins. Specific gravity =2.6206. 

10. Sandstone, fine grained, more indurated' 
than the preceding. Specific gravity =2.6576. 

II. Sandstone containing calcareous matter. 
Specific gravity — S.6656. 

12. Granular quartz, very compact and indu- 
rated, but of a stratified structure; a little mica 
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in thin plates. From a mean of several. Specific 
gravity =^2.&k52. . 

Id. Gianuhr quartz of a flesh colour; imper^ 
feet crystals of feldspar thinly disseminated. This 
q>ecimen from near the top. From a mean of se- 
veval pieces. Specific gravity =2.6S87. 

The mean of these thirteen specimens gives 
2.6398 for the upper or quartzy part of the moun- 
tain. 

Mica and Hornblende Slate. 

1. Hornblende slate very compact. Specific 
gravity =3.0642. 

2. Micaceous schistus, with hornblende, and a 
rmall mixture of quartz. - Specific gravity =2.9385. 

3. Black micaceous schistus, fine grained, con- 
aining hornblende. Specific gravity =3.0476. 

4. Micaceous schistus, containing pyrites and 
[uartz in fine grains. Specific gravity =2.7293. 

5. Micaceous schistus tinged with an oxide of 
pon. Specific gravity =2.7935. 

6. Micaceous schistus, with thin plates of mica 
nd hornblende transverse to the stratification. 
Ipecific gravity = 907- 

7. Micaceous schistus, with quartz in small 
Tains. Specific gravity =2.7499 • 

8. Another specimen nearly the same. Specific 
ravity =2.7728. 
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9. Compact mkuceous schistus, graina of feldspar 
and quartz intermixed. SpeciBc gravity =2.7184^. 

10. Nearly the same with the preceding. Spe- 
cific gravity ='i.7206. 

The medium specific gravity of these ten speci- 
mens is 2.83255. 

Limestone. 

1. Granular limestone of a grey colour, contiun- 
ing some mica. Specific gravity =2.7087. 

Q. Gra'nular limestone, silver coloured, stratified 
atructure. Specific gravity =2.8890. 

3. The same, bluish, highly crystallized. Spe- 
cific gravity =2.76057- 

4. The same, finer grained, containing thin 
layers of mica. Specific gravity =2.7 'tl 9. 

5. The same, grey coloured, and the crystal» 
largor. Specific gravity =3,7-j02. 

The mean specific gravity of these five qiect- 
mens is =2.76607- 
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From the inspection of the preceding table* it h 
evident that the specimens rektively to their spe- 
rafic gravity may be divided into two classes sufB- 
ciently distinct fnnn one another. The specimens 
of granular quartz are in specific gravity compre- 
hended between !2.6l and 3.66 nearly, and the 
mean is 2.639876. Ihe micaceous rocks, includ- 
ii^ the calcareous, are contained between the li- 
mit 3J7 and S.06, the mean of all the 15 specimens 
being 2.81039> Now it happens fortunately, that 
these two daises of rocks distinguished by their 
■pedfic gravity are also distinguished by their po. 
ntira, so tfaat'the line which separates them can be 
aocnntely tnced out on the &ce of Ihe mountaiBf 
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As to the arrangement of the same two classes of 
rock in the interior of the mountain, there are on. 
ly two different suppositions, as already observed, 
which possess any degree of probabihty, and the re- 
sult of each is hereafter to be given. The curve 
line in the plan of the mountain divides the quartzy 
from the micaceous rocks. 

I shall now proceed to state the principles oh 
which the present investigation is founded, and thet 
result to which it has led. 

According to Dr Hutton's construction, if 
(Fig. 38,) be the place of the plummet in the soudt 
obseiTatory, ON the direction of the meridian, and 
if with a radius ON=133S3 feet, or -°~, a qnf 
di'antof acirclebe described, viz. WRN } if ONh( 
divided into 20 equal parts, and if from O as,^ 
centre, through each of these points of division, cib 
cles be described : lastly, if through O, radii as Olt^ 
OG, &c. be drawn such that the sine of the angle 
which each of them makes with the meridian shall 
differ from the sine of that which the contiguous 
radius makes with the meridian by — of the radius; 

that is, if sinGON—sinHON=^, &c. then shall 
every one of the twenty concentric rings be di- 
vided into twelve spaces, upon each of which, if 
columns of homogeneous matter be supposed to 
 stand, and to be of such altitudes as to subtend J 
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equal angles from 0» the attraction of each column 
on the plummet at O, in the direction of the meri- 
dian ON, will be the same. 

The attraction of any of these columns, as of 
that which stands on the base GHKL, is measured 
thus. Let b=Ghf the breadth of the column in 

the direction of the radius, =-s^rx-=:666.666 feet ; 

d=z difference between the sines of the angles of 
azimuth, or sinGON— sinHON=£/; E= angle of 
elevation of the column above O : then the attrac- 
tion =^bdsmE.* 

I have also used a theorem in these computations, 
which gives an accurate value of the attraction of a 
half cylinder of any altitude a, and any radius r, on 
a point in the centre of its base, and in the direc- 
tion of a line bisecting the base. Let A be equal 

to that attTM^tion ; then A=:2fliog ^+^^^+^ , or 

a 

Fig. 39 represents a vertical section of $chehal- 
lien in the direction of the meridian of the south 
observatory O. t The line QR represents the level 



* PhiL Trans. Vol. LXVIII. p. 751. 

t The observatories O and P are not in the same meri- 
dian. They are, however, nearly so ; and the section through 
P, in the direction of the meridian, would not difier sensibly 
from that which is here given. 
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of the lonest part of the base of the mountain. P 
ifi tbe north observatory ; the part of the section 
coloured with a reddish brown represents the gra. 
nular quartz, supposed here to constitute the inte- 
rior as well as the summit of the mountain. The 
dark colour represents the schistus ; the two belts 
of grey are the limestone strata on the north and 
south sides, OR, or the elevation of the south ob- 
servatory above the lowest part of the base of the 
mountain is 1440 feet. 

Fig. 40. is a section of the mountain in the dii-ec* 
tion perpendicular to the meridian of the south ob- 
servatory. This section, though not referred to ia 
any of tbe computations, is useful for enabling oM 
to form an idea of the structure and figure of Uie 
mountain. 

Draw OL (fig. 39.) parallel to the horizon.' 
With OR as an axis, and with a radius of 13338 
feet, suppose a cylinder to be described, and let it 
be cut into two semi-cylinders by a plane passint 
through OR perpendicular to RQ the meridian. 
Then the whole of the mountain on the north side 
of tiiis plane disturbs the direction of the plummet 
by drawing it toward the north. But the part of 
the mountain to the north of this plane, and be- 
tween the levels O and R is equal to one of the 
semi- cylinders above mentioned, mimts the empty 
space between the surface of the ground and the 
horizontal plane passing through O. If, therefoiei 
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S denote the attraction of the somi-cylmder, and V 
that which the void space would have were each 
pilhr in it to ccmaist of matter of the same density 
with the part of the »me pillar ^diich is under the 
aurface, S— V will represent the attraction or dis- 
turbing force of all that part of the mountain which 
is north of OR^ and under the level of O. 

Again, putting S^ and V^ to express the same 
things for the part of the mountain to the south of 
O, the whole attraction of that part equal S'— V, 
and this acting in an (^posite direction to the 
other, or tending to restore the plummet to its 
mean pointion, is to be subtracted from the former 
quantity, so that the whole disturbing force by 
which the part of the mountain below the level of 
O acts upon the plummet at O, is S — V— S'+V. 
To this the attraction of the upper part of the 
mountain, <>r that which is above the level of O, 
being, as k happens, wholly to the north is to be 
added, and if it be called T, the whole disturb- 
ance on the plummet at O is S-^ — V+ V'+T. 

In Dr. Hutton's computation, S and S', or the 
attradion of the half cylinder on opposite sides of 
O are equal to one another^ the cylinder being 
supposed to consist of matter of the same density 
throughout ; they must therefore destroy one an- 
edier, and consequently, according to that hypo- 
thesis, they did not require to be calculated. The 
case here is not the same ; for the matter in the 
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two semi-cylinders not being of uniform density, 
nor having its inequalities similarly distributed, tbe 
attraction of each must be calculated, in order that 
their difference, or S — S', may be found. 

If 2, 2', U, U', and T' denote the same quantities 
for the observatory P on the north side of the 
mountain, then the disturbing force on the plum- 
met at P, =2— r— U+U'+T' ; and so the whole 
force which alters the direction of gravity is 
S— S'— V+V'+T-l-S— 2'— U+U' + T'. 

The computation of these quantities for the co- 
lumns in the quadrant north-west of O, will serve 
to explain the method followed in all the rest. 

The whole cylinder of which OR is the axia 
being divided into 960 columns, the quarter of it 
must consist of ^4-0, all of which, as far as their 
bases are concerned, are of equal force in attract- 
ing the plummet at O, so that the difference of 
their effects depends entirely on their altitude. 
Let O, (Fig. 38.) represent the south observatory, , 
ON the meridian, and the quadrant ONW a ho- , 
rizontal section through O of one-fourth of the , 
cylinder, on which the bases of the columns are 
marked as in the figure. Let abc be the bound- 
ing line of the quartz projected on the plane of i 
this section, the columns whose bases are within , 
that line being supposed wholly of quartz, and 
those without it of micaceous schistus. If we 
suppose the columns that have their tops in this 
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section to be extended downwards to the dqpth of 
1440 feet, we shall have the quarter-cylmder. di- 
vided into 240 columns, that would be of equal 
disturbing forces, were they of equal densitj5 and 
equal apparent depression below the point O. The 
inspection of the figure serves to distingubh the 
columns of quartz from those of micaceous schistus. 
In those columns which consist of both rocks, the 
proportion of the quartzy to the micaceous part 
could be judged of with sufficient accuracy by 
the eye. To assist the eye, however, the figure 
being first constructed to a large scale, I used to 
stretch a fine thread either in the direction of a 
radius passing through O, or in a Une at right 
angles to that direction, (according as the case 
seemed to require,) so as to divide the quadrila- 
teral into two quadrilaterals, equal, as nearly as the 
eye could judge, to the irregular divisions made by 
the boundary of the quartz and schistus. The 
proportion of the parts was then easily ascertained* ' 
Now, by the first of the theorems laid down above, 
the attraction of any column on the plummet at 
O, estimated in the direction of the meridian ON, 
if 6 be the breadth of it in the direction of the 
radius, d the difference of the sines of the azi- 
muths of the two edges, E the angle which the 
length of the column subtends at O, if its den- 
sity were =1, would be bd xsiuE. But if the 
density of the rock be expressed by any other 
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number, the attraction just found must be multi* 
plied by that number, in order to give A the real 
attraction of the colunm. Thus, if Q denote the 
density of the granular quartz, and M that of the 
micaceous schistus, we have in the former case A 
=bdQmiE, and, in the latter, A=6(^MsinE. In 
these formulas, 5— 666.66 feet, andrf=— , bythe 
construction already explained ; therefore A= 
(55.55)QsinE, or ^ (55.55) MsiaE. 

The calculation of sinE is very easy, for the 
length of each column or its depth below O being 
1410 feet, and the middle of the first ring being 
333.33 feet distant from O ; of the second 1000, 
reckoning from O, if n be the number of any ring, 

the distance of its centre from O is -^ x lOOO, 

SOthatt.nE= ^ ]**' =^tl4*i 
3 

The sine corresponding to this tangent taken 
from the tables, and multiplied into 55.55, and 
the product into Q or M, will give the attraction 
of the column. Therefore to have the attraction 
of the ring of columns of the order n, the quan- 
tity now obtained must be multiplied by 12, that 
being the number of columns in one ring, having 
all by hypothesis the same altitude, so that the 
whole attraction of the ring =(666.66)QsinE, &c; 

The attraction of each of the twenty rings be- 
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tag thus computed, tbeir sam girei the attraction 
of the qturter-cylinder. * 

IVoin the prqjection of the columns m Fig. S8. 
H ^ipean that the first six lings in the NW. 
quadrant are entdrely of quartt, that the fire foU 
lowing are mixed, being partly quartiy partly mi- 
caceoui, and that the nine renuuning rings are 
n^Ily micaoeous. The little table that follows 
contains the pn^itioits of qnarbry and mtcaceous 
rock in the five nngi just mentitmed. 
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* It wu most CMiTeiuHil to oompute the attncliao of the 
qnarter-cjlinder in this way, though nwrelj ui qiproxun»- 
tiffi, becauae die cohinms of whidi H conauted are not all 
•f the Mme apedfic |p«Ti^> In the case of their being ho- 
nogeneou, the attrutiaii of the quarter-cylhder mi^ be 
computed txacti^ bj the lecond Ihawcni given abore. Iiw 
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This table is constxucted only for that part of 
the north-west quadrant in wliich columns occur of 
two different rocks ; and a rectangular cell is assign- 
ed to each column in the five rings to which the 
table refers. The letters q and m denote quartz 
aod mica ; and where one letter only occurs, the 
column is entirely of the rock wliich it denotes. 
In the cells where both letters occur, the column 
consists of both rocks in the proportion expressed 
by the fraction prefixed to each letter. Thus, in 

the seventh ring, the first quadrilateral is-^ quartz 

and Tj; mica ; the second, |- quartz and t^ mica ; 

the third, —■ quartz and y- mica ; the remaining 
nine being entirely quartz. 

Now to apply the tables thus constructed to the 
computation of the attraction of any of the quarter- 
cylinders, it must be observed, that sinE is to be 
found for any column in the way already explain- 



deed, I investigated that theorem for the purpose of esa- 
mining into the degree of accuracy that thia approximation 
actually possessed ; and I had the satisfaction to find, that 
when the two methods were applied to the same half or ijuar- 
tcr-cylinder, (supposed homogeneous,) the difference of the 
results did not exceed a two- thousandth part of the whole. 
This demonstrates in a very satisfactory manner the accura- 
cy of the method pursued by Dr Hutton, 
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ecU and is then to be multiplied by bd^ b being 

2000 J , 1 41, *. iL J 2000 500 , 

^__ and rf= ^, so that hd =^^^=_, and, 

therefore, the coeflScient of Q or M is — sinE. 

When the whole ring is of the same rock, the 
coefficient of sinE computed for a single column is 
to be multiplied by IS, so that the whole attraction 

of the ring =— xi2=-j-=666.66> as before de- 

termined. 

In the mixed columns the sine of £ is to be 
multiplied both into hd^ and into the fraction pre- 
fixed to q for the quartz, and to m for the mica ; 
or if we would include the whole ring, as E is the 
same for all the columns contained in it, wemustmul- 
tiply bd by the numbers denoting the proportion of 
quartz or of mica in the whole of that ring. Thus 
in ring 7> the first in the preoeding table, the 
whole quartz =11.4, the sine of E being =3157, 

and the attraction due to the quartz = ^ * 

X-3157 =(129-9423)Q. 

In this manner the attraction of the whole cylin- 
der on the plummet at O is readily computed ; but 
it must be diminished on account of the part by 
which this cylinder rises above the surface of the 
ground. The quantity that is to be subtracted i$ 
computed from the sines of the depressions of the 
tops of the different columns below the observatory 
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O ; snd Dr Hutton's paper either actually e&hi* 
bits * those sines, or furnishes us with the meam 
of readily computing thera.-f- When a ring it 
wholly of the same species of rock, the sum of the 
sines of the depression of all the columns in tbati 
ling is given in the tables, and needs only to be 
multiplied by — to give the coefficient of Q » 
M as far as that ring is concerned. 

Again, when in the sarae ring some columns are 
of quartz and others of mica, the sines of depres- 
sion must be computed trigonometrically for eacb 
column by help of the data contained in the tables 
above referred to. The sum of those sines for the 
quartz columns being multiplied by bd, gives the 
coefficient of Q. 

Where the same column is of two dififcrent kindf 
of rock, the sine of the depression, or of E, mult 
be multiplied into bd, and divided in the propor* 
tion of the numbers prefixed to q and m in the cell 
belonging to the column. 

All this may be illustrated by the calculation of 
the attraction of the columns belonging to the 
above table. In the seventh ring the first column*, 
are mixed, the next three are entirely of quartij 
and the remaining six are wanting, that is to ssy^ 

• Phil. Trans. Vol. LXVIII. p. 769 to 776. 

f Ibid. p. 759 to 765. .^^^^ 

I 1 
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their tops are not depressed below the level of O9 
as may be seen in Table V. of Dr Hutton's papen 
From that table it also appears, that the depth of 
the summit of the first column of the seventh ring 
below the level of O is 250 feet ; of the second 
240, of the third 200, of the fourth 150, of the 
fifth 60, and of the sixth 30. From these mea- 
sures the angles of depression may be computed. 
Thus, if 250 be divided by the radius of this ring, 

viz. — 3— > we have .0577/or the tangent of the de- 

pi?ession, or of £, and the sine which corresponds 

7 
is .0568. As Y^ of this column consists of quartz, 

we must take j^ of this sine for the proportional 

part of thes^oefScient of Q. In like manner, the 
sine of the depression of the top of the second co- 

lifmn IS .0545, of which taking j^ we get .0436 for 

the part of the coefficient of Q belonging to this 
column. So also for the third ring, the proportion- 
al part of the sine is •04149* The fourth, fifth, 
and sixth columns being entirely of quartz, no pro- 
portional (mrts are to be taken ; their sines, com*^ 
pnted as before, are .0346, .0138, .0069 ; and the 
sum of all these six numbers is .18015. 

Calculating in ihe same way for all the columns 
that are entirely or partly of quartz in the north- 

voL. III. £ e 
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nest quadrant, we have the amount of the whole 
^^.^SS'i'. Now the total sum of the sines of the de- 
presiiions in this quarter, is 13.53-i. (See Dr Hut- 
ton's Computations, p. 83.) From this numher, 
if .2534. be taken away, there wiU remain 13.2S06 
as the coefficient of M, arising from the depressions 
of the micaceous columns. 

Now the sum of the sines belonging to the 
quartz in the quarter-cylinder itself has been found 
=53.3532, from which taking away .2.'iS4, there re- 
mains 53.099S for the entire sum of the sines be- 
onging to the quartz under the level of O ;n the 
north-west quarter of tlie mountain. 

In like manner the sum of the sines computed 
for the micaceous columns and parts of columns in 
the north-west quarter-cylinder, is 23.0124, from 
which taking away 13.9806, the deficient or negl- 
tive part, there remains 9.7318. The numbers 
thus found being multiplied by ^, give the coeffi- 
cients of Q and M for the north-west quarter of 
the mountain below the level of O, and make its 
attraction =(2949.99)Q+(540.655)M. 

A similar computation being made for the quar- 
ter-cylinder on the north-east of O, we have ita at- 
traction =(297*.299)Q+('577-98)M, to which 
adding their former attraction, (3949.99) Q+ 
(540.655)M, we Ijave S — V, or the attraction of 
die mountain <m the north side of O* and under 
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the level of O =(59«4.289)Q+ (11 18.635) M. In 
like manner the attraction of the south-west quad- 
rant deduced partly from the quarter-cylinder, and 
partly fn»n Dr Hutton's calculations =(1049*18) 

Q+(1819.66)M,andofthe80uth.east=(1567.394) 
Q+(1052.129)M } the sum of which, or S'--V', 
gives (26l6.574)Q+(2871.789)Mj to be subtract- 
ed from the former, in order that we may have 
the total disturbing force of the part of the moun- 
tain below O, which is therefore =(3307.715)Q^- 
(1753.154)M. 

Lastly T, or the attraction of the part of the 
mountain above O, (which is on the north,) when 
computed from the sums of the sines of the eleva- 
tion of the columns above O, as given by Dr Hut- 
•ton, is found =(2474.389)Q+(150.855)M, which, 
added to the preceding, gives the whole attraction 
an the plummet at O, =(5782.104)Q— 
(1903.«09)M. 

The same quantities calculated for P, the north 
observatory, are (806l.022)Q-(8127.05)M. 1>> 
which adding the attraction just found for O, we 
have (13843.126)Q-(5030.214)M= the total 
fiirce of attraction increasing the convergency of the 
]^umb-line on oj^site sides of the mountain. 

Now if D be the mean density of the globe, 
it follows from Dr Hutton's calculations that 
87^22720D is the measure oi the attraction of the 
whole earth. But the Astronomer Royal having 
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found by his observations, that the sum of the de- 
viations of the plumb-line on opposite sides of the 
mountain is 11.6 seconds, the attraction of the 
earth is therefore to the sum of the opposite at- 
tractioas of Scbehallien, as radius to the tangent 
of ir'.6, that is, as 1 to .000056239, or as 17781 
to 1 ; or, making an allowance for the centrifugal 
force arising from the earth's rotation, aa 17804 to 
1. Therefore, 17804'. r. :87522720D:(I3S43.I26)Q— 



, or D=(2.816)Q— 



171*0-1 
(5030.314)M, and hence 
r,_ (l384.3.I26}Q— (503Q.2I4.)M 

~ 4-}) 1590a 

(i.023)M. If we suppose Q-2.639876 and 
M^2.8l039, as in the table above, 0^4.55886. 

Dr Huttou makes D=-^^ multiplied into 2.5, 

the supposed density of the rock,* which gives 
D=4.481, considerably less than tlie preceding. 
If in the formula D^(2.8l6)Q-(1.0a3)M, we 
make Q-M=:2.5, the result should agree with Dr 
Hutton's, and does so very nearly, making T)= 
4.482. 

In all this, we have proceeded on the supposi- 
tion that the granular quartz not only constitutes • 
the summit of the mountain, or the part above the 
level of the observatories, but that it also descends 
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into the interior of the mountain down to its base, 
where it is bounded by the curve line abCf (Fig.SS.) 
On the other supposition mentioned above, that the 
g^nular quartz does not constitute the interior 
nucleus of the mountain, but is confined to the 
upper part of it, the rest consisting of micaceous 
schistus, our formula, after imdergoing certain 
changes, may also be accommodated to this hypo- 
thesis. In the value of the attraction of the part 
of the mountain below O, viz. (3307.715)Q— 
(1753. 154) M, we must suppose Q=M, when the 
above quantity becomes (1554.56l)M. To this 
we are to add T, or the attraction of the part of 
the mountain above O, which remains the same as 
before, viz. (2474.389)Q-(150.055)M, to which 
if we add (1554.56i;M, the sum (2474.389)Q+ 
(1404.506) M is the whole attraction on the plum- 
met at Q, according to this new hypothesis. 

If the same changes are made with respect to the 
observatory P, we shall have the total attraction. 
Now the attraction of the part of the mountain 
below P=(5593.347)Q-(3172.15)M, which if 
Q=M becomes (2421.197)M. Also the attrac- 
tion of the part above Pis (2467.675)Q+ (45. 15)M. 
If to this be added (2421.197)M, the amount, or 
(2467.675)Q+(2466.347)M is the total attraction 
on the plummet at P. 

To the total attraction at 0=(2474.S89)Q+ 
(1404.506)M, add the total attraction at P=« 
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(34fl7.675)Q+(2466.3*7)M; then the total at- 
ti-action by which the direction of gravity is alien- 
ed by the mountain, is (4942,06't)Q+ (3870.853)M, 
Hence as before ^ J^^v^-^^m+i^^ro.ss.m ^ ^ 

D= ( 1 .0O5.'3)QH-(O.78743)M . 

Here if we make as before Q=Q.63QS76, and 
M=2.81039, we shall have D=4.866997. This 
therefore is the mean density of the earth, on the 
supposition that the interior of Schehallien, on a 
lower level than the observatories, consists of mi- 
caceous schistus. The measure thus obtained, for 
the mean density or mean specific gravity of the 
earth, is above that of any of the precious stones, 
and is nearly a mean between the results of Dr 
Hutton and Mr Cavendish. According to the 
former, D~4.4S1; according to the latter, D=5.48, 
the mean of which is 4.98. The difference between 
this and the last of our results is nearly =.1, or less 
than a forty-fifth part. 

If we are to consider the experiments on Sche- 
hallien singly, it seems highly probable that the , 
mean density of the earth is contained between the 
limits deduced from the two different suppositions 
concerning the structure of the mountain, so that 
it cannot be less than 4.55S8, nor greater than 
4.867. The mean of these is nearly 4.713. 

It is however desirable, that an element so im- 
portant in physical astronomy, as the mean density 
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of the earth, should be the result of many experi- 
ments. The principle on which those at Schehal- 
lien were made seems the most likely to lead to 
accurate conclusions. In the selection of the pla- 
3es fit for such observations, the homogeneity of 
the rock is a condition that merits particular atten- 
tion, and is hardly to be looked for any where but 
imong granite mountains, as they alone afford a 
[>erfect security that their interior and exterior are 
composed of the same materials. Granite is the 
lowest of the rocks, and whenever it appears at the 
surface we may be assured, that on penetrating 
ieeper, we shall meet with no other. 

It is therefore to the primitive mountains, and 
unong them to the granitic, that such experiments 
IS those made at Schehallien ought to be confined. 
The want of homogeneity will then be on the out- 
dde of the mountain only, and can easily be esti- 
nated. The granite may be covered at the bot- 
tom of the mountain and even to a considerable 
leight on its sides with beds of gneiss, mica slate, 
lornblende slate, &c. the quantity and position of 
/vhich can easily be ascertained by observation. 
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NAVAL TACTICS. * 



1 HE author of the Naval Tactics is one of those 
men who, by the force of their own genius, have 
carried great improvements into professions which 
were not properly their own. The history both of 
the sciences and of the arts furnishes several re- 
markable examples of a similar nature. Fermat 
the rival, iSometimes the superior of Descartes, one 
of the most inventive mathematicians of a most in- 
ventive age, was by profession a lawyer, and had 
only devoted to science the time that could be 
spared from the duties of a counsellor or a judge : 
about fifty years earlier, also, his countryman Yieta 
had made a like digression from the same employ- 
ment, and hardly with inferior success. 



• Published in the Transactions of the Rojal Society of 
Edinburgh, Vol. IX. (1821.)— Ed. 
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Peirralt, who, in the fiifide of the Louvr^ has 
left behind him so qplendid a numoment of aithi- 
tectoral skill and taste, was m pliysiciany and not 
only practisedf but wrote bodca cm medidne. Dr 
HencheU too, who has made more astronomical 
disooreries than any indifidoal of the present age, 
betook himself to ihe study of the heavens as a re- 
laxation from professional pniwnts. Mr Clerk is 
to be numbered with these illastrions men, hav- 
ing made great improvements in an art to which he 
was not edncated, and in which early instruction, 
and long practice, would seem more indispensable 
than in any other. 

Two reasons may perl^aps be assigned for th^ 
9U0oess which ofteii attends men who thus take a 
science, by asswlt^ without making their approaches 
regularly, and accordipg to the rules of art Thej 
are inspired by genius^ and impelled by the highest 
of all motives, the pleasure they derive from their 
exeitions. They are also free from the prejudices, 
and the blind respect for authority, which consti- 
tute so strong a barrier against improvement both 
in the sciences and the arts. 

A young man, who bad been bred in the service 
of the Navy, who bad seen the Commanders he 
was taught to respect most highly, bring their fleets 
into action constantly in a certain way, and who 
had naturally made that manoeuvre the great object 
of his study, would not be apt to deviate from a 

10 
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practice, in the accurate and successful application 
of which the greatest merit of a Naval Officer was 
supposed to consist. Indeed no man learns his 
art, as it actually exists, more completely thui a 
seaman ; but no man learns it in a way more like- 
ly to preclude improvement. A landsman, there- 
fore, sitting in his study, and thinking only of the 
abstract principles, mechanical or tactical, of the 
naval art, provided he be Well instructed in them, 
and have a mind sufficiently powerful to combine 
those principles, and appreciate their different re* 
^ts, may be expected to give valuable lessons to 
the most able and experienced seamen. 

Mr Clerk was precisely the man by whom a sue- 
cessful inroad into a foreign territory was likely to 
be made. He possessed a strong and inventive 
mind, to which the love of knowledge, and the 
pleasure derived from the acquisition of it, were al- 
ways sufficient motives for application. He had 
naturally no great respect for authority, or for opi- 
nions, either speculative or practical, which rested 
only on fashion or custom. He had never circum- 
scribed his studies, by the circle of things imme- 
diately useful to himself ; and I may say of him, 
that he was more guided in his pursuits, by the in- 
clinations and capacities of his own mind, and less 
by circumstance and situation, than any man I have 
ever known. Thus it was, that he studied the sur- 
face of the land as if he had been a general, and 
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the surface of the sea %s an admiral, though he had 
no direct connection with the profession either of 
the one or of the other. 

From his early youth, a. fortunate instinct seenu 
to have directed his mind to naval affairs. It is 
always interesting to remark the small and almost 
invisible causes from which genius receives its first 
impulses, and often its most durable impressiom. 
" I had (says he) acquired a strong passion for 
nautical affairs when a mere child. At ten yeais 
old, before I had seen a ship, or even the sea at s 
less distance than four or five miles, I formed as 
acquaintance at school with some boys who had 
come from a distant sea-port, who instructed rae in 
the different parts of a ship from a model which 
they had procured. I had afterwards frequent op- 
portunities of seeing aud examining ships, at the 
neighbouring port of Leith, which increased my 
passion for the subject ; and I was soon in posse* 
sion of a number of models, many of them of my 
own construction, which I used to sail on a piece rf 
water in my father's pleasure-grounds, where thwp 
was also a boat with sails, which furnished me wiA 
much employment. I had studied Robinson Cnk- 
soe, and I read all the sea-voyages I could pro* 
cure." 

The desire of going to sea, which conld not btf 
arise out of these exercises, was forced to yield tt 
family consider^ions ; but, fortunately for his cotuh 
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try, thfi prapensity to naval affiiira, and the plea# 
sure derived from the study of them» were not to 
be overcome. 

He had indeed prosecuted the study so far,, and 
had become so well acquainted with naval affliirs, 
that» an he tells us himself, he had begun to study 
the difficult problem of thoi^^y of a ship to wind- 
ward. This was about the year 1770, when an in^* 
genious and intelligent gentleman, the late Commis* 
sioner Edgar, came to reside in the neighbourhood 
of Mr Clerk's seat in the country. Mr Edgar ha4 
served in the army, and, with the company under 
his command, had b^en put on board Admiral 
Byng's ship at Gibraltar, in order to supply the 
want d* marines ; so thut he was present in the action 
^the Island of Minorca, on the 2Qth qf May 17^6. 
As the friend of Admiral Boscawen, he afterwaids 
accompanied that gallavt officer in the more fortu<^ 
nate engagement of Lagos Bay. 

After the American war was begun, an attention 
to the narratiyes of his friend, and still more to the 
actions which were then happening at sea, served to 
convince Mr Clerk that there was something very 
erroneous in the methods hitherto pursued by the 
British admirals for bringing their fleets into action ; 
insomuch, that, though nothing could exceed .the 
dull with which each individual ship was worked, 
jet when one whole fleet was opposed to another, 
the plan followed was uncertain and precarious. 
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and it seemed that the expedient for forcing an 
enemy to fight, remained yet to be discovered. It 
appeared, indeed, that very little attention had yet 
been paid to the subject of Naval Tactics. 

The oldest work we know of that treats of Na- 
val Tactics, is that of the learned Jesuit Pere 
Hoste, Professor of Mathematics in the Royal 
College at Toulon, and entitled UArt des Ar- 
mies Navales, It is an elementary and distinct 
exposition of the ordinary manceuvres at sea, and has 
no pretensions to any thing more. It was, however, 
highly regarded at the time : the author, whea he i 
presented it to Louis XIV. in 1697, was well rfti 
ceived, and had a pension given him. 

There was no book on the subject in the English 
language ; and the conduct of our sea-fights, though 
it had so often proved successful, did nut display 
much extent or variety of resources. Ic had usu- 
ally happened tliat the British fleet was eager to 
engage, and that the enemy was unwilling to risk 
a general action ; our object, therefore, had almost 
always been to gain the "weather -gage, as it is call- 
ed, of the enemy, or to place ourselves to windward 
of his fleet. When that fleet was drawn out in line, 
in the manner necessary for allowing every ship its 
share in the action, the British fleet bore down from 
the windward on the enemy, lying to, as it is term- 
ed, or almost Jixed in its position ; the whole line. 
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and also the broadside of each individual ship, being 
nearly at right angles to the direction of the wind. 

Under these circumstances, the British fleet had 
usually pursued one of two methods of making the 
attack. Tlie one consisted in forming a line pa- 
rallel and directly opposite to that of the enemy ; 
after which each ship bore down on that which was 
immediately exposed to it. According to the other 
method, the British fleet, on the opposite tack to 
that of the enemy, ran along parallel to it, and 
within fighting distance, till the whole of the one 
line was abreast of the other, and each ship ready 
to engage her antagonist. 

If the first of these methods was pursued, each 
ship, on coming down, had a very sharp fire to sus-* 
tain from the broadside of that opposed to her, 
which she could only return feebly from the gum 
on her bow. The rigging, of consequence, which 
presented the best mark when seen endwise, was 
likely to be so much cut, that the ship must- be 
nearly disabled before she arrived at the fighting 
distance. 

If the second method was pursued, the headmost 
i^p had to endure the fire of the whole line before 
it arrived in its place ; the second, the fire of all but 
one i the third, of all but two, and so on : so that 
it was not likely that any but the stemmost ships 
could reach their station without having received 
coraiderable damage. This gave to the enemy who 
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quietly remained on the defensive, a great advan*. 
tage over the attacking sqnadron, and enabled bimi' 
almost to a certainty, to come off, if not with victory, 
at least with very little loss. 

The disadvantages, however, arising from thesfl", 
two modes of attack, either had not been duly coB« 
sidered, or had been set down among the unavoid* 
able evils necessarily involved in a determination tdk 
force the enemy to fight. Perhaps, too, the desirtf 
of complying literally with the instructions alwayi; 
given to our admirals, of doing their utmost to takers 
bum, and destroy, contributed to make it be thought, 
that a direct and immediate attack, such as has just 
now been described, was the only means that could 
properly be resorted to. 

Mr Clerk had the merit of pointing out the evil* 
now enumerated, in a manner most clear and dtf 
monstrative, and of describing a method by whick' 
the attack might be made, without incurring any 
of the disadvantages that have been mentioned, sa£ 
almost with a certainty of success. As the evU. 
arose from an endeavour to diffuse the force of tha 
attack, if one may say so, over the whole surface (£ 
the line attacked ; so the remedy consisted in con- 
centrating the force of the attack, and in bringing 
it to bear with proportionally greater energy on a 
single point, or a small portion of the enemy's line. 
For this purpose the admiral of the attacking and 
windward squadron, is supposed to come down, not 
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in line, but with his fleet in divisions, so as to be 
able to support the particular division destined to 
break through the line of the enemy. The conse- 
quence must be, that, if this attack is directed 
against the rear of the enemy, the ships a-head 
must either abandon those that are cut off, or must 
double back, either by tacking or wearing. Here 
Mr Clerk shows, that if the enemy follow the 
first of these methods, and make his line either 
tack in succession, or all together, such a distance 
must be left between them and the three or four 
stemmost ships, that not only must those last be 
easily carried, but that several more must probably 
be thrown into such a situation as to subject them 
almost unavoidably to the same fate. If the enemy 
attempt the same thing by wearing, his condition 
will be still worse. The fleet, by falling to leeward, 
must not only desert the ships attacked altogether, 
but must leave the sternmost of the wearing ships 
so much exposed as to render it certain that they 
will be entirely cut off. 

At the time when this method of attack was 
proposed, it was regarded as a manoeuvre quite 
new, and as having never yet been acted on. Mr 
Clerk, indeed, has entered into a historical detail, 
which tends to establish this point, and in which, 
from the most authentic documents, he traces the 
plans of most of our remarkable naval actions, from 
that of Admiral Matthews, off Toulon, in 
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tliBt of Admiral Greaves off the Chesapeak iu 
I78I. In most of these actions, though conducted 
by some of our ablest naval officers, the British 
fleet being to windward, by extending the line of 
battle, with a design of disabling or destroying the 
whole of the enemy's line to leeward, was itself 
disabled before the ships could reach a situation la 
which tliey could annoy the enemy j while, on the 
other hand, the French, perceiving the British ships 
in disorder, have made sail, and, after throwing in 
their whole fire, have formed a line to leewai'd, 
where they lay prepared for another attack ; and 
thus has been frustrated that combination of skill 
and courage which distinguishes our seamen, and 
has always Ijeeu so conspicuous in actions of single 
ships. The analysis of those actions forms a most 
interesting part of Mr Clerk's book, and furnishes 
a commentary on the naval history of Britain, such 
as we seek for in vain in the treatises written ex- 
pressly on tliat subject. 

In the second part of his work, which, though 
first written, was last published, the author has con- 
sidered the nature of the attack from the leeward, 
or where the fleet which would force the other to 
action has not the advantage of the weather-gage. 
Here also he proves, by arguments very clear and 
convincing, that nothing promises success but the 
cutting of the enemy's line in two ; the leeward 
fleet on the opposite tack to that of the enemyt 
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bearing op obliqudy, so as to pierce the Hue in the 
centre, or towards the rear, as circumstances may 
direct. The ships thus cut off could have no sup- 
port, and must either save themselves by downright 
flight, or fall into the hands of the enemy. 

The time when Mr Clerk was engaged in these 
speculations, was a period very memorable in the 
naval, the military, and political history of this 
country ; and never was there a moment when the 
communication of the secret he had discovered 
could have been attended with more important con* 
aequences. The contest in which Britain was en- 
gaged with the American colonies, so questionable 
in its principle,— -so approved by the nation,-— and 
so obstinately pursued by the Government, had in- 
volved the country in the greatest difficulties* A 
aeries of great and ill-directed efforts, if they had 
not exhausted, had so far impaired, the strength 
and resources of Britain, that neighbouring nations 
thought they had found a favourable opportunity for 
breaking the power, and humbling the pride, of a 
formidable rival. The French Government, desi- 
rous of accomplishing an object of which it had 
never lost sight, and willing also to share in the 
glory of giving independence to a new State, was 
yet ^orant of the lesson which it was so soon to 
learn to its cost, — ^the danger which a despot runs, 
who attempts to give that liberty to other nations 
which he refines to his own people. Spain also. 
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which we see at this moment exerting every nerre 
to contimie the thraldom of her own colonies, 
joined early in the scheme of giving independence 
to those of England ; and by her detail of a hun- 
dred grievances, sufficiently convinced the world, 
that her hostility to Britain proceeded from a cause 
which she could not venture to avow. — Against 
this formidable combination, which HoUand was 
preparing to join, Britain stood alone without an 
ally ; and not merely alone, but divided in her 
counsels, with more than half her force engaged in 
the operations of a destructive civil war, in which 
victory would have been more ruinous than defeat. 
These were circumstances, which, in the mind of 
eveiy friend to his countiy, could not but excite 
anxiety and alarm j yet they were perhaps not the 
most threatening that distinguished this perilous 
crisis. In the naval rencounters which took place 
after France had joined herself to America, the su- 
periority of the British navy seemed almost to dis- 
appear ; the naval armies of our enemies were every 
day gaining strength ; the number and force of 
their ships were augmenting j the skill and espei^ 
cnce of their seamen appeared to be coming nearer 
to an equality with our own. Their commanders 
were completely masters of the art of avoiding a 
general or decisive action, and at the same time of 
materially injuring their enemies. In the doubt- 
ful conflict off Ushant, which gave the commence- 
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ment to our hostilities with France, the British dd« 
miral, after placing himself between the French 
fleet and their own coast, continued to manoeuvre 
for several days together, without being able to 
bring on a general action, and was forced, at length 
to draw off towards his own ports, allowing the 
French to return to theirs, without the capture of 
a single ship to support his own claim to victory, 
or to refute that of the enemy. The year which 
followed this had witnessed the most inglorious na» 
val campaign recorded in the annals of Great Bri- 
tain. The combined fleets of France and Spain 
were seen riding with exultation in the British 
Channel, capturing our ships close to our own 
ahores, while the naval force of Britain stood aloof, 
and only ventured to look from a distance on a scene 
which every British seaman beheld with grief and 
indignation, while he seemed to read in it the tale 
of his personal dishonour. Another action in the 
course of the same year, had no great tendency to 
console us for the disgraceful caution which our 
fleet in the Channel had been forced to observe* 
Admiral Byron attempted to bring the French 
fleet, off Grenada, to action, and after the greatest 
gallantry, displayed both by himself md the officers 
under his command, he entirely failed in his object, 
and even suffered considerable loss. Indeed, when 
one studies the account of this action, by help of 
the light which the author of the Naval Tactics 
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haa thrown on it, he sees with much regret the 
highest efforts of valour and seamanship thrown 
away, from our ignorance of the true principle by 
which our attack should have been directed ; while 
the French, in their position to leeward, succeeded, 
with their usual address, in damaging our ships, 
and saving their own. 

The parallel drawn by Mr Clerk between the 
unfortunate engagement of Admiral Byng and this 
of Admiral Byron, is sufficiently striking, and shows 
but too clearly, that there are many circumstances, 
besides conduct and valour, that determine the cha- 
racter of a soldier that fights either at sea or land. 

The action of Admiral Arbuthuot in the suc- 
ceeding year, deceived equally the hopes of the na- 
tion, and equally demonstrated the skill of the 
French commanders, in the means of obtaining the 
end they had in view, and in entirely defeating that 
of their enemy; and by its unhappy influence on 
our military operations on shore, may be regai-ded 
as the most fatal miscarriage that marked the pro- 
gress of the British arms. The action of Admiral 
Greaves off the Chesapeak, concluded a series of 
unsuccessful attempts, in which, though no signal 
disaster fell on the British fleet, no gloiy was gain- 
ed, the ultimate object of the expedition was always 
lost, and, to a power used to boast in its superiori- 
ty, the entire absence of victory seemed equivalent 
to defeat. The enemy was acquiring skill and con- 
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fidence, while we were loung that feeling of supe- 
riority on which success so often depends* The 
circumstances of the nation had never called on 
every individual to think more seriously of the si- 
tuation of his country ; nothing had ever proved so 
clearly, that, at sea, the system of offensive warfare 
was yet but imperfectly understood, nor was there 
ever a juncture, when such discoveries as Mr Clerk 
had made, could be brought forward with so great 
e£^. To a man who, like him, was a real lover 
of his country, sincerely interested in its liberty and 
independence, as well as in the glory of its flag ; 
full also of the enthusiasm of genius, and the love 
of science ; I can hardly imagine any higher or 
more exquisite delight, than that which he must 
have felt, when his imagination arose from the de- 
spondency into which the actual state of things had 
thrown every thinking man, to consider the change 
which the secret which he had in his possession 
was likely, nay sure to make^ in the condition of 
his country. 

There can eidst, I think, but one feeling supe- 
rior to this, — that which must arise on seeing this 
noble vision realized* This also fell to the share 
of the author of the Naval Tactics^ who lived to 
see his measures carried into effect with unexam- 
pled skill and gallantry ; saw them lead to victo- 
rieis more splendid than the most sanguine hopes 
could have ventured to anticipate, and saw himself 
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become one of the great instruments by which Pro- 
vidence enabled his countiy to weather a more aw> 
ful tempest than any by wliich it had hitherto been 
assailed. 

Being fully satisfied as to the principles of his 
system, Mr Clerk had begun to make it known to 
his friends as early as 1779- After the trial of 
Admiral Keppell had brought the whole proceed- 
ings of the affair off" Ushant before the public, Mr 
Clerk made some strictures on the action, which he 
put in writing, illustrating them by drawings and 
plans, containing sketches of what might have been 
attempted, if the attack had been regulated by other 
principles, and these he communicated to several 
naval officers, and to his friends both in Edinburgh 
and London. 

In the following year he visited London himself, 
and had many conferences with men connected 
with the navy, among whom he has mentioned Mr 
Atkinson, the particular friend of Sir George Rod- 
ney, the Admiral who was now preparing to take 
the command of the fleet in the West Indies. A 
more direct channel of communication with Admi- 
ral Rodney was the late Sir Charles Douglas, who 
went out several months after the Admiral, in or- 
der to serve as his Captain, and did actually serve 
in that capacity in the memorable action of the l^th 
of April 1782. Sir Charles, before leaving Bri- 
tain, bad many conferences with Mr Clerk on the 
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subject of mcni tackks, siidt before be sailed» wis 
m complete posses ai op of that system. Some of 
ihe confisrences with Sir Charles were by the iqp* 
pointment of the kte Dr Bhur, prebendary of West- 
■u ns ter ; and at one of these interyiews were pre* 
sent Mr William and Mr James Adam, with th^ 
nepbew the present Lord Chief Ccnnmissioner for 
Scotland. Sir Charles had commanded the Stirw 
ling Castle in Keppdl's engagement; and Mr 
Clerk now communicated to him the whole of bis 
strictnres on that action, with the plans and demon- 
strationsy mi which the manner of the attack firom 
the leeward was fully developed. 

The matter which Sir Charles seemed most un* 
willing to admit, was the advantage of the attach 
firann that quarter ; and it was indeed the thing 
most inconsistent with the instructions given to all 
admirals. 

Lord Rodney himself, however, was more easily 
convinced; and in the action off Martinico, in 
April VJSOy the original plan seemed r^ulated by 
the principles of the Naval Tactics. The British 
fleet was to leeward, and the first signal made by 
the Admiral gave notice of his intention to attack 
the enemy's rear with his whole force. The ene* 
my, however, having discovered this intention, 
wore, and formed on the opposite tack, and thus 
the effect of the signal was for the time defeated. 
The Admiral appeared then to depart from the 
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new system ; for tbe nest signal which he thret* 
out, was for every ship to bear down on her oppo- 
site, according to the Slst article of the additional 
fighting instructions. It appears, as we shall after> 
wards see, that the cause of this change was the 
mistake of the signals, the captains of the fleet not 
being sufficiently prepared for the new method of 
attack. In the two actions which immediately fol- 
lowed this, on the 15th and I8th of the next 
month, the French succeeded in the defensive sys- 
tem ; and it was not till two years aftei-wards, in 
April 1782, that Lord Rodney gave the first ex- 
ample of completely breaking through the line of 
the enemy, and of the signal success which must 
ever accompany that manoeuvre, when skilfully eon- 
ducted. The circumstances were very remarkable, 
and highly to the credit of the gallantry as well as 
conduct of the Admiral. The Britisli fleet was to 
leeward, and its van, on reaching the centre of the 
enemy, bore away as usual along his line; and had 
the same been done by all the ships that followed, 
the ordinary Indecisive result would infallibly have 
ensued. But the Formidable, Lord Rodney's own 
ship, kept close to the wind, and on perceiving an 
opening near the centre of the enemy, broke through 
at the head of the rear division, so that for the first 
time the enemy's line was cut in two, and all the 
consequences produced which Mr Clerk had pre- 
dicted. 
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This action, which introduced a new . system, 
gave a turn to our afi&irs at sea, and delivered the 
country from that state of depression into which it 
had been thrown, not by the defeat of its fleets, but 
by their entire want of success. 

It was in the beginning of this year that the No* 
val Tactics appeared in print, though for more than 
a year before, copies of the book had been in circu- 
lation among Mr Clerk's friends. Immediately on 
the publication, copies were presented to the Mi- 
nister and the First Lord of the Admiralty. The 
Duke of Montague, a zealous friend of Mr Clerk's 
system, undertook the office of presenting a copy 
to the King. 

Lord Rodney, who had done so much to prove 
the utility of this system, in conversation never 
concealed the obligation he felt to the author of it. 
Sefore going out to take the command of the fleet 
in the West Indies, he said one day to Mr Dundas^ 
afterwards Lord Melville, ** There is one Clerk, a 
countryman of yours, who has taught us how to 
fight, and appears to know more of the matter than 
any of us. If ever I meet the French fleet^ I in* 
tend to try his way." 

He held the same language after. his return. 
Lord Melville used often to* meet hun in society^ 
and particularly at the house of Mr Henry Drum« 
mond, where he talked very unreservedly of the 
NMal Tactics^ and of the use he had ma^ of the 
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system in his action of the 19th of April. A let- 
ter from General Ross states very particularly a 
conversation of the same kind, at which he was 
present. " It is (says the General) with an equal 
degree of pleasure and truth, that I now commit 
to writing what you heard me say in company at 
your house, to-wit, that at the table of the late Sir 
John Dalling, where I was in the habit of dining 
often, and meeting Lord Rodney, I heard his 
Lordship distinctly state, that he owed his success 
in the West Indies to the manoeuvre of breaking 
the line, which he learned from Mr Clerk's book. 
This honourable and liberal confession of the gal- 
lant Admiral, made so deep an impression on me, 
that I can never forget it j and I am pleased to 
think that myrecollection of the circumstance may 
be of the smallest use to a man with whom I am 
not acquainted, but who, in my opinion, has de- 
served so well of Ills country." 

As a farther evidence of the sentiments of the 
Admiral on a subject where they are of so much 
weight, I have to quote a very curious and valuable 
document, a copy of the First Part of the Naval 
Tactics, with Notes on the margin by Lord Rod- 
ney himself, and communicated by him to the late 
General Clerk, by whom it was deposited in the 
family library at Penicuick. The notes are full of 
remarks on the justness of Mr Clerk's views, and 
on the instances wherein his own conduct had been 
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in Strict confonnity with those views. He replies 
in one place to a question which Mr Clerk had put, 
(published after the action in spring I7SO,) of 
which mention has been already made, concerning 
the conduct of that action. The first signal of the 
Admiral, as we have already seen, was for attadc- 
ing the rear with his whole force. The French, 
perceiving this design, wore, and formed on the 
opposite tack. This made it impossible immedi- 
ately to obey the Admiral's signal, and the next 
that he made was for every ship to attack her op- 
posite. Mr Clerk's question was. Why did Sir 
Greorge change his resolution of attaddng the rear, 
and order an attack on the whole line ? — Sir 
George answers to this. That he did not change 
his intention, but that his fleet disobeyed his sig- 
nals, and forced him to abandon his plan. 

An anecdote which sets a seal on the great and 
decisive testimony of the Noble Admiral, is wor- 
thy of being remembered, and I am glad to be able 
to record it on the authority of a Noble EarL 
• The present Lord Haddington met Lord Rodney 
at Spa, in the decline of life, when both his bodily 
and his mental powers were sinking under the 
weight of years. The Great Commander, who 
had been the bulwark of his country, and the t^- 
ror of her enemies, lay stretched on his coucb^ 
while the memory of his own exploits seemed the 
only thing that interested his feelings, or afforded 
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a subject for conversation. In this situation, be 
would oflen break out in praise of the Naval 
Tactics, exclaiuiiug, with great earnestness, " John 
Clerk of Eldin for ever." 

Generosity and candour seemed to have been 
such constituent elements in the mind of this gal- 
lant Admiral, that they were among the paii:s 
which longest resisted the influence of decay. 

Soon after the victory obtained by Lord Rod- 
ney, the American war was brought to a conclu- 
sion, and the world enjoyed some years of repose. 
The French Revolution disturbed the tranquillity 
of Europe ; Britain was quickly involved in a war 
more formidable than that In which the principles 
of Mr Clerk's system were iirst essayed j one where 
it was yet to be more severely tried, and was yet 
to render more important services to the country. 

We have seen, that Lord Rodney had been so 
convinced by the first explanation he received of 
Mr Clerk's system, that he declared, that should 
he meet the French fleet, " he would tiy his way." 
— On Lord Howe, the effect of the first perusal 
of the same work was quite different, though the 
result in the end was entirely the same. A copy 
of the first edition of the Naval Tactics was sent 
to his Lordship, who, after reading it, expressed 
himself as highly pleased with the ingenuity of the 
book, and as greatly struck with the circumstance 
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theless desired General Qerk to infbim his ingevi- 
ous kinsman, that he would adhere to the old 
syrtem if ever he had an opportunity of engaging 
the French fleet. To this Mr Clerk reptied» 
through the same channel, that if his Lordship 
did so, he would in£dlibly be beaten. His Lord- 
ship, howerer, when it came to the trial, did not 
adhere to the old system, but, concentrating his 
force, directed it against one point, precisely on 
the principles of the Naval Tactics. His change 
of opinion may have arisen from the practical com- 
mentary by which Ix)rd Rodney had illustrated 
the principles of that work ; and peAaps, toOy a 
second perusal of the book itself had materially 
contributed to this effect. That Lord Howe really 
consulted it a second time, there is good reason to 
believe. Whbn he commanded the Channel fleet 
in 1793, Mr James Clerk, the youngest son of the 
author of the Naval Tactics^ a young man of 
great promise, who, had he lived, would have done 
honour to the profession on which his father had 
bestowed so valuable a gift, served as a midshipman 
on board the Admirid's ship the Queen Charlotte. 
He possessed a copy of the second edition of hb 
father's bodk, which was borrowed by Captain 
Christian, no doubt for the Admiral's use. Thus 
nuidi is certain, that the action of the Xst of June 
1794, was, in its management, quite conformable 
VOL. m. o g 
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to Mr Clerk's system, and its success entirely owii^, 
to tlie manoeuvre of breaking the line. 

Lord Howe was also the first who introducedi 
into the signal book signals directed to the object 
of cutting off the rear, — of bringing the whole 
force to bear on one point, — breaking the line, &e> 
Indeed, if his Lordship's conduct had been contra, i 
ry to the principles of the N^aval Tactics, the, 
words of his declaration, that he would still adhere, 
to the old method, is a decided testimony in &■ 
vour of one of the points which I think it most 
material to establish. About the utility of the 
method, after Lord Rodney's action, no doubt, 
could be entertained. As to its novelty, and itt 
originality, if any difference of opinion could arisen 
it is completely answered by Ixrd Howe's me». 
sage delivered to General Clerk, as it is a proof 
that an officer of his Lordship's great skill and 
experience, considered this manceuvre as new, ai 
opposed to the ordinary practice, and as a thing 
hitherto unknown. The novelty of the systeiB* 
therefore, can no more be doubted than its utility 

An example of breaking the line, with success 
if possible, more brilliant than either of the pre- 
ceding instances, was afforded by Lord St Vm- 
cent's memorable action on the coast of Spain, 
when, disregarding, as he said, in his own account 
of it, the regular system, he attacked the Spa- 
nish line of twenty-seven ships, with fifteen only, 
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and by carrying a press of sail, intersected and 
cut off the windward division, of which four were 
taken before the rest of the fleet could work up to 
their relief. 

Lord St Vincent had early been made acquaint- 
ed with Mr Clerk's book, of which a copy had 
been sent him by Colonel Debbieg of the Royd 
Engineers, a particular friend of the author. I do 
not find that his Lordship ever expressed any 
opinion on the principles of this work. 

Lord Duncan's victory on the coast of Holland 
was achieved on the same principle, and carried 
into effect with singular gallantry. His' Lordship, 
indeed, before going to sea, had many^ conferences 
with Mr Clerk, and professed that he was deters 
mined to pursue the plan of operations which he 
baid pointed out. His Lordship's attack, accord* 
ingly, was directed against the ceAtre of the enemy, 
in consequence of which the rear division wa^cut 
off Imd taken, with the exception of a single shipw 
When the first news of this victory, so near to oUr 
own shores, and therefore so strongly felt, and so 
highly appreciated by us all, was brought' to Wal« 
mer Casde, where Mr Pitt was then residing, he, 
with Lord Melville, Mr Fordyce, and some others^ 
were sitting at table just after dinner. A man who 
had seen the action, and had just landed, desired 
to be introduced, and on coming into the room, 
gave an account of what he had witnessed ; on his 
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meniyoning that Lord Duncan had broke through 
the Dutch line, Lord Melville immediately exclaim- 
ed, Here is a new instance of the success of Clerk's 
system. 

The last and greatest in the brilliant series of 
victories that followed the publication of the Na- 
val Tactics, was, like all the rest, obtained by the 
skilful application of the principles there unfold- 
ed ; and of this, Lord Nelson's instructions, be- 
fore the battle, are the fullest evidence. They 
even contain, in the body of them, several sen- 
tences that are entirely taken from the Nami 
tactics. These instructions were transmitted to 
Mr Clerk by one of the commanders in that me- 
morable action, Captain, now Admiral Su" Philip 
Durham, with a note, which shows in what light 
his discoveries were viewed by those most capable 
to decide. " Captain Durham, sensible of the 
many advantages which have accrued to the Bri- 
tish nation from the publication of Mr Clerk's 
Naval Tactics, and particularly from that part of 
them which recommends breaking through the 
enemy's line, begs to offer him the inclosed form 
of battle, which was most punctually attended to 
in the brilliant and glorious action of the 21st of 
October. Mr Clerk will perceive with pleasure, 
that it is completely according to his own notions, 
and it is now sent as a token of respect from Cap- 
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tain Durham, to one who has. merited so highly of 
his country. 

« H. Mi S. qfCadiz, S9th Oct. 1805/* 

I must observe, that the great Admiral, to whose 
last and most glorious action I have now. alluded, 
had put in practice the same manoeuvre in the 
battle. of the Nile ; the line was then broken in the 
same way, and the discomfiture, by that means, of 
a fleet at anchoi^. was the most complete that can 
be imagined. 

From the whole of t£Ts narrative, therefore, it 
is plain, that the Naval Tactics was acknowledged 
by professional men, as an original and valuable 
work, unfolding a new system ; the advantages of 
which were proved by demonstrations founded on 
the most undeniable principles, and now verified 
by a series of great and biilliant victories, in con- 
sequence of which there has been effected an en- 
tire revolution in the offensive part of naval war- 
fare. These truths having been so generally ac- 
knowledged and admitted, both by Naval Officers of 
the highest reputation, and by Statesmen of the 
greatest power, it cannot but appear extraordinary, 
that no mark of public favour was ever bestowed on 
the author^ nor any acknowledgment made by Cro- 
vemment of merit so distinguished. It was merit 
of the kind most directly calculated to interest the 
feelings, and to call forth the gratitude of the Ha- 
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tioa ; it was an improvement in the art which Bti- 
t^ reckons so peculiarly her own ; it was a con< 
tnvance for making more effectual the arms in 
which she most confides ; for rendering more im- 
penetrable the wooden walls, to which she trusts 
her safety, her prosperity, and her independence. 
The name of Mr Clerk, and of the Naval Tac- 
tics, is in the mouth of every officer, from the 
midshipman to the admiral. 

Whatever was the cause of this strange omission, 
it is deeply to be regretted, — regretted, however,, 
much less on account of Mr Clerk, than on ac- 
count of the nation itself. To a man conscioua 
of having rendered so important a service to hia 
country as he had done, — who might say to hiro-; 
self without vanity, that he was entitled to be num- 
bered with her most useful citiaens, and her most 
eminent benefactors, — who saw that the acttoiu 
which had immortalized the names of Rudney, 
Howe, Duncan, and Nelson, had been all directed. 
by a principle which he had been the first to dis> 
cover, — and who knew, that lie was to go down to 
posterity as the author of a great and important 
improvement ; — to the happiness of a mind sus- 
tained by such reflections, and inspired by the sen- 
timents which must accompany them, what great 
addition is it in the power of a monarch, or even 
of the nation, to make ? what is it that the com* 
mon badges and titles of honour and distinction 



L 




OF TH« LATE JOHN Oi^VBMf ESQ. iff I 

can be supposed to add? These may be fit^ and 
even necessary emblems, for tnai'king degrees of 
merit of an ordinary kind; but/ when merit is 
transoendant to a certain point, it can dispense 
with such conventional symbols; it shines of its 
own light, and enables its possessor to look down 
on the neglect or the ingratitude of the world. 

But though these considerations may in some 
measure set us at ease with respect to the author 
himself, and hi% own feelings, it must be allowed 
that they take nothing from the blame incurred by 
those to whom tho. nation had intrusted the power 
of dispensing its honours and rewards. Neglect 
of merit will always operate as a discouragement 
to exertion, and every instance of it tends to ex« 
tinguidi a portion of the fire of genius, of that 
which often constitotes the sole riches of the pos- 
sessor, and is always a valuable portion of the pa- 
trim(my of the state. Every mind is not provided 
with the power of enduring neglect; ingenious 
m^n are often the most sensible of it ; and it is 
hard that the possession of talents should be con« 
verted into a source of suffering. If the author 
of the Naval Tactics had not been supported by 
such enlarged views, and such high sentiments as 
we have mentioned, the circumstances of his case 
would have pressed on him with much severity. 

That it was not ignorantfe of the hcU, or of 
the fchain of evidence now brdkight forward, that 
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prevented a public acknowledgment of Mr Clerk'j 
services, is altogether certain. The late Loid 
Melville, who held so conspicuous a situation in 
the government of this country during the greater 
part of the period I have been treating of, wu 
early made acquainted by Mr Clerk himself with 
his ideas on the subject so often mentioned ; and 
in the beginning of his political career, when yet 
King's Advocate in Scotland, was consulted on the 
best means of bringing forward those ideas, and 
gave his advice with the readiness and frankness 
for which he was remarkable in all Mtuations of lifft 
It is apparent, that lie never ceased to hold Mr 
Clerk's discovery in the highest estimation ; and 
of this, bis obsei-vation at Walmer Castle (on hear- 
ing of Lord Duncan's victory above related) is a 
sufficient proof, — an observation that conveyed s 
severe censure on himself, and on the minister to' 
whom it was addressed, unless they both felt that 
their power of rewarding the merit in questiott 
was restrained by some considerations known tO 
themselves, and invisible to the public at large. 

Lord Melville had particularly studied the af- 
fairs and the interests of th^^ Navy ; he had been 
for a long time at the head of the Admiralty ; and 
there is reason to think, that he was sensible of thS 
improper neglect with which the author of the 
Naval Tactics had been treated. I have beeo' 
assured that he had represented this to Mr Fjt^ 
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but when it Was too Iate» and when that minister 
was drawing near the end of life. *-. 

If I might venture any conjecture <m the cause 
of an omission which it is impossible to justify, I 
should be disposed to ascribe it to the fear of giv- 
ing offence to the Navy, and to consider it rather 
as resulting from an excess of caution, than from 
direct or intentional neglect. It might seem to 
derc^te from the glory of our Naval Officers, to 
recognise a landsman as the author of one of the 
most valuable discoveries that had been made in 
tlieir own art, — ^as the person who had not only 
pointed out the new principle, but had completely 
unfolded its advantages, and predicted its effects. 
If this were the ground on which the reward was 
withheld, it must at once be considered as very in- 
sufficient for the purpose of justification. The 
man entrusted with 'the power of rewarding merit, 
ought no* more, than those who have committed to 
them the office of punishing guilt, to be accessible 
to any voice but that of truth and justice. The 
little and mean jealousies that may be excited, 1^ 
an impartial discharge of their duty, ought never 
to interfere with the performance of what is impe- 
riously called for. Jealousy, in the present in- 
stance, was a weakness that deserves no indulgence ; 
it was vanity and selfishness that ought to have 
met with no sympathy, no toleration. If, indeed, 
such feelings any where exist, there is fortunately 
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QO reason to think them general ; and it is a duty:' 
which I most willingly discharge, to say, that the 
Naval Officers with whom I have had the Iiooour 
to converse on this subject, liave all in the most 
unequivocal terms expressed their conviction of the 
importance and originality of yit Clerk's diaco- 
Tcry. That there are exceptions to this rule, I 
can only state as a conjecture, necessary to explain 
what is otherwise so difficult to be accounted for. 

But to whatever cause the neglect of which 1 
now complain is to be attributed, it is certain that 
the government and the navy have both lost a 
great opportunity of doing honour to themselves. 
A National Monument, that would have marked 
the era of this great improvement, and testified the 
gratitude of the nation to the author, would have 
been very creditable to the Minister under whose 
patronage it was erected ; and-'^ afilm^wj^gment 
from the navy, that this diseoveiy was w.h work of 
a landsman,, would have been highly becoming in a 
profession}- of which' inti-epidity and valour are not 
riBn;e ^harakieristic than frankness and generosity. 



END OF VOLUME THIRD. 
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